INTRODUCTION TO
Signal Processing

Solutions Manual

Sophocles J. Orfanidis

Department of Electrical & Computer Engineering
Rutgers University, Piscataway, NJ 08855
orfanidi@ece.rutgers.edu

Copyright © 2010 by Sophocles J. Orfanidis
Web page: www.ece.rutgers.edu/~orfanidi/i2sp

Chapter 1 Problems

Problem 1.1

The Nyquist interval is [—f5/2,fs/2]= [—4,4] Hz. The 6 Hz frequency of the wheel lies outside
it, therefore, it will be aliased with f — fs = 6 — 8 = —2 Hz. Thus, the wheel will appear to be
turning at 2 Hz in the opposite direction.

If f¢ = 12, the Nyquist interval is [—6,6]. Points on the wheel will appear to be moving up and
down, with either positive or negative sense of rotation.

For the other two sampling frequencies, the Nyquist interval is [—8,8] or [—12,12] Hz, and
therefore, the original 6 Hz frequency lies in it and no aliasing will be perceived.

Problem 1.2

The three terms of the signal correspond to frequencies f; = 1, f> = 4, and f3 = 6 Hz. Of
these, f> and f3 lie outside the Nyquist interval [—2.5,2.5]. Therefore, they will be aliased with
fo—fs=4—-5=—-1andf; — fs =6 — 5 =1 and the aliased signal will be:

Xq (t)=10sin(27rt) +10sin (271 (—1)t) +5 sin(27rt) = 5 sin (277t)
To show that they have the same sample values, we set t = nT, with T = 1/f; = 1/5 sec. Then,

x(nT)=10sin(2mrn/5)+10sin(8mn/5) +5sin(12mn/5)

But,

sin(87mn/5) = sin(2mn — 21TN/5) = —sin(21n/5)
and

sin(121rn/5) = sin(21Tn + 21TN/5) = sin(21Tn/5)
Thus,

x(nT) = 10sin(21tn/5)—10sin(21Tn/5) +5sin(21TNn/5)

5sin(21tn/5) = x4 (nT).

If f¢ = 10 Hz, then the Nyquist interval is [—5, 5] Hz and only f3 lies outside it. It will be aliased
with f3 — f¢ = 6 — 10 = —4 resulting in the aliased signal:

Xq ()= 10sin(211t) +10sin(87rt) +5 sin (271 (—4)t) = 10sin (2717t) +5 sin (871rt)

Problem 1.3
Using the trig identity 2 sin &« sin § = cos(x — ) — cos (&« + B), we find:
x(t) = cos(57rt) +4 sin(271rt) sin(377t) = cos (57rt) +2[cos(1rt) — cos (571rt) |
= 2 cos(1rt) — cos(57rt)

The frequencies in the signal are f; = 0.5 and f> = 2.5 kHz. The Nyquist interval is [—1.5,1.5]
kHz, and f> lies outside it. Thus, it will be aliased with f, = 2.5 — 3 = —0.5 giving rise to the
signal:



Xq ()= 2 cos(21f1t) — cos (2TTf24t) = 2 cos (1Tt) — cos (—T1rt) = cos (1Tt)

A class of signals aliased with x(t) and x, (t) is obtained by replacing f; and f> by their shifted
versions: f1 + mfs, f> + nfs resulting in:

Xmn (t) = 2 cos (1Tt + 6TTML) — cos (1Tt — 6TTNT)

Problem 1.4

Using a trig identity, we write x(t)= cos(87rt) + cos(107rt) + cos(27rt). The frequencies con-
tained in x(t) are thus, 1 Hz, 4 Hz, and 5 Hz. If the sampling rate is 5 Hz, then the Nyquist
interval is [—2.5,2.5] Hz, and therefore, the 4 Hz and 5 Hz components lie outside it and will be
aliased with the frequencies 4 — 5 = —1 Hz and 5 — 5 = 0 Hz, etc.

Problem 1.5
Using trig identities we find:
x(t)=sin(67rt) [1 + 2 cos(41t) | = sin(67rt) + sin(1077t) + sin (277t)

with frequency content: f; = 3, f> = 5, f3 = 1 kHz. The Nyquist interval is [—2, 2] kHz, and the
aliased frequencies are:

f]a:fl_fs:3_4:_1s f2a:f2_fs:5_4:1| f3a:f3:1
Thus,

Xg (t) = sin(—271rt) + sin(2717t) + sin(27rt) = sin(27rt)

Problem 1.6
Use the trigonometric identity 2 cosacosb = cos(a + b) + cos(a — b) three times to get
X (t) = 2[cos(1071Tt) + cos (671rt) Jcos (127Tt)
= cos(2271rt) + cos(271rt) + cos (187rt) + cos (67Tt)

The frequencies present in this signal are f; = 11, f> = 1, f3 = 9, and f4 = 3 Hz. With a sampling
rate of 10 Hz, only f; and f3 lie outside the Nyquist interval [—5, 5] Hz, and they will be aliased
withf) —fs=11-10=1Hzand f5 — fs = 9 — 10 = —1 Hz. The aliased signal will be:

Xq(t) = cos(21r(1)t)+ cos(27rt) + cos (27T (—1)t) + cos(67rt)
= 3 cos(271rt) + cos(6TTt)

To prove the equality of the samples, replace t = nT = n/10, because T = 1/fs; = 1/10. Then,

x(nT)= cos(221n/10) + cos(21rn/10) + cos(187n/10) + cos (61Tn/10)

But, cos (221rn/10) = cos(2mrn+21mn/10) = cos(21rn/10) and similarly, cos(181rn/10) = cos (21—

21tn/10) = cos(21tn/10). Therefore, the sample values become

x(nT) = cos(21Tn/10) + cos(21rn/10) + cos (21Tn/10) + cos (67Tn/10)

= 3cos(21mn/10) + cos (61Tn/10) = X, (nT)

If f¢ = 12 Hz, then f; and f3 will lie outside of [—6, 6] and will be aliased with 11 — 12 = —1 and
9 — 12 = —3. The aliased signal will be:

Xa (t) = cos(21r(—1)t)+ cos(27rt) + cos (211 (—3)t) + cos (67TTt)

= 2cos(21rt) +2 cos(67Tt)

Problem 1.7

We use the same technique as in the square-wave Example 1.4.6. At a sampling rate of 8 Hz, the
signal frequencies of

{1,3,5,7,9,11,13,15,...}
will be aliased with:
{1,3,-3,-1,1,3,-3,-1,...}

Therefore only sin(27rt) and sin(67rt) terms will appear in the aliased signal. Thus, we write it
in the form:

X4 (t) = Bsin(21rt) +C sin(67Tt)

To determine B and C, we demand that x, (t) and x(t) agree at the sampling instants t = nT =
n/8, because T = 1/fs = 1/8 sec. Therefore, we demand

Bsin(21tn/8) +Csin(61Tn/8)= x(n/8)

Setting n = 1, 2, we get two equations

1 1
N Bﬁ+cﬁ70.5

Bsin(41/8)+Csin(127r/8)=x(2/8)=1 B-C=1

Bsin(211/8) +Csin(61/8)= x(1/8)= 0.5

The values for x(1/8) and x(2/8) were obtained by inspecting the triangular waveform. Solving
for B and C, we find:

_ V22 C:f—z

B ,
4 4

Problem 1.8

For fs = 5 kHz, we have:
Xq (t) = sin(27f1t)
For fs = 10 kHz, we have:

Xq ()= 2sin(27rf1t) + sin(27rf>1)



fo = 5 kHz fo = 10 kHz . . .
. oo |[He| = 1074¢/20 = 10=28.08/20 _ 0 0304

aliased
original ||

fased |, N - 3 -
‘ o oo |Hp| = 10-4p/20 — 1(—36.16/20 _ 0016
Thus, the resulting reconstructed signal will be:
Va (t) = sin(107rt) + sin(2071t) +|H¢| sin(—2071tt) +|Hp| sin (107rt)

= 1.0016 sin(107Tt) +0.9606 sin (2077t)

0.0 o.‘z 014 ujs o.‘a w‘vo 1.‘2 114 sz 1.‘5 2.0 0.0 ojz o.‘4 o‘vs ujs 1.‘0 wjz 1.‘4 w‘vs «‘s 2.0 which agrees ClOSElYWith the audible part OfX(t).
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Problem 1.9 D /
The audible and inaudible parts are: f
x(t) = sin(1077t) + sin (2077t) + sin (6077t) + sin (907Tt) 0 10 20 30 45 kHz

audible inaudible

Fig. P1.2 Prefilter specifications of Problem 1.9.
The frequencies of the four terms and their aliased versions are:

fA =5 an =5
Problem 1.10
fz =10 fBa = 10
= The Fourier series expansion of the periodic function s (t) is:
fc =30 fca =30-40=-10
© o 1 (T2 o
fo =45 foa=45-40=5 s()= D cpe™miT g = ,I s(nye2mm/T gy
me" e T )12
a. When there is no prefilter the aliased signal at the output of the reconstructor will be: But within the basic period [=T/2, T/2], s(t) equals & (t). Thus,
Va (t) = sin(1077t) + sin (207tt) + sin(—207rt) + sin (1077t) = 2 sin(1077t) _1 T _omjmuT 3 _ 1
Cm = T d(t)e dt = T
-T/2

b. When there is a perfect prefilter, the f¢, fp components are removed prior to sampling

- : ) ; ; Using the delta function integral representation:
thus, the sampled and reconstructed signal will remain unchanged, that is, the audible

part of x(t): Jm e 2t gt = §(f)
Va (t) = sin(1071tt) + sin (2077t) we find:
c. The attenuations introduced by the practical prefilter shown in Fig. P1.2 are obtained by S(f) = Jw s(t)e 2l ge — 1 S ro s(t)e 2 (F=mf)t gp
determining the number of octaves to the frequencies f¢, fp and multiplying by the filter’s —o T, Zel)-w
attenuation of 48 dB/octave: Lo
=5 2 S -mfy
lo L =lo (@>—0585 = Ac =48x0.585 = 28.08 dB e
82\ fy2) =% \20) = €= 82 = 0
f 45 Problem 1.11
D ~
log, (fs/2> = log, (%) =1170 = Ap=48x1.170=56.16 dB This is simply the Fourier series expansion of the periodic function X (f) in the variable f, and
x(nT) are the Fourier series expansion coefficients calculated by integrating over one period,
and in absolute units: that is, over [—fs/2,fs/2].



Problem 1.12

Write x (t) = 0.5e2™/fot 1 (.5e-2mfot with Fourier transform:

X(f)=0.56(f — fo) +0.58 (f + fo)

Its replication gives the spectrum of the sampled signal:

Z [8(f = mfs — o)+ (F — mfs +fo) ]

m=—oo

X = X(f =mf)= 5=

~ -

1[Me
g

m

gr 3 [0 =mfy = +5(f + mfy + )]

where in the second term, we changed the summation index from m to —m.

Problem 1.13

We have for the complex sinusoid, the Laplace, Fourier, and magnitude spectra:

x(t)= e—at p2mifot — e—(a—zrrjfo)t’ t>0
1
X - -
) s+ a - 2mjfo
1 1
X(fl=——7—> = IX(H*=

a+21j(f - fo) a2 + 42 (f — fo)?2

The length-L sampled signal x(nT) = e~ @-2mfonT n =0 1,...,L — 1 has spectrum:

L-1 L-1
XL (f) = D x(nT)e 2minT = % o~ (a+2mj(f~fo)nT
n=0 n=0

1 — e-(@+2mj(f-fo))LT
1 — e—(a+2mj(f—fo)) T

with magnitude spectrum:

2e aLT cos (211 (f — fo)LT) + e~2aLT
—2e-aT cos (211 (f — fo) T) + e—2aT

1XL(F)1? =

In the limit L — o, we have e 2T — 0 and obtain the sampled spectrum of the infinitely long
signal:

o

- o 1
_ -2mjfnT _
X(f)= HZOX(”T)Q = 1 _ e—@e2mj(—fonT
with magnitude spectrum:
- . 1
IX(F)I? =

1-2e T cos (21 (f — fo)T) + e-2aT

The continuous time limit T — 0 of X (f) gives rise to the analog spectrum:

T _ 1
e—(ar2mi(f—fo)T ~— g + 215 (f — fo)

%'I_I.T(I)TX(f)_"lrlE(l)] =X()

Fig. P1.3 shows the required spectra. From the left graph, we see that as fs increases, the sampled
spectrum agrees more closely with the analog spectrum within the Nyquist interval. From the
right graph, we see that the spectrum of the truncated sampled signal has ripples that follow the
general shape of )?(f). As L — oo, the sampled spectrum )?L (f) will tend to )?(f), which is only
an approximation of the true spectrum even within the Nyquist interval.

Windowed and Analog Spectra

Analog and Sampled Spectra

0.0 0.5 1.0 15 2.0 25 3.0 0.0 05 1.0 1.5 2.0 2.5 3.0
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Fig. P1.3 Spectra of analog, sampled, and windowed signals of Problem 1.13.

In the case of real-valued signals, we will also get the spectral peaks at the negative frequency
—fo. If fo is small, the peaks at +f; will influence each other somewhat, but apart from that the
same conclusions can be drawn about the sampled signals.

Problem 1.14

This is the same as Example 1.5.4. In units of dB per decade, the attenuations due to the signal
and filter combine to give:

A(f)=alogm<ff )+BlOg10<ff >=Ylogm(ff )

where y = & + B. The requirement A (fs — fimax) = A gives:

ylogy, (fsf_fm‘“) 2A = fy2 fuax + fnax1047Y
max

Problem 1.15
The first replica of Xj, (f), shifted to f§, will have spectrum:
1
1+ (01(F = £))*

Its value at the passband frequency fpass = fmax = 20 kHz will be:

| Xin(f = f5)| =



1
\/1 + (O-I(fmax - fs))s

This must be suppressed by A = 60 dB relative to | Xi, (fmax) |, thus, we require:

IXin(fmax_fs)l =

Xin(fmax - fs)
Xin (fmax)

which can be solved for f; to give fs = 132.52 kHz. Using the prefilter, we require that its
passband attenuation be Apass = 1 dB at fpass = fmax = 20 kHz, that is,

2
—10log;q =A = 1010g10|:

1+(0-1(fmax_fs))8 _
1+ (01 ) ]’ o0

71010g10 ‘H(fmax) |2 = lOIOgIO[1 + (fmax/f())G] = Apass

which can be solved for fy to give fy = 25.05 kHz. The prefiltered signal that gets sampled is now

1 1
1+ (f/fo)® V1 + (0.1f)8

Its first replica | X (f — fs)| is required to be suppressed by A = 60 dB at fimax

X =THE) X (£ =

X ()l 1X () =X O
2

X(fmaxffs) — A

—10log;q X (Frne)
max

0 f;nax f;_f;“ax ]2 ?
which gives the condition
L+ ((Fmax = £ /£0)° 1+ (0.1 (frnax = £5))"

101lo . =A P1.1
B0 [ 1+ (P /o) 1+ (0.1 fmm)® *LD

It can be solved approximately by ignoring the +1 in the numerators, that is,

((fmaxffs)/f())ﬁ (O-l(fmaxffs))s]

101o! — - =60 dB P1.2
810 [ Ut (o ) 1+ (0.1 f)® #1.2)

which gives fs = 80.1 kHz. The exact solution of Eq. (P1.1) is fs = 80.0633 kHz. The first factor
in Eq. (P1.2) represents the stopband attenuation due to the filter, and the second the attenuation
due to the signal. With fs = 80.1 kHz, we have

1+ ((fmax _fs) /fO)6
1+ (fmax/fO)G

1+ (0.1 (Fmax — £))°
1+ (0-1fmax)8

10log;, [ ] = Agop = 21.8 dB

10log;, [ ] = A — Agop = 38.2dB

Thus, the use of the prefilter enables us to reduce the sampling rate from 132 kHz to 80 kHz.
Note also, that for large f, the spectrum | X (f) | follows the power law

' 1 . 1 _ const. const.  const.
XOT =T ifs T oaps T e o T

giving rise to an effective attenuation

—10log,o IX (f)I* = ylogy, f + const.

where y = 140 dB/decade, of which 60 dB/decade is due to the filter and 80 dB/decade due to
the signal. The approximate method of Example 1.5.4 or Problem 1.14 would have given here
fs = fmax + 104Y frnae = 20 4+ 20 - 1090/140 = 73 65 kHz, which is fairly close to the more accurate
value of 80 kHz.

Problem 1.16

The passband condition at f = fa = 20 kHz is:

1010g10[1 + (fmax/fO)ZN] = Apass (P1.3)
which can be solved for f; in terms of N as follows:
) 2N
faN = &"1, where r = 104pass/10
r—

The antialiasing condition, replacing Eq. (P1.1), is now

1+ ((fmaxffs)/fU)ZN ; 1+ (O-I(fmaxffs))s]

1+ (fmax/fO)ZN 1+ (O-lfmax)8 =A

101log;, [
or,

1+ ((fmaxfﬁv)/fO)ZN . 1+ (0-1(fmax7fs))8 _ 10,4/1()
1+ (fmax/fO)ZN 1+ (O-lfmax)s

Replacing fSN by its expression above, we obtain

1+ ((fmax 7fs) /fmax)ZN(r - 1) 1+ (01 (fmax 7fs))8 _ 10/—\/1()
r T L+ (01fm)®

and solving for N, we have

r—1

ln(IOA“OrR(fS)—l)
N
w772

(P1.4)
where R (fs) is defined by

1+ (0.1fmax)®
1+ (0-1(fmax - fs))s

Eq. (P1.4) gives the minimum prefilter order for a desired suppression level A and rate f;. With
fs = 70 kHz, A = 60 dB, Apass = 1 dB, we find

R(fs):

r = 104510 = 1001 = 1,259, 104/1°R (f;) = 657.918

and

_ In(3194.281)

= 4.403 N=5
21n(50/20) =

We calculate also fy = fmax/ (¥ — 1)1/2N=22.9 kHz.
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Fig. P1.4 Butterworth order versus sampling rate.

Problem 1.17

Figure P1.4 shows a plot of N given by Eq. (P1.4) as a function of fs for different choices of A.
Notice the two data points on the A = 60 curve at fs = 70 and f; = 80 kHz that were computed
in this and the last example. It is evident from this graph that the complexity of the prefilter
increases with A, at any fixed fs; and that it decreases with f;, for fixed A.

Problem 1.18

Using the results of Problem 1.14, we solve for the combined attenuation y of signal and prefilter:

A = ylog, (%) =

where A = 60 dB, fs = 30 kHz and fmax = 10 kHz. We find:
A 60

y= F\ | 30— 10
log o 0810\ T
max

Because the signal has & = 80 dB/decade, we find the filter’s attenuation:

=200

B=y—-o=200-80 =120 dB/decade
which translates into a filter order:
B=20N = N =/20=120/20=6

If we increase the sampling rate to 50 kHz, the combined attenuation will be y = 100, which gives
B =100 — 80 = 20 dB/decade and order N = /20 = 1.

Problem 1.19

This problem is the generalization of Prob. 1.15. If we do not use a prefilter, the requirement
that the aliased components (of the 1st replica) be suppressed by A dB relative to the signal
components can be expressed in the form:

10

1Xin (fs = frwax) I* _ 1 14110
|Xin(fmax)|2 =10

Inserting the given expression for | Xi, (f) |, we get the desired equation for fs in terms of A and

fmax:

L+ (fmax/fa)™Ne 0-A/10
L+ ((Fs = Finax) /fa) ™

If we use a Butterworth prefilter of order N:

0 1
O =iy

then, the 3-dB frequency f, is determined by requiring that at the edge of the passband the
attenuation be B dB:
1

H 2 _ = 10-B/10
| (fmax)l 1+ (fmax/fO)ZN

The filtered input that gets sampled will now have spectrum X (f) = H (f) Xin (f), which gives:

1 1
1+ (F/fo)>N " 1+ (f/fq)2Na

The antialiasing condition | X (fs — fmax) |2 = 1074/10| X () |2 gives now:

IX(O)1? = 1H) 1 X ()1 =

1 1
1+ (s = funa) 1£0) N 14 ((Fs = Fmax) /) N
= 10-A/0 . 1 1

T+ (Faax/fO)2N 1+ (frnax/fa) 2Na

Using the asymptotic forms of the spectra, valid for large f’s, that is,

HE)P ~

: 2 = o
X (F)| I

1
(f/fa)?Na’
the antialiasing condition would read:

(fS _fmax)ZN ) (fs _fmax)ZNa _ 1O_A/]O n21]Xx ) 1%1];]}?

2N 2Na fZN 2Na
0 a 0 a

which simplifies into:

2(N+Ngq)

fs_fmax ‘ _ A/10

— =10
fmax

or,
fs = fmax + fmaxloA/zo(N+Na)

It agrees with the results of Problem 1.14, with y = & + § = 20N, + 20N. For any fixed desired
value of A, the limit N — oo gives

fS = fmax + fmaxlOA/ZO(NJrNa) - fmax + fmax = meax

In this case, the Butterworth filter resembles more and more a brick-wall filter with cutoff fiax.

11



Problem 1.20

The linear relationship between N and A follows from the approximation of Problem 1.19:

2(N+Ng)
(f 7fmax) :10/‘\/10

fmax

or,

10

fS 7fmax) _ A
fmax

2(N + Ng)logyg (7

Problem 1.21

The presence of P(f) is called the aperture effect. The replicas of X (f) embedded in )A((f) will
still be present, but they will be weighted by P(f). The need for using antialiasing prefilters to
avoid overlapping of replicas remains the same. For a pulse of width T, we have:

sin(1tf 1)
fT

Therefore, the narrower the width T the flatter the spectrum P(f). If T < T, then P (f) will be
essentially flat within the Nyquist interval, thus, leaving the central replica almost unchanged.
Fig. P1.5 shows P (f) relative to the replicas of X (f) for the case T = T/5.

PO =T

A
PO

\/

-5f, 4 0 f 51,

Fig. P1.5 Butterworth order versus sampling rate.

Problem 1.22

The stopband frequency of the postfilter is: fsop = fs — fc = 6 —1 = 5 kHz. At this frequency,
the attenuation of the staircase DAC is

Trfslop/fs

Thus, the stopband attenuation of the postfilter at f = fsop must be:

=14.4 dB

Apac = —201log;,

Agtop = A — Apac =40 —14.4 = 25.6 dB

Problem 1.23

Using convolution in the time domain, we get:

Xa(t) = f h(t—-t)x()dt = Zx(nT)f h(t-t)S({t —nT)dt

= > x(nT)h(t - nT)

12

Working in the frequency domain we have:
Xa(f)=HAX(F)= D x(nT) [e2™MTH ()]
n
Using the delay theorem of Fourier transforms, we recognize the term in the bracket as the FT of
h(t —nT). Thus, going to the time domain, we get:

Xa(t)=> x(nT)h(t - nT)

Problem 1.24

Start with a complex sinusoid x (t) = e2™/fot, Its sampled spectrum will be:

X(P=1 3 X(F-mf= 1 X 8¢ ~fo-mf)

m=—o m=—oo

The spectrum of the reconstructed analog signal will be then:

Xeel)= HIR(F)= 2 5 HOBS(E ~fo - mfy)=

m=—o0

1

T _Z‘ H(f0+mfs)5(f_f0_mfs)

Taking inverse Fourier transforms, we find:

1

T H (fo + mfs)e2™formfs)t
T m

Me

Xrec (t) =

—o0

Thus, fm = fo + mfs. Writing
1 : 1
T H (Fm) = Ape/®m, sothat Ay = FIH ()|, Om = arg H (fm)

we have:

©

Xrec (1) = Z Am22"j(f0+mfs)f+jom

m=—-oo

Taking imaginary parts, we find for the real sinusoidal case:

Xee (D= D Apmsin(2m(fo + mfs)t + 0p)

m=—oo
Assuming |fo| < fs/2, for the staircase reconstructor we have:

sin(1tfi, T)

ei/‘"fmT
TfmT

1
?H(fm):

and because 1f;, T = 1wfo T + m1r, we have:

l — w —jntfoT
TH(fm)— TfmT e
Thus,
_ sin(mfoT) _
Am = TfmT , Om = —1tfoT

For the ideal reconstructor, we have 6,, = 0 and A,, = 0 except at m = 0 where Ay = 1, that is,
Am = Om. Thus,

Xrec (1) = z Om sin (271t (fo + mfs)t) = sin(2mfot)

m=—oco

13



Problem 1.25

Take the linear combination of the results of the single sinusoid case of Eq. (1.6.12).

14

Chapter 2 Problems

Problem 2.1

The quantized values are:

analog value | quantized value | DAC output

2.9 2 001

3.1 4 010
3.7 4 010

4 4 010
-2.9 -2 111
-3.1 -4 110
-3.7 -4 110

-4 -4 110

For the offset binary case, complement the first bit in this table.

Problem 2.2

Filling the table, we have

n x(n) Xq (n) offset binary 2’s complement
0 0.000 0.000 1000 0000
1 1.243 1.000 1001 0001
2 2.409 2.000 1010 0010
3 3.423 3.000 1011 0011
4 4.222 4.000 1100 0100
5 4.755 5.000 1101 0101
6 4.990 5.000 1101 0101
7 4911 5.000 1101 0101
8 4.524 5.000 1101 0101
9 3.853 4.000 1100 0100
10 | 2.939 3.000 1011 0011
11 1.841 2.000 1010 0010
12 0.627 1.000 1001 0001
13 | -0.627 -1.000 0111 1111
14 | -1.841 -2.000 0110 1110
15 | -2.939 -3.000 0101 1101
16 | -3.853 -4.000 0100 1100
17 | -4.524 -5.000 0011 1011
18 | -4.911 -5.000 0011 1011
19 | -4.990 -5.000 0011 1011

Problem 2.3

With R = 10 volts and e;ps < 1073 volts, we have using Q = +/12€ys:

ZB

which gives

R

R

10

15

= — = >
Q JV12ems /12-1073




1
B> logz [ﬁ] =11.495

Therefore, B = 12. The actual rms error will be
o R 10
TS TR 12 T 21212
The dynamic range will be 6B = 6 - 12 = 72 dB.

= 0.705 mvolt.

Problem 2.4

At 44.1 kHz sampling rate, one minute of music has 60 sec containing 60 X 44100 samples. And,
for two stereo channels, 2 X 60 X 44100 samples. If each sample is quantized with 16 bits, the
total number of bits will be

2 X 60 X 44100 X 16 bits

or, dividing by 8 we get the total number of bytes:

2 X 60 x 44100 X 16
8

Dividing by 1024, we get kbytes and by another 1024, Mbytes:

bytes

2 X 60 x 44100 X 16

8x 1024 x 1024 1009 Mbytes

Problem 2.5
Following similar steps as in the previous problem, we have for part (a):

(3 X 60 sec) (16 channels) (48000 samples/sec) (20 bits/sample)
(8 bits/byte) (10242 bytes/Mbyte)

= 330 Mbytes

that is, practically the entire hard disk of a typical home PC. For part (b), if in each channel we
must perform Nyac = 35 operations on each sample, then these operations must be finished
during the sampling interval T = 1/f; between samples:

1

NyacT <T > Tmac < —— = ——
MAC 4 MAC MAC Nasc ~ Nuncls

which gives for the time per MAC:

1
Tvae = ———— = (. . 1073 =
MAC 35 - 48 Kiz 0.595 - 1072 msec = 595 nsec
This is plenty of time for today’s DSP chips, which can perform a MAC operation within 30-80
nsec. If a single DSP chip handles all 16 channels, then the total number of MACs that must be

performed within the sampling interval T are 16 Nyac. This gives:

1 595

16-35-48KkHz _ 16 o/ msec

Tyac =

which is just within the capability of the fastest DSP chips.

In practice, a typical professional digital recording system would require the processing and
mixing of at least 32 channels. The above results suggest that one use at least two DSPs to
multiplex the required operations.
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Problem 2.6

The mean is

0 1 0 Q
Mme = e (e)de:—I ede=—-—=
¢ J—Q g QJaq 2
and the variance:

0 0 2 2
02 =E[(e —m,)?]= LQ(e—me)Zp(e)de = %LQ <e+ %) de = %

Problem 2.7
Solving Eq. (2.2.10) for L in terms of AB, we find:

1
2AB2p ] 2p+1
L= [Zzp +Tr1 } P2.1)

With AB =15 and p = 1, 2, 3, we find:
L =1523, 116, 40
The oversampled audio rates will be, with fs = 44.1 kHz:

Lfs = 67.164, 5.114, 1.764 MHz

Problem 2.8

Using Eq. (P2.1) with AB = 7 bits and p = 1, 2, 3, we find:
L =38, 13, 8

The oversampled speech rates will be, with f; = 8 kHz:

Lfs = 304, 104, 48 kHz

Problem 2.9
Replacing b; = 1 — by, we have:
Xq=R(bi127' + 5272+ ... +bpg278-05)
=R((1-b1)27 ' +b27%+---+bg278 - 0.5)
=R(~-b127 '+ b2+ .-+ bp27B)

where the first 27! canceled the last —0.5.

Problem 2.10

As an example, consider the polynomial of degree M = 3: B(z)= bg+b1z+b,z> +b3z3. Iterating
the algorithm for i = 3,2, 1,0, we find:

p=0

p=ap+bs=bs

p=ap+b2 =ab3+b2

p=ap+ b] = a(ab3 + b2)+b1 = a2b3 + abz + b]

p =ap + by = a(a’bs + ab, + b)) +by = a*bs + a’b, + ab, + by = B(a)
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Problem 2.11

/* pol.c - polynomial evaluator */

double pol(M, b, a)
int M;
double *b, a;

int i;

double p = 0;

for (i=M; i>=0; i--)
p=a*p+blil;

return p;

Problem 2.12

Consider the division of B(z) by (z — a):
B(z)=(z-a)Q(z)+R

where the quotient polynomial Q (z) must have degree M — 1, and the remainder R must be a
constant. Indeed, setting z = a, gives R = b(a). So the objective of the algorithm is to compute
R iteratively. Inserting the polynomial expressions we have:

byzM + by ZMV+ 4 bz 4+ by = (2 —a) (Guo1ZM + qu2ZMP + -+ g1z + qo) +R

Equating like powers of z, we find:

by = qm-1 qu-1 = by
by-1=aqm-—2 —aqu-, qu-2 = aqm-1 + by
by-2 =qu-3 —aqu-2 qum-3 = aqm-2 + by
by =qo—aq qo=aq: + b

by =R —aqo R =aqy + by

Problem 2.13

For a polynomial of degree M = 3, B(z)= b1z + b,z% + b3z3, we iterate the algorithm for i = 3,
2,1:

p=0

p=a(p+bs)=abs

p=a(p+by)=alabs + b,)= a’b; + ab,
p=a(p+b,)=a(a’bs +ab, + b,)= a*bs + a*b, + ab, = B(a)
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natural binary offset binary 2’s C
b1b2b3b4 m Xq = Qm m’ Xq = Qm’ b1b2b3b4
— 16 8.0 8 4.0 —
1111 15 7.5 7 3.5 0111
1110 14 7.0 6 3.0 0110
1101 13 6.5 5 2.5 0101
1100 12 6.0 4 2.0 0100
1011 11 5.5 3 1.5 0011
1010 10 5.0 2 1.0 0010
1001 9 4.5 1 0.5 0001
1000 8 4.0 0 0.0 0000
0111 7 3.5 -1 -0.5 1111
0110 6 3.0 -2 -1.0 1110
0101 5 2.5 -3 -1.5 1101
0100 4 2.0 —4 -2.0 1100
0011 3 1.5 -5 —-2.5 1011
0010 2 1.0 -6 -3.0 1010
0001 1 0.5 -7 -3.5 1001
0000 0 0.0 -8 -4.0 1000

Table P2.1 Converter codes for B = 4 bits, R = 8 volts.

Problem 2.14

The quantization width is Q = R/28 = 8/2* = 0.5 volts. Table P2.1 shows the quantization
levels and their binary codes.

To convert x = 1.2 by rounding, we shift it by half the quantization spacingy = x + Q/2 =
1.2 + 0.25 = 1.45. The following tables show the successive approximation tests for the natural
and offset binary cases. The 2’s complement case is obtained by complementing the MSB of the
offset case.

test | bibobsby Xq C=u(y—xq) test | bibobsby Xq C=u(y—xq)

b, 1000 4.0 0 b, 1000 0.0 1

b, 0100 2.0 0 b, 1100 2.0 0

b; 0010 1.0 1 bs 1010 1.0 1

by 0011 1.5 0 by 1011 1.5 0
0010 1.0 1010 1.0

The natural binary and 2’C cases agree because x lies in the positive range of both quantizers.
For x = 5.2, we have y = X + Q/2 = 5.45. The tests are shown below:

test b]b2b3b4 Xa C= u(y - XQ) test h1b2b3b4 Xao C= u(y - XQ)

b, 1000 4.0 1 b, 1000 0.0 1

b» 1100 6.0 0 b» 1100 2.0 1

bs 1010 5.0 1 bs 1110 3.0 1

by 1011 5.5 0 by 1111 3.5 1
1010 5.0 1111 3.5

For the 2’C case, the quantizer saturates to its maximum positive value. Finally, for x = —3.2, we
have y = —2.95, and the following testing tables:
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double ran(Q);

test | b1bybsby Xq C=u(y—xq) test | bibabsby Xq C=u(y—-xq) void main()
b, 1000 4.0 0 b, 1000 0.0 0 { intn i L. N, M. *b:
b> 0100 2.0 0 b, 0100 -2.0 0 Tong ;se(;d', T ’
b3 O O 1 O 1-0 O b3 0 O 1 O _3-0 1 doub'le -,‘:X’ Xq, '.‘:e’ R’ Q, '.‘:Ree’ :':Rex, :’:Rxx;
b, 0001 0.5 0 b, 0011 2.5 0 double normee, normex;
0000 0.0 0010 ~3.0 double v, pi = 4 * atan(1.0);

FILE *fpe, *fpx;

In this case, the natural binary scale saturates to its minimum positive value.
FILE *fpRee, *fpRex, *fpRxx;

Problem 2.15 printf("enter N, R = ");
scanf("%d %1f", &N, &R);
Similar to the testing tables of Examples 2.4.1 and 2.4.2. printf("enter L, iseed, M = ");
scanf("%d %1d %d", &L, &iseed, &);
Problem 2.16 fpe = fopen("e", "w");
fpx = fopen("x", "w");
These versions are straight forward. To implement truncation instead of rounding, replace the
statement within adc: fpRee = fopen("Ree", W'
fpRex = fopen("Rex", "w');
y = x + Q/2; fpRxx = fopen("Rxx", "w");
by b = (int *) calloc(N, sizeof(int));
y = Xx; x = (double *) calloc(L, sizeof(double));
e = (double *) calloc(L, sizeof(double));
Problem 2.17 Ree = (double *) calloc(M+1, sizeof(double));
Rex = (double *) calloc(M+1l, sizeof(double));
This problem is basically the same as Example 2.4.5. The same program segment of that example Rxx = (double *) calloc(M+1l, sizeof(double));
applies here for generating the codes and quantized values. Only the full-scale range is different,
R = 32 volts. In part (c), the amplitude of the sinusoid A = 20 exceeds the quantizer range Q=R / (@ <<N);

R/2 = 16, and therefore both the positive and negative peaks of the sinusoid will saturate to the

positive and negative maxima of the quantizer. for (n=0; n<l; n++) {

Y =0.25 * R * (2 * ran(&iseed) - 1);

x[n] = 0.25 * R * cos(2 * pi * n / sqrt(131.)) + v;
Problem 2.18 ade(x[nl, b, N, R);

xq = dac(b, N, R);
The following C program carries out all the required operations. It uses the routine corr of e[n:! = x[n] - xaq;
Appendix A.1 to compute all the sample autocorrelations and cross-correlations. fprintf(fpx, "% 1f\n", x[nl);

fprintf(fpe, "% 1f\n", e[n]);

}

/* exmpl1246.c - quantization noise model
*

* default values: corr(L, e, e, M, Ree);

- N=10 bits corr(L, e, x, M, Rex);
R=1024 corr(L, x, x, M, Rxx);
* L=1000, iseed=10, M=50

%/ normee = Ree[0];

normex = sqrt(Ree[0] * Rxx[0]);

#include <stdio.h>
#include <math.h>
#include <stdlib.h>

for (i=0; i<=M; i++) {
fprintf(fpRee, "%1f\n", Ree[i]/normee);
fprintf(fpRex, "%1f\n", Rex[i]/normex);
void adcO), corr(); fprintf(fpRxx, "%1f\n", Rxx[1]/Rxx[0]1);

double dac(Q); }
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printf("erms = Q/sqrt(12) = %1f\n", Q/sqrt(12.0));
printf("Ree(0) = %1f\n", sqrt(normee));

Problem 2.19

The mean of v is zero because E[u]= 0.5:
E[v]=0.5R(E[u]-0.5)=0
The variance of v is related to the variance of u as follows:
2 2 2 2 2.2 2 1 R?
o, = E[vi]= (0.5R)°E[(u — 0.5)“]= (0.5R)“07; = (0.5R) 12~ 18
Problem 2.20

Inserting x (n) = A cos(21rfon + ¢) +v(n) into the definition of the autocorrelation function, we
find:

Rux (k) = E[x(n + k)x(n)]
= A2E[cos(21tfo (n + k) +¢p) cos (21fon + ) ]
+ AE[cos(21tfo (n + k) +¢p)v(n) 1+ AE[v(n + k) cos 2rfon + ¢) ]
+E[lvin+k)v(n)]

assuming ¢ and v (n) are independent random variables, the cross terms will vanish. Indeed, by
the independence assumption the expectation value of the product becomes the product of the
expectation values:

E[v(n+k)cos(2mfon + ¢) 1= E[v(n+k)]-E[cos(2mtfon + ¢p)]=0

where the last zero follows either from the zero-mean property of v(n) and/or from the zero
mean property of E[cos(2mtfon + ¢)]= 0. The latter follows from uniformity of ¢ whose prob-
ability density will be: p(¢p) = 1/(271). We have:

21

o
E[cos(a+¢)]:j cos(a+ P)p(Pp)de = LJ'O cos(a+¢)dedp =0

0 21T

Similarly, we have the property:

21
E[cos(a+ ¢p)cos(b+ )] = J cos(a + ¢p)cos(b+ Pp)p(¢p)ded
0

1 21
= o L cos(a + ¢p)cos(b + ¢p)de

1
3 cos(a—Db)
Thus, we find
E[cos(21fo (n + k) +¢) cos(2mrfon + ¢p) 1= %cos(ZTrfo(n + k) =21fon) = %cos(ZTrfok)

Finally, because v (n) is assumed to be zero-mean white noise, we will have:
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Elv(in+k)v(n)]= 025(k)
It follows that the autocorrelation of the noisy sinusoid will be:
Roe (k) = %AZ cos (27fok) +026 (K)
At lag k = 0, we have:
1, 2
Rxx (0)= EA + 0}

Therefore, the normalized autocorrelation function becomes:

Ryx (k) A?/2 o2
k)= = 2mtfok) + ——L—=d(k
Pxx (K) Ro(0) ~ A2/2+ 02 cos (21tfok) 210 (k)
Defining the parameter:
A2/2 oy

1-a

a=-——-> =—Yv
A2/2 + 0% A2/2 + 0%

we finally have:
Pxx (k)= acos(2mfok) +(1 — a) 5 (k)

Defining the signal to noise ratio as the relative strength of the sinusoid versus the noise in the
autocorrelation function, that is,

AZ
SNR = ﬁ
Oy
we may express the parameter a as:
a- SR gL
T SNR +1 T SNR +1

Problem 2.21

The quantization width of the first ADC will be Q; = R;/251. The residual signal formed at the
output of the first DAC, X, = X — X1, is the quantization error, and therefore, it varies of the limits

Q Q
-V <X2 =< —
2 T2
These limits must serve as the full scale range of the second ADC. Thus, we must choose:
Ry R> Ry
Ry=Qu=55 Q=55 =555

The following program segment illustrates the sequence of operations:
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R2 R1 / (1 << BL);

bl = (int *) calloc(Bl, sizeof(int));
b2 = (int *) calloc(B2, sizeof(int));

for (n=0; n<L; n++) {
Xx =A * cos( * pi * f0O * n);
adc(x, bl, B1l, R1);
x1 = dac(bl, B1l, R1);
X2 = x - x1;
adc(x2, b2, B2, R2);
}

When there is a third Bs3-bit stage, the total number of bits will be
B = Bl + BZ + B3

The B;-bit output of the second ADC must be passed into a second DAC to get the corresponding
analog value and subtracted from the input x — x; to get the third error output, which is then
quantized to B3 bits with a full scale range and quantization width:

R, Rs Ry

R3:Q2:232, Qazzgsfm

The following loop shows these operations:

R2 = Rl / (1 << BL);
R3 =R2 / (1 << B2);

bl = (int *) calloc(B1l, sizeof(int));
b2 (int *) calloc(B2, sizeof(int));
b3 (int *) calloc(B3, sizeof(int));

for (n=0; n<L; n++) {
X =A * cos(2 * pi * f0O * n);
adc(x, bl, B1l, R1l);
x1 = dac(bl, B1l, R1);
adc(x-x1, b2, B2, R2);
x2 = dac(b2, B2, R2);
X3 = x - X1 - x2;
adc(x3, b3, B3, R3);
}

Problem 2.22

The quantized triangularly-dithered signals were generated by the for-loop given in Example 2.5.1.
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Chapter 3 Problems

Problem 3.1

(a) If the input is doubled the output is not doubled. Thus, the system is not linear. Indeed,
the output due to x; (n)= 2x(n) will be y; (n)= 3x; (n)+5 = 6x(n)+5 # 2(3x(n)+5).
The system is, however, time-invariant since it has constant-in-time coefficients.

(b

=

The quadratic term x> (n — 1) breaks linearity because it quadruples whenever the input
doubles. The term x(2n) will break time-invariance. Indeed, let xp (n)= x(n — D) be
a delayed input. The corresponding output yp (n) can be computed from the given I/0
equation:

yp(n)=x35(n—1)+xp(2n)=x*>(n—1-D)+x(2n - D)
but, this is not the same as the delayed (shifted) y (n) obtained by replacing n by n — D:
y(n-D)=x*(n-D-1)+x(2(n-D))=x*>(n—D —1)+x(2n — 2D)

Thus, the system is neither linear nor time-invariant.

(c) System is time-invariant, but not linear since the output does not double whenever the
input doubles.

(d) The system is linear, but the term nx(n — 3) breaks time-invariance.
(e) The time-dependent term n breaks both time invariance and linearity.

Problem 3.2

Picking out the coefficients of the x-terms, we find:
(a) h=[3,-2,0,4]
(b) h=[4,1,0,-3]
(¢)  h=[1,0,0,-1]

Problem 3.3
(a,b) These problems are of the general form:
y(n)=ay(n-1)+x(n)

with a = —0.9 for (a), and a = 0.9 for (b). Setting x(n)= 6(n) we find the difference
equation for the impulse response:

h(n)=ah(n-1)+56(n)

Iterating forward in time with zero initial condition h (—1) = 0, we obtain the causal solu-
tion:
h(0)=ah(-1)+6(0)=a-0+1=1
h(1)=ah(0)+6(1)=a-1+0=a
h(2)=ah(1)+6(2)=a-a+0 = a?
h(3)=ah(2)+6(3)=a-a’>+0=a?

h(n)=ah(n-1)+6(n)=a-a" ' =a", forn=1
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Thus, h (n) will be the geometric series: Thus, for (c) we have a = 0.9, a® = 0.81, and

h=[1,a,a%a°...] y(n)=0.81y(n — 2)+2x(n)

(c,d) These problems are similar to And, for (d) we have a = 0.9/, a* = —0.81, and

y(n)=ay(n - 2)+x(n) y(n)=-0.81y(n —2)+2x(n)

A systematic and simpler way of solving this type of problem will be presented after we cover

. _ _ 2 - _ — _ 2 3
with a = 0.64 = (0.8)° for (c), and a 0.81 (0.9)2 for (d). The impulse response J-transforms.

will satisfy the difference equation:

h(n)=ah(n-2)+8(n) Problem 3.5

A few iterations (with zero initial conditions) give: The impulse response sequence is explicitly:

h(0)=1 h = [4,3,3(0.5),3(0.5)%,3(0.5)3,... ]

h(1)=0 Replacing these values into the convolutional equation, we get:
h(2)=ah(0)=a

h(3): ah(l): 0 VYn = h()Xr, + h]Xn_l + hzxn_z + h3Xn_3 + ’14Xn_4 + -
h(4)=ah(2)= a? , s

I’I(S): ah(S): 0, etc. =4x, + 3[Xn_] + 0.5Xp-2 + 0.5°X-3 + 0.5°Xp—4 + - -+ ]

Thus, all the odd-indexed h (n) are zero: It follows that:

h— [1.0.4.0,a% 0,6%.0.a%0.... 1 0.5Vn-1 = 2Xn_1 + 3[0.5Xn_2 + 0.5%xp_3 + 0.5%xp_g - - - |
Subtracting, we have:
(e) The impulse response satisfies:
VYn — 0.5yn-1 = 4x, + 3Xp-1 — 2Xpn—1 or,
h(n)=0.5h(n—1)+46(n)+6(n—1)

A few iterations give: Yn = 0.5yn-1 = 4xn + Xp—1
h(0)=4
H(1)=0.5h(0)+1 = 3 Problem 3.6
h(2)=0.5h(1)=3(0.5) We may write the given impulse response in the form:

h(3)=0.5h(2)=3(0.5)2%, etc.
h(n)=58(n)+6(0.8)" tu(n-1)=[5,6,6(0.8),6(0.8)%,... ]
Thus,
Proceeding as in the previous problem we have:

4 ifn=0 .
h(n)= {3(0.5),11 ns1 Yn = 5Xn + 6[Xn_1 + 0.8Xn_2 + 0.8%xp_3 + + + - |

0.8yn-1 = 4Xp_1 + 6[0.8Xp_2 + 0.8°X-3 + - - - |
Problem 3.4

We have seen that if h (n) = a"u(n), then the I/0 difference equation is

which gives

Yn — 0.8Yn-1 = 5Xn + 2Xpn-1
y(n)=ay(n-1)+x(n)

In cases (a) and (b), we apply this result with a = 0.9 and a = —0.9. In cases (c) and (d), we apply
this result twice and verify that h(n)= a"u(n)+ (—a)"u(n) leads to the difference equation

y(n)=a’y(n-2)+2x(n)
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Problem 3.7

It is evident from the definition that for n > 2, h(n) satisfies the recursions h(n)=ah(n —1).
Instead of manipulating the I/0O convolutional equation into a difference equation as we did above,
let us determine directly the difference equation satisfied by h (n) and from that determine the
difference equation for y (n).

The given expression for h(n) can be rewritten in the more compact form, which is valid for all
n:

h(n)=cod(n)+cia"” 'u(n-1)

where the shifted unit-step u(n — 1) vanishes for n = 0 and equals one for all n > 1. Because
h(n) satisfies h(n)= ah(n — 1) for n > 2, we are led to consider the delayed function h(n — 1)
and multiply it by a:

h(in—-1)=cyd(n—1)+cia"*u(n-2)
and
ah(n—-1)=acyd(n—1)+cia™'un-2)
Subtracting, we have
h(n)—ah(n —1)= cyd(n)—acod(n —1)+cia" '[u(n—1)-u(n-2)]

But the difference u(n—1) —u(n—2)= 6 (n—1) as follows from the standard result u (n) —u(n—
1)= 6 (n), which was essentially derived in Example 3.4.4. Therefore, we have

h(n)—ah(n —1)= cyé(n)—acod(n —1)+c;a” 'd(n—-1)

But note that a”~'8(n — 1)= §(n — 1) because it is nonzero only at n = 1 for which we have
a'~16(0)= a8 (0)= 6(0). Then,

h(n)—ah(n—-1)=cod(n)—acod(n—-1)+c;6(n—1)=cod(n)+(cy —acy)d(n—1)
Or, setting by = ¢g and by = ¢; — acy and solving for h (n) we find
h(n)=ah(n -1)+bod(n)+b16(n—-1)
Example 3.4.7 had bg = ¢y =2 and b, = ¢; —acg = 4 — 2 - 0.5 = 3. Next, we map this difference
equation for h (n) into a difference equation for y (n). To do this we start with the convolutional

equation and replace h (m) by its difference equation expression, that is,

y(n) = > h(m)x(n—m)
= > [ah(m —1)+boS(m)+b15(m — 1) |x(n — m)
=ad> h(m-1x(n-m)+> [beS(m)+b15(m - 1)]x(n—m)

In the second sum, the presence of § (m) extracts only the m = 0 term, that is, box (n), whereas
the presence of 6 (m — 1) extracts only the m = 1 term, that is, byx(n — 1). Moreover, with a
change of variables of summation from m to k = m — 1 or m = k + 1, the a-term is recognized
to be ay(n — 1); indeed,
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ahm-1)xn-m=ay h(k)x(n-k-1=ayn-1)
m k

the last equation following from the convolution equation by replacing n by n — 1:

ym=>hkxn-k) = ymn-1=>hExn-1-k)
k k

We finally find the I/0 difference equation for y (n):
y(n)=ay(n—1)+box(n)+b;x(n —1)

which is exactly the same as that satisfied by h (n).

Problem 3.8
First, note that if f, = a”u(n) then forn > 1
(1 _aD)fn = fn _afn—l =a" _aan—l =0
where D is the delay operator defined by (Df),= fn-1. It follows that the first term pju(n) of
hy, will be annihilated by (1 — p; D), the second term of h, will be annihilated by (1 — p>D), etc.

Therefore, all the terms in h, will be annihilated by the product

(1-piD)(1—pyD)--+ (1 -puD)=1+a,D +a,D? + -+ -+ ayD¥

Problem 3.9

The C;p} terms are annihilated by the same product as in the previous problem. However, the
O (n) term will contain the delayed terms:

ayd(n—M)+apy-16(n—-M+1)+---

But, if n > M + 1, then these terms vanish too. Thus, the difference equation satisfied by h,, will
be:

hy, + athy_y + -+ +ayhn_pm =0, n>M+1
Problem 3.10
Define the polynomial with roots p1, p»:
l+az ' vaz?=10-piz7Y) (1 -pz7h)
so that
ar=—(p1+p2), a=pip2
Then, the p}' terms in h, will be annihilated by the delay polynomial:

hp + arhy—1 + azhpp = (1 + a1D + a,D*)h, = (1 — p1D) (1 — poD) hy,
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for n > 2. The coefficients by, b; may be found by explicitly calculating the right-hand side of
this difference equation using the expression for h,, for n = 0, 1:

bg=hy+ah_y+ah_» =hy=C,+C;
by =hy +arho + azh-1 = hy + athg = Cip1 + Cap2 + a1 (C1 + Ca)
Using the expression for a;, we find:
by=C,+(C>
by = Ci1p1 + Cap2 = (p1 + p2) (C1 + C2) = = (C1p2 + C2p1)
To summarize, h, will satisfy the difference equation:
h, + athy_1 + axhy_» = bgd(n)+b,6(n —1) (P3.1)
Inserting this into the convolutional equation, we obtain the I/0O difference equation:
Yn + @1Yn-1 + Q2Yn-2 = boXn + b1xn1
These results can be obtained quickly using z-transforms:

G C (G +C)=(Cipa + Copr)z7!

H@)=5 izt T 1opzt T (A—piz ) (- pazh)

which may be rewritten as

bo + b1271

Hz)= —————
(2) l1+a1z7' +az—?

and leads to the desired difference equations for h, and y,.

Problem 3.11

Now the difference equation Eq. (P3.1) will be satisfied for n > 3. To determine the coefficients
by, b1, b2, we evaluate the right hand side for n = 0,1, 2:

by = hy
by = hy + a1hy
b, = hy + a1h, + a>hy
which give:
bo=Co+Cy+C,
by = Cip1 + Cop2 + a1 (Co + C1 + C2)= —(p1 + p2) Co — (C1p2 + C2p1)
by = C1p% + Cop3 + a1 (C1p1 + Cap2) +a2(Co + C1 + C2) = Cop1p2

In b, the coefficient of C; is p% +a,p: + az, which is zero because p; is a root of the polynomial
72 + a,z + a,. Similarly, the coefficient of C, is zero.
Again, the results can be justified quickly using z-transforms:

C Cy

H(z) = Co + L4
(#) = Co 1-piz7t  1-ppz7!

_(Co+ G+ Co)—(C1pa + Copr + Co(pr + p2) )27 + Coprpaz™
(I=p1z7) (1 = p2z71)
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Problem 3.12

Define the polynomial with roots p1, p2, p3:

3

14z +az?+a3z3 =0 -p1z7) A —pazV) A —p3z7!)

so that
ar = —(p1+p2+p3), ax=pip2+p2p3 +p3p1, Az =—pip2p3
Then, the p} terms in h, will be annihilated by the delay polynomial:
(1+a,D + azD? + asD*)hy = (1 - p1D) (1 — p2D) (1 — psD)hy, = 0
for n > 3, or,
h, + athn_1 + a hy,_» + ash, 3 =0, n=>3

The coefficients by, b1, b, may be found by explicitly calculating the right-hand side of this dif-
ference equation using the expression for hy,, for n = 0,1, 2:

by = hy
b, = h, + a1hy
b, = hy + arh, + axhy
or,
by=Ci1+Cy+Cs
by = Cip1 + Cop2 + C3ps + a1 (C1 + C2 + C3)
by = C1pi + Cop5 + C3p5 + ar (C1p1 + Capz + C3p3) +a2 (Cy + Co + C3)
which simplify into:
bg=C, +Cr+C3
by = =[C1(p2 + p3) +Ca(p3 + p1) +C3(p1 + p2) |
by

Cip2p3 + Cap3pr + C3pr1p2

Problem 3.13
For (a), we have with n > 2:
(1-0.5D)(1-0.8D)=1-1.3D +0.4D*> =
hp —1.3hp_1 +0.4hy_» =0
For (b), we have with n > 2:
(1-0.5jD)(1+0.5jD)=1+0.25D> =
hp +0.25h, 5 =0
For (c), we have with n > 3:
(1 -0.4D) (1 -0.5D) (1 +0.5D)=1-0.4D - 0.25D*> + 0.1D* =
hp — 0.4hp,_ — 0.25h,_2 + 0.1hy_5 =0
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Problem 3.14

From the convolutional I/0 equation we get:

ly(m =12 hmx(n-m)| <> [h(m)||x(n—-m)| <> |h(m)|B=AB

Problem 3.15

Starting with
y(n)=> h(m)x(n - m)
we obtain at n = 0:
y(0)= %h(m)x(—m)
But, x(m) = sign(h (—m)). Therefore, x(—m) = sign(h (m)). It follows:

y(0)=> h(m)x(-m)= > h(m)sign(h(m))

Recognizing that in general xsign (x) = |x|, we find

y(©0)=>" |h(m)|

Because x(n) was bounded, y(n) and, hence y(0), must be bounded. If at some m, h(m)= 0,

then this term would not contribute to the convolutional sum.

Problem 3.16

Working with the convolutional I/0 equation, we have:

yp(n) = > hp(m)x(n—m)= > h(m—D)x(n—-m)

=>h(k)x(n-D-k)=y(n-D)
k

where we changed summation variables from m to k = m — D, and evaluated y (n) at n — D, that

is,

y(n)=>hkx(n-k) = ym-D)=> hkKx(n-D-k)
k k

Problem 3.17
We have:

> hp(m)xa(n-m)=> h(m-D)x(n—-m+D)=> h(k)x(n-k)
m m k

where we changed variables of summation from m to k = m — D.
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Problem 3.18

Because h (n) agrees with h(n) for n > —D, we have:

y(m) = Y h(m)x(n-m)

yn) = > h(mx(n-m)= > h(m)x(n-m)
m=-D m=-D

Subtracting, the terms m > —D cancel and we get:

-D-1
y(m)-yn)= > hmxn-m)
Assuming x (n) is bounded by A, we have:
-D-1 -D-1 D1
ym-pm=1 > hmx(n-m)|< > |[hm)llxn-m)| < > |h(m)|A

This summation is finite because it is a subsum of the stability condition:

-D-1 o0

> lhm) =< Y |h(m)| <

m=—oo m=-—oo
In the limit of large D, the number of terms shrinks to zero giving:
-D-1

lim > [h(m)|~0

m=—oo

33



Chapter 4 Problems

Problem 4.1

The convolution table is:

hx |1 2 1 1 2 1 1 1
1 1 2 1 1 2 1 1 1
1 121 1 2 1 1 1
2 |2 4 2 2 4 2 2 2
1 12 1 1 2 1 1 1

Folding the table, we get
y=11,3,577,6,7,6,4,3,1]

The first and last three samples are the input and output transients, and the middle 5 samples
are the steady-state outputs. The LTI table is:

n 1 2 3 4 5 6 7 8 9 10

x\h 1 2 1 partial output
1 1 1 2 1 x(0)h(n - 0)
2 2 2 4 2 x(1)h(n-1)
1 1 1 2 1 x(2)h(n-2)
1 1 1 2 1 x(3)h(n-3)
2 2 2 4 2 x(4)h(n-4)
1 1 1 2 1 x(5)h(n->5)
1 1 1 2 1 x(6)h(n - 6)
1 1 1 2 1 x(7)h(n-7)
ym) |1 3 5 7 7 6 7 6 4 3 1 |>x(mhn-m)

m

For the overlap-add method, the input is divided into the following three contiguous blocks:

x=1[1,2,1,1,2,1,1,1,0]
— — —
X0 X X,

where we padded an extra zero at the end to get alength-3 block. Convolving each block separately
with h gives:

Yo =h*xxo = [1,3,5,6,4,1]
yi =hx*x =[1,3,5,6,4,1]
Y2 =h*x; =[1,2,3,3,1,0]

These convolutions can be done by separately folding the three convolution subtables:

block 0 block 1 block 2
h\x |1 2 1|1 2 1|1 1 O
1 1 2 11 2 1|1 1 O
1 1 2 1 1 2 1 1 1 0
2 2 4 2|12 4 212 2 0
1 1 2 11 2 1|1 1 O
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The three subblocks begin at the absolute times n = 0, 3, 6, respectively. It follows from time-
invariance that the corresponding output blocks will also begin at the same absolute times. Thus,
aligning the output blocks according to their absolute timings and adding them up gives the final
result:

n 1 2 3 4 5 6 7 8 9 10
Yo |1 3 5 6 4 1

e 1 3 5 6 4 1

Vs 1 2 3 3 1
y |1 3 5 7 7 6 7 6 4 3 1

In practice this method is implemented efficiently by computing the individual block convolutions
using the FFT instead of time-domain convolution. For an FIR filter of order M and an FFT of
length N (which is a power of two), the length of each x-block is chosen to be Ny = N — M.
The computational gain of this “fast” convolution method versus the conventional time-domain
“slow” method is approximately

fast og, N

slow M
If the input is divided into length-5 subblocks, the last subblock will have length 3:
x=1[1,2,1,1,2,1,1,1]
X0 X
The convolutions of the subblocks with the filter are:
Yo =hx*x = [1,3,5,7,7,5,5,2]
v =hxx; =[1,2,4,4,3,1]

Aligning them at multiples of n = 5, we have:

n O 1 2 3 4 5 6 7 8 9 10
yvo|1 3 5 7 7 5 5 2
v 1 2 4 4 3 1
y 1 3 5 7 7 6 7 6 4 3 1
Problem 4.2
The convolution table is:
h\x| 2 2 0 1 -1 0 1 2
2 4 4 0 2 20 2 4
-2 4 4 0 -2 2 0 -2 4
-1 2 2 0 -1 1 0 -1 2
1 2 2 0 1 -1 0 1 2

Folding the table, we get
y=1040-6,2,-2,1,4,1, -5, -1, 2]

The first and last three samples are the input and output transients, and the middle 5 samples
are the steady-state outputs. The LTI table is:
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nlo 1 2 3 4 5 6 7 8 9 10
x\h | 2 -2 -1 1 partial output
204 4 2 2 x(0)h(n-0)
2 4 4 2 2 x(Wh(n-1)
0 0 0 0 0 x(2)h(n-2)
1 2 2 -1 1 x(3)h(n-3)
-1 2 2 1 -1 x(4)h(n-4)
0 0O 0 0 0 x(5)h(n-5)
1 2 2 -1 1 x(6)h(n - 6)
2 4 4 2 2| x(Dhn-7)
yim) |4 0 6 2 2 1 4 1 -5 -1 2|>x(mhn-m)
m

For the overlap-add method, the input is divided into the following three contiguous blocks:

x=1[2,201,-1,0,1,2,0]
—_— ) —
Xo X X2

where we padded an extra zero at the end to get alength-3 block. Convolving each block separately
with h gives:

vo =h*xxy = [4,0,-6,0,2]
vy =h*xx; =[2,-4,1,2,-1,0]
v, =h*xx, =[2,-2,-5,-1,2]

These convolutions can be done by separately folding the three convolution subtables:

block 0 block1 | block 2 |
h\x | 2 2 0 1 -1 0] 1 2
214 4 0|2 2 o2 4
214 4 0]-2 2 0|2 -4
1{2 2 0of-1 1 01 =2
1 2 2.0 1 1 0|1 2

Aligning the output subblocks at multiples of n = 3, we get:

n 0 1 2 3 4 5 6 7 8 9 10
Yo |4 0O -6 0 2 1

Y1 2 4 1 2 -1 0

Y2
y 4 0 6 2 -2 1 4 1 -5 -1 2

o
N
'
vl
'
—
N

If the input is divided into length-5 subblocks, the last subblock will have length 3:
x=1[2,2,01,-1,0,1,2]
o g2 lrs
X X,
The convolutions of the subblocks with the filter are:
Yo =h*x =[4,0,-6,2,-2,1,2,~1]
v, =h*xx; =[0,2,2,-5,-1,2]

Aligning them at multiples of n = 5, we have:
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nlo 1 2 3 4 5 6 7 8 9 10
Yol 4 0 6 2 2 1 2 -1

Vi 0 2 2 5 -1 2
y |4 0 6 2 =2 1 4 5 1 2

Problem 4.3

Figure P4.1 shows the filter, input, and computed output signals.

h(n) x(n)
YL fPPTfITRTRRRRET . L
y(n)
10 3 6 10 ]Tj 16 20 23 Tzl m

—on—»<——steady —>=+off >

Fig. P4.1 h(n), x(n), and y (n) signals of Problem 4.3.

For the direct form, the indices of h,, and x,,_, are restricted to lie within their respective ranges:

3<m<6
(P4.1)
10<sn-m<20

Solving the second with respect to n, we have:
100+m=<=n<20+m
Using the first of Eq. (P4.1), we extend the range to:

10+3<10+m=n<20+m=<20+6 =

This is the range of index n of the output y,. To find the limits of summation over m, we change
the sign of the second of Eq. (P4.1) and solve for m:

-20<sm-n<-10 = n-20<m<n-10
Thus, the inequalities in Eq. (P4.1) are equivalent to

3<m=<6

= max(3,n —20)< m < min(6,n — 10)

n-20sm=<n-10

The final expression for the direct form will be:
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min (6,n—10)
Vn = > HmXnm, for 13 <n <26
m=max (3,n—20)

The transition from the input-on transients to the steady state takes place at time 6 = n — 10 or
n = 16 at which the upper limit switches from n — 10 to 6. Similarly, the transition from steady
state to the input-off transients occurs at 3 = n — 20 or n = 23 when the lower limit switches
from 3 to n — 10. In summary, the three ranges are:

input-on: 13 <n <15 Yn

I

i
=
g
>
i
3

6
steady-state: 16 <n <23 Yn = Z NmXn—m

input-off: 24 <n <26 Yn _

I
M
=
g
=
=
3

In particular, if the filter and input signals are unity over the ranges (P4.1), the output can be
expressed compactly as:

min (6,n—10)
Yn = > 1-1=min(6,n - 10)—max(3,n — 20) +1 (P4.2)
m=max (3,n—20)

for 13 < n < 26. Or, more explicitly:

input-on: 13 <n <15 Yn=n-10-3+1=n-12

steady-state: 16 <n <23 Yh=6-3+1=4
input-off: 24 <n <26 Yhn=6—-(n-20)+1=27—-n
With numerical values:
vy =1{1,2,3,4,4,4,4,4,4,4,4,3,2,1}

The first and last M = 3 samples are the input on/off transients. The middle samples are the
steady samples. Note that because the input is constant, the steady-state DC output can be
predicted in advance from the DC gain:

Yoc= P hm=1+1+1+1=4
m

Note also that because the filter is delayed by 3 samples, the output will not begin to come out
until 3 time instants after the input begins, that is at n = 13. Also, the input is cutoff at n = 20
but this is not felt by the filter until 3 instants later, that is, at n = 23. For the LTI form, Eq. (P4.1)
is replaced by

This leads to the same range for the output index n, but to the summation limits:
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min (20,n-3)
Vn = > Xmhn-m, for 13 <n <26

m=max(10,n—6)
For part (b), we have:

min(20,n-3)
Yn = Z 1-1=min(10,n — 6)—max(20,n — 3) +1 (P4.3)

m=max(10,n—6)

Note that Eq. (P4.3) is equivalent to Eq. (P4.2).

Problem 4.4

Because both the input and filter are causal and have infinite duration, we use the formula:

y(n)= Z h(m)x(n—m)= Z a™u(m)u(n — m) or,

m=0 m=0

l_an+l
1-a

y(n)= > am=

m=0

The steady-state response is the large-n limit of this formula; that is,
(n) L for n 0
Y 1—-a

If x(n)= (—1)"u(n), we have

1— (—a)n*!

y(n)= > am(-1)""M= (-1)" > (-a)"= (-1)" i a

m=0 m=0

Problem 4.5

Consider the IR filter h (n)= a"u(n), where 0 < a < 1. The square pulse x(n)=u(n)—-u(n-1=L)
of duration L is applied as input. Using the time-domain convolution formula determine a closed-
form expression for the output signal y (n) for the two time ranges: 0 <n <L —1and n > L.
Because the filter is infinite (M = ), Eq. (4.1.16) becomes:

n

y(n)= >

m=max (0,n—L+1)

h(m)x(n —m), 0<n<o

Inserting the given signals for h (n) and x(n), we find:

n

y(n)= > am-1

m=max (0,n—L+1)
Using the geometric series identity
aM] _ aMz+l

M
> an-

m=M; l-a

we find:

39



amax(O,n—LH) _ an+l

y(n)= T B a—

In particular, for 0 < n < L — 1, we have max(0,n — L + 1)= 0, and
1— gnt!

y(n)= T—a (input-on transients and steady state)

whereas for n > L, we have max(0,n — L +1)=n—-L + 1, and
an—LJrl _ an+l Lt 1- aL
@ -4 n-L+1 2~ 4

1—-a B 1—a = aniLHy(L -1), (input-off)

y(n)=

Thus, after the input is turned off, the output decays exponentially to zero.

Problem 4.6

From the previous problem, we have at n = 0,

1 *QOH
y(O-ay(-1)=———-a-0=1=x(0)
Then, for1 <n <L — 1, we have x(n)= 1 and
1_an+1 1_an l_an+l_a+an+1
y(n)—ay(n—-1)= 1—a _al—a = 1—a =1=x(n)
Finally, for n > L, we have x(n)= 0 and
y(m)—ay(n—1)=a"ty; y —aa" 'y, =0 =x(n)

Problem 4.7

For example, the LTI form is obtained by interchanging the roles played by x and h and their
lengths L and M + 1. The following routine is an implementation of Eq. (4.1.19):

/* convlti.c - convolution in LTI form */

#include <stdlib.h> defines max( ) and min()

void conviti(M, h, L, x, y)

double *h, *x, *y; h=filter, x=input block, y=output block
int M, L; M=filter order, L=input length

{

int n, m;
for (n = 0; n < L+M; n++)

for (y[n] = 0, m = max(0, n-M); m <= min(n, L-1); m++)
y[n]l += x[m] * h[n-m];
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Problem 4.8

The following C program computes the output signals of the two filters (a) and (b) of Example
4.1.8:

/* convex.c - convolution example 4.1.8 */

#include <stdio.h>
#include <stdlib.h>
#include <math.h>

#define Ma 14
#define Mb 5

void conv();

void main()
{
int K = 50, L = 200, n;
double *x, *ya, *yb;
double ha[Ma+1], hb[Mb+1] = {0.2, -1, 2, -2, 1, -0.2};

X = (double *) calloc(L, sizeof(double));
ya = (double *) calloc(L+Ma, sizeof(double)); Ex. 4.1.8 (a)
yb = (double *) calloc(L+Mb, sizeof(double)); Ex. 4.1.8.(b)

for (n=0; n<=Ma; n++) define filter (a)
ha[n] = 0.25 * pow(0.75, n);

for (n=0; n<L; n++) define input
if (n%K < K/2)
x[n] = 1;
else
x[n] = 0;

conv(Ma, ha, L, x, ya);
conv(Mb, hb, L, x, yb);

compute outputs
for (n=0; n<L+Ma; n++)

printf("%1f\n", yal[nl);

printf("\n\n");

for (n=0; n<L+Mb; n++)
printf("%1f\n", yb[nl);

Problem 4.9

A complete such program is included below.
/* blkfilt.c - FIR filtering by block convolution */

#include <stdio.h>
#include <stdlib.h>

#define MAX 64

memory allocation size
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void blockcon();

void main(int argc, char **argv)

{
FILE *fph; filter file
double *h, *x, *y, *ytemp;
int M, N, L, 1; M = filter order, L = blocksize
int max = MAX, dmax = MAX; initial allocation & increment
if (argc != 3) {
fprintf(stderr, "usage: blkfilt hfile L <xfile >yfile\n");
exit(0);
}
if ((fph = fopen(argv[1l], "r")) == NULL) {
fprintf(stderr, "can’t open filter file: %s\n", argv[1]);
exit(0);
}
L = atoi(argv[2]); block length
h = (double *) calloc(max + 1, sizeof(double));
for (M=0;; M++) { read h
if (M == max) { if necessary, reallocate h
max += dmax;
h = (double *) realloc((char *) h, (max + 1) * sizeof(double));
}
if (fscanf(fph, "%1f", h + M) == EOF) break;
}
M--; M is filter order
if (L <M {
fprintf(stderr, "blocksize L must be at Teast %d\n", M);
exit(0);
}
h = (double *) realloc((char *) h, (M + 1) * sizeof(double)); final allocation
x = (double *) calloc(L, sizeof(double)); allocate input block
y = (double *) calloc(L + M, sizeof(double)); allocate output block
ytemp = (double *) calloc(M, sizeof(double)); initialized to zero
start filtering:
for (G3) { read input block
for (N=0; N<L; N++) N=L except for last
if (scanf("%1f", x+N) == EOF) goto last;
blockcon(M, h, L, x, y, ytemp); process block
for (i=0; i<L; i++) write output block
printf("%1f\n", y[il);
}
last: process last block

blockcon(M, h, N, x, y, ytemp); last block has N<=L
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for (i=0; i<N+M; i++) write entire y block
printf("%1f\n", y[i1);
3

The dimension of the filter array h is determined on the fly by reading the file of filter coeffi-
cients. Because the length of this file is not known in advance, the program keeps reallocating
the length of h in increments of MAX coefficients until the final length is determined and the final
reallocation is made. The filtering portion of the program is identical to the program segment
discussed at the end of Section 4.1.10.

The program can receive its input from stdin with the user entering the input samples one at a
time. However, only after a group of L samples has been entered followed by a <CR> (carriage
return), will the program output the first group of L outputs. Then, the next group of L input
samples is entered and the program outputs the corresponding group of L outputs, and so on. At
the end, one must enter a <CTRL-Z> (for MSDOS) in order for the program to process the input-off
transients.

Problem 4.10
A complete such program is included below.
/* firfilt.c - FIR filtering by sample-by-sample processing */

#include <stdlib.h>
#include <stdio.h>

#define MAX 64 initial allocation size
double fir(Q;

void main(int argc, char **argv)

{
FILE *fph; filter file
double *h, *w, x, y; filter, states, input, output samples
int M, 1;
int max = MAX, dmax = MAX; allocation for h and increment

if (argc != 2) {
fprintf(stderr, "usage: firfilt hfile <xfile >yfile\n");
exit(0);
}

if ((fph = fopen(argv[1l], "r")) == NULL) {
fprintf(stderr, "can’t open filter file: %s\n", argv[1]);

exit(0);
}
h = (double *) calloc(max + 1, sizeof(double)); preliminary allocation
for (M=0;; M++) { read h
if (M == max) { reallocate h, if necessary

max += dmax;
h = (double *) realloc((char *) h, (max + 1) * sizeof(double));
}

if (fscanf(fph, "%1f", h + M) == EOF) break;
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M--; M is filter order

(double *) realloc((char *) h, (M + 1) * sizeof(double)); final allocation
(double *) calloc(M + 1, sizeof(double));

= =
[

start filtering:

keep reading input samples
compute output sample
write output sample

while(scanf("%1f", &) != EOF) {
y = fir(M, h, w, x);
printf("%1f\n", y);
}

for (i=0; i<M; i++) {
y = fir(M, h, w, 0.0);
printf("%1f\n", y);
}

input-off transients

Asin the case of b1kfi1t.c, the dimension of the filter array h is determined on the fly by reading
the file of filter coefficients. The program keeps reallocating the length of h in increments of MAX
coefficients until the final length is determined and the final reallocation is made. The filtering
portion of the program is identical to the program segment discussed in Section 4.2.3.

The program can receive its input from stdin with the user entering the input one sample at a
time. After each input is entered followed by a <CR>, the program computes and outputs the
corresponding output sample. (One can also enter a few input samples at a time, followed by a
<CR>, and the program will produce the corresponding outputs.) At the end, one must enter a
<CTRL-Z> (for MSDOS) in order for the program to process the input-off transients.

Problem 4.11

A complete such program is included below.
/* cfirfilt.c - FIR filtering using circular delay-line buffer */

#include <stdlib.h>
#include <stdio.h>

#define MAX 64 initial allocation size
double cfirQ);

void main(int argc, char **argv)

{
FILE *fph; filter file
double *h, *w, *p; filter, states, circular pointer
double x, y; input and output samples
int M, 1i;

int max = MAX, dmax = MAX; allocation for h and increment
if (argc !'=2) {

fprintf(stderr, "usage: cfirfilt hfile <xfile >yfile\n");

exit(0);

}
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if ((fph = fopen(argv[1l], "r")) == NULL) {
fprintf(stderr, "can’t open filter file: %s\n", argv[1]);

exit(0);

}
h = (double *) calloc(max + 1, sizeof(double)); preliminary allocation
for (M=0;; M++) { read h

if (M == max) {
max += dmax;
h = (double *) realloc((char *) h, (max + 1) * sizeof(double));

reallocate h, if necessary

}
if (fscanf(fph, "%1f", h + M) == EOF) break;

M--; M is filter order

h = (double *) realloc((char *) h, (M + 1) * sizeof(double));
w = (double *) calloc(M + 1, sizeof(double));
p=w; initialize p

start filtering:

keep reading input samples
compute output sample
write output sample

while(scanf("%1f", &) != EOF) {
y = cfirM, h, w, &, x);
printf("%1f\n", y);
}

for (i=0; i<M; i++) {
y = cfir(M, h, w, &, 0);
printf("%1f\n", y);
}

input-off transients

It is identical to firfilt.c, except it uses the circular version cfir instead of fir to do the fil-
tering. In addition, the circular pointer p is defined and initialized by the program. This program
must be compiled and linked with cfir.c and wrap.c. The version using the routine cfirl is
identical.

The following version is based on the routine cf1ir2 and uses the circular pointer index g instead
of the pointer p. It must be linked with the routines cfir2 and wrap2.

/* cfirfil2.c - FIR filtering using circular delay-line buffer */

#include <stdlib.h>
#include <stdio.h>
#define MAX 64 initial allocation size

double cfir2(Q);

void main(int argc, char **argv)

{
FILE *fph; filter file
double *h, *w; filter, states, circular pointer
double x, y; input and output samples
int M, i, q; circular pointer index

int max = MAX, dmax = MAX; allocation for h and increment

45



if (argc !'= 2) {
fprintf(stderr, "usage: cfirfil2 hfile <xfile >yfile\n");
exit(0);
}

if ((fph = fopen(argv[1l], "r")) == NULL) {
fprintf(stderr, "can’t open filter file: %s\n", argv[1]);

exit(0);
}
h = (double *) calloc(max + 1, sizeof(double)); preliminary allocation
for (M=0;; M++) { read h
if (M == max) { reallocate h, if necessary

max += dmax;
h = (double *) realloc((char *) h, (max + 1) * sizeof(double));
}

if (fscanf(fph, "%1f", h + M) == EOF) break;

M--; M is filter order
h = (double *) realloc((char *) h, (M + 1) * sizeof(double));

w = (double *) calloc(M + 1, sizeof(double));

q=0; initialize q

start filtering:

while(scanf("%1f", &) != EOF) { keep reading input samples
y = cfir2(M, h, w, &q, x); compute output sample
printf("%1f\n", y); write output sample
}

for (i=0; i<M; i++) { input-off transients

y = cfir2(M, h, w, &q, 0);
printf("%1f\n", y);
}

Problem 4.12

The following C program is an implementation:
/* cdelfilt.c - Implementation of delay using circular buffer */

#include <stdlib.h>
#include <stdio.h>

double cdelay(Q);
double tapQ;

void main(int argc, char **argv)

double *w, *p; linear buffer & circular pointer
double x, vy; input and output samples
int D, i, J;
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if (argc !'= 3) {
fprintf(stderr, "usage: cdelfilt i D <xfile >yfile\n");
exit(0);
}

i = atoi(argv[1l]);
D = atoi(argv[2]);

if G>D) {
fprintf(stderr, "i must be in the range {0, 1, ..., D}\n");
exit(0);
}

= (double *) calloc(D + 1, sizeof(double));

p = w; initialize p

while(scanf("%1f", &x) != EOF) { keep reading input samples
*p o= X; store in circular buffer
y = tap(D, w, p, i); y(n) = x(n-i) = i-th delay
cdelay(D, w, &p); update delay line
printf("%1f\n", y); write output sample
}

for (§=0; j<i; j++) { input-off transients
*p = 0; zero input

y = tap(D, w, p, i);
cdelay(D, w, &p);
printf("%1f\n", y);
}

Problem 4.13

Consider a 3d order filter with internal states w;(n)= x(n —i), i = 0,1, 2,3. They are delayed
replicas of each other:

wsz(n) =wz(n—1)
wz(n) =wi(n-1)
wi(n) =wy(n-1)
wo (n) = x(n)

Thus, the current states are obtained from the previous ones by shifting the previous contents
of the delay line and reading x(n) into wq(n). Once this shift is done, the filter’s output is
computed by the dot product:

y(n)= howo (n) +hiwi (n) +haws (n) +hzws (n)
The following routine firalt.c implements this alternative procedure:

/* firalt.c - Alternative version of FIR filter in direct form */

double firalt(M, h, w, x) Usage: y=firalt(M, h, w, x);
double *h, *w, Xx; h=filter, w=state, x=input
int M; M=filter order
{
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int i;
double y;

for (i=M; 1i>=1; i--)
wlil = wli-11;

w[0] = x;

for (y=0, i=0; i<=M; i++)
y += h[i] * w[il;

y=output sample

update states from previous call
done in reverse order

read current input sample x

process current output sample

return y;

}

Note that the previous state vector is updated first into its current value, the current input is read
into wy, and only then is the output y computed. Upon exit, the states are left at their current
values and not updated. They will be updated by the next call. The vector w must be initialized
to zero prior to the first call, just like the fir.c case.

Problem 4.14

Introduce the internal states:

wo (n) = x(n)
wi(n) =xn-1)=wy(n-1)
wr(n) =x(n-2)=w;(n—-1)

wi(n) =x(n-3)=wy(n-1)

Then, the I/0 equation together with the state-updating equations will read:

wo (n) = x(n)

wi(n+1) =wy(n)

and we(n+1) =w;(n)

y(n)= wo(n)+wy (n) +2w: (n) +ws(n)

wi(n+1) = wy(n)

This leads to the following sample processing algorithm and block diagram:

for each input sample x do:
Wy =X
Y =W+ W+ 2w + W3
W3 =W
Wy = W;
w1 = Wo

The sample processing algorithm generates the following output samples:
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n X | Wo Wi Wa W3 | Y=Wo+W+2Wr+ W3
0 1 1 0 0 0 1
1 2 2 1 0 0 3
2 1 1 2 1 0 5
3 1 1 1 2 1 7
4 2 2 1 1 2 7
5 1 1 2 1 1 6
6 1 1 1 2 1 7
7 1 1 1 1 2 6
8 0 0 1 1 1 4
9 0 0 0 1 1 3
10 | O 0 0 0 1 1

The first three outputs correspond to the input-on transients (the internal delay registers are
still filling up). The period 3 < n < 7 corresponds to steady state (all delays are filled). The
last three outputs, in general the last M outputs for an M-th order FIR filter, are the input-off
(x = 0) transients (the delays gradually empty out their contents). A C routine and main program
implementing this algorithm are given below:

#include <stdio.h>
#include <malloc.h>

declares calloc()
double x[8] = {1,2,1,1,2,1,1,1};
double filter2(Q);

void main(Q)

{
int n;
double y, *w;
w = (double *) calloc(4, sizeof(double)); allocates & initializes w to zero
for (n=0; n<8; n++) { input-on transients & steady-state
y = filter2(x[n], w);
printf("%1f\n", y);
}
for (n=8; n<11l; n++) { input-off transients
y = filter2(0.0, w);
printf("%1f\n", y);
}
}

double filter2(x, w)
double x, *w;

{

usage: y = filter2(x, w);

double y;
w[0] = x; read input sample

y = w[0] + w[1l] + 2 * w[2] + w[3]; compute output sample

w[3] = w[2]; update internal states
wl2] = w[1];
wl1] = w[0];
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Then, the difference equation y(n)= 0.8y(n — 1)+x(n) and the state updating equation will
return y; read:

y(n)=0.8w;(n)+x(n) and wy(n+1)=y(n)

Problem 4.15 This leads to the following sample processing algorithm and block diagram realization:

We define the state-variables w;(n),i = 0,1, 2,3 as follows:

for each input sample x do:

wo (n) = x(n) y =0.8w; +X
= 0.8w,

wi(n) =x(n-1)=wy(n-1) wy =y
wa(n) =x(n—-2)=wi(n-1) 0.8
wi(n) =x(n-3)=wy(n-1) The table of computations is:
Then, the I/0 equation y (n)= x(n)—x(n — 3) together with the state-updating equations will n | X ‘ w1 y=0.8w; +x
read: 0| 1| 0.0000 1.0000
1|1 | 1.0000 1.8000
w3 (n+1) = w(n) 2 | 2 | 1.8000 3.4400
wo (n)=x(n)
and wa(n+1) =w;(n) 3 | 2| 3.4400 4.7520
y(n)=wq(n)—ws(n) 4 | 4| 47520 7.8016
wi(n+1) =wp(n)
Note that the output y(n) at time n and the next internal states at time n + 1 are computable Problem 4.17
from the knowledge of the present input x (n) and the present states at time n. This leads to the We define the internal states:
following sample processing algorithm and block diagram realization:
wi(n) =y(n-1) wi(n+1) =y(n)
=
x y wa(n) =y(n-2)=w(n-1) wa(n+1) =y(n—1)=w;(n)
for each input sample x do: The difference equation y (n) = 0.25y (n — 2) +x(n) and state updating equations become:
w(l:x wa(n+1) =w;(n)
Y =Wo— W3 y(n)=0.25w, (n) +x(n) and
W3 =W» wi(n+1) =y(n)
xz - xl This leads to the following sample processing algorithm and block diagram realization:
1=Wo

The sample processing algorithm can be applied to the given input samples to generate the output for each input sample x do:

samples: y =0.25w2 + X
W2 =W,
nlx|[we wi wa ws | y=wo—ws wy =y
0|1 1 0 0 0 1
1 1 1 1 0 0 1 0.25
2|2 2 1 1 0 2
3|2 2 2 1 1 1 General versions of such routines will be considered in Chapter 7. The sample processing algo-
4| 4 4 2 2 1 3 rithm can be cranked on the given input samples to generate the output:
n|x|y=02w+x| w Wo
Problem 4.16 01 1 0 0
) . 1|1 1 1 0
We define the internal state: 2 | 9 205 1 1
312 2.25 2.25 1
wi(n)=yn-1
tim=ytn -1) 4|4 45625 225 225
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Notice how the computed y becomes the next w; and w; shifts into w,.

Problem 4.18

The impulse response is read off from the coefficients of the I/0 equation:
h=1[1,0,-1,2]

The LTI form is implemented by the following table:

n o 1 2 3 4 5 6 7 8 9 10

x\h 1 0 -1 2 partial output
1 1 0 -1 2 x(0)h(n—-0)
1 1 0 -1 2 x()h(n-1)
2 2 -2 4 x(2)h(n-2)
2 2 0 -2 4 x(3)h(n—3)
2 2 0 -2 4 x(4)h(n—4)
2 2 -2 4 x(5)h(n-5)
1 1 o -1 2 x(6)h(n-6)
1 1 -1 2 x(7Yh(n-7)
y(m)y |1 1 1 3 2 4 3 3 12 | Y x(mh(n-m)

m

For the overlap-add method, the input is divided into the following length-4 contiguous blocks:
x=1[1,1,2,2,2,2,1,1,1]
— ——
X X
Convolving each block separately with h gives:
Yo =hx*xx,=1[1,1,1,3,0,2,4]
yi=hx*xx3 =(2,2,-1,3,3,1,2]

These convolutions can be done by separately folding the two convolution subtables:

block 0 block 1
h\x | 1 1 2 2 2 2 1 1
1 1 2 2 2 2 2 1 1
0 o 0 OO0 O 0 O
-1(-1 -1 -2 2|2 -2 -1 -1
2 2 2 4 4| 4 4 2 2

The two subblocks begin at the absolute times n = 0,4, respectively. It follows from time-
invariance that the corresponding output blocks will also begin at the same absolute times. Thus,
aligning the output blocks according to their absolute timings and adding them up gives the final
result:

n 1 2 3 4 5 6 7 8 9 10
Yoll 1 1 3 0 2 4

o 2 2 1 3 3 1 2
y |t 1 1 3 2 4 3 3 3 1 2
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The block diagram and sample processing algorithm are:

X Y
b for each input sample x do:
Wo =X
Y =Wy — W2 +2W3
W3 = Wp
W2 =W
W1 = Wy

The corresponding circular-buffer version will be:

for each input sample x do:
So = %p =X
S» = tap(3,w,p,2)
§3 = tap(3,w,p,3)
Y =80 — 82+ 283
cdelay (3, w, &p)

where tap-1 is not needed, but tap-2 and tap-3 are. Tap-0 s, is the content of the current location
pointed to by p, which receives the input sample x. After y is computed, the call to cdelay
circularly decrements the pointer p.

Problem 4.19

Figure P4.2 shows the contents of the registers w = [wy, Wi, w1 ] at successive time instants. Each
time the circular pointer p = pj, points to the w-register that receives the current input, whereas
the pointer poy: points to the w-register containing the current output, that is, y (n) = x(n — 2).
Therefore, poy is shifted clockwise by 2 with respect to pj,:

Pout = Pin + 2 (modulo 3)

As pin gets decremented circularly, so does poyt. If pin points to w[gin] and pour t0 W[ Gout], then
Pin =W + Gin
Pout = W + qout
where
Gout = (gin +2)%3

Thus, the input and output circular indices take on the sequence of values:

dmn =0,2,1,0,2,1,0,2,1,0,2

dout = 2,1,0,2,1,0,2,1,0,2,1

The following table lists the contents of w for both the linear and circular buffer implementa-

tions. In the linear case, wy, W, and w» are simply the input signal delayed by i = 0, 1, 2 units.

In the circular case, the down-arrow indicates the w-register receiving the current input, that is,
W[@in], whereas the up-arrow indicates the corresponding output sample, that is, W[gou]. In
the circular case, only one w-register changes value at each time instant.
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Fig. P4.2 Circular delay-line buffer contents.

linear circular
nj|x| w, wp Wy | Wy Wi W | {in {fou |V
018 8 0 0 8l 0 ot 0 2 0
1|7 7 8 0 8 01 71 2 1 0
2 16| 6 7 8 8t 6! 7 1 0 8
315 5 6 7 506 71 0 2 7
4| 4 4 5 6 5 61 4l 2 1 6
513 3 4 5 5t 3L 4 1 0 5
6| 2 2 3 4 21 3 41 0 2 4
711 1 2 3 2 31 1! 2 1 3
8|01 O 1 2 21 0! 1 1 0 2
9101 O 0 1 ol 0 11 0 2 1
10|01 O 0 0 0 ot ol 2 1 0

Problem 4.20

The transposed form is obtained by the following rules:

1. Exchange input with output.
2. Reverse all signal flows.

4. Replace all adders by nodes.
3. Replace all nodes by adders.

For example, in Fig. 4.2.7, the output adder will be replaced by a node with the signals flowing
in reversed directions, and the nodes at the inputs of the delays will be replaced by adders, and
x(n) will be exchanged with y(n). The resulting block diagram is shown in Fig. P4.3. We can
draw it reversed, as in Fig. 4.3.1.
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Fig. P4.3 Transposed direct form realization.

Let vy (n), vo(n), and vz (n) be the contents of the three delays at time n. They can be thought
of as the internal states of the realization. Because of the intervening adders between the delays,
the v;(n) are no longer the delayed versions of each other. Rather, each is a delayed version of
its input. These inputs will become the contents of the delays at the next time instant. Therefore,
the I/0 equations describing the filter are in this case:

vi(n+1) =ve(n)+hyx(n)
y(n)=v;(n)+hox(n) and vo(n+1) =v3(n)+hyx(n)
vi(n+1) = hzx(n)

This system is equivalent to the original I/0 equation (4.2.6). Indeed, down-shifting v, (n + 1),
we have

vi(m)=va(n—-1)+hx(n-1)
Therefore,
y(n) = hox(n)+vy(n) = hox(n)+(hix(n - 1)+v2 (n — 1))

Similarly, down-shifting v, (n+1) twice, thatis, Vo (n—1)= v3(n—2)+hyx(n—2),and vs(n+1)
three times, that is, v3 (n — 2) = h3x(n — 3), we get

y(n) = hox(n)+hix(n—-1)+v,(n—-1)
= hox(n) +hix(n — 1)+ (hax(n — 2) +v3(n — 2))
= hox(n)+h;x(n —1)+hyx(n —2)+hzx(n - 3)

which is equivalent to Eq. (4.2.6). The I/O system leads then to the following sample by sample
processing algorithm:
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for each input sample x do:
Y =vi + hox
Vi =Vo + hx
Vy, =V3 + th
V3 = hgx

For Example 4.2.1, Table P4.1 shows the contents of the v; registers at each time instant. The v;
are initialized to zero. The v; and Vv entries in each row are obtained by forming v, + h;x and
v3 + hyx of the previous row. The v; column is the delayed (down-shifted) version of the h3x

column. The final result is the same as in Example 4.2.1.

n X | hox hix hyx h3x | v Vo vy | Y=V +hox
0 1 1 2 -1 1 0 0 0 1
1 1 1 2 -1 1 2 -1 1 3
2 2 2 4 -2 2 1 0 1 3
3 1 1 2 -1 1 4 -1 2 5
4 2 2 4 -2 2 1 1 1 3
5 2 2 4 -2 2 5 -1 2 7
6 1 1 2 -1 1 3 0 2 4
7 1 1 2 -1 1 2 1 1 3
8 0 0 0 0 0 3 0 1 3
9 0 0 0 0 0 0 1 0 0
10 | O 0 0 0 0 1 0 0 1

Table P4.1 Computations in Problem 4.20.

Problem 4.21

The generalization of the transposed algorithm to order M is straightforward:

for each input sample x do:
fori=0,1,...,M — 1 do:
Vi = Vi1 + hiX
VM = hMX
Yy =Yo

where for indexing convenience we introduced vy (n)= y(n)= vy (n)+hox(n). The following C

routine firtr.cis an implementation:
/* firtr.c - FIR filter in transposed direct form */

double firtr(M, h, v, x) Usage: y=firtr(M, h, v, x);
double *h, *v, Xx; h=filter, v=state, x=input
int M; M=filter order

{

int i;
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for (i=0; i<=M-1; i++)
v[il = v[i+1] + h[i] * x;

v[M] = h[M] * x; last state

output & update states

return v[0]; Y =vp=Vv] + hox

}

The following stand-alone C program firfiltr.c is the corresponding version of firfilt.c.
The only difference is that it uses the routine firtr.c instead of fir.c:

/* firfiltr.c - FIR filtering in transposed form */

#include <stdlib.h>
#include <stdio.h>

#define MAX 64
double firtrQ;

void main(int argc, char **argv)
{

FILE *fph;

double *h, *v, x, y;

int M, i;

int max = MAX, dmax = MAX;

if (argc !'= 2) {

initial allocation size

filter file
filter array, input, output samples

allocation for h and increment

fprintf(stderr, "usage: firfilt hfile <xfile >yfile\n");

exit(0);
}

if ((fph = fopen(argv[1l], "r")) == NULL) {

fprintf(stderr, "can’t open filter file: %s\n", argv[1l]);

exit(0);
}

h = (double *) calloc(max + 1, sizeof(double));
for (M=0;; M++) {

if (M == max) {
max += dmax;

preliminary allocation

read h
reallocate h, if necessary

h = (double *) realloc((char *) h, (max + 1) * sizeof(double));

}

if (fscanf(fph, "%1f", h + M) == EOF) break;

}
M--3

h

= (double *) calloc((M + 1), sizeof(double));
while(scanf("%1f", &) != EOF) {
y = firtrM, h, v, x;
printf("%1f\n", y);
}

for (i=0; i<M; i++) {
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M is filter order

(double *) realloc((char *) h, (M + 1) * sizeof(double)); final allocation

keep reading input samples
compute output sample
write output sample

input-off transients



y = firtr(M, h, v, 0.0);
printf("%1f\n", y);
}

compute output sample

}

Transposed forms are convenient in some applications, such as in the implementation of FIR
decimators and interpolators in multirate applications. MATLAB uses this form to implement its
built-in filtering routines.
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Chapter 5 Problems

Problem 5.1

The linearity property follows from:

© © ©

S laxi(m+axe(mlz " =ay > ximz " +ar > x(m)z"
n=—oo n=—o0 n=-—oco
The delay property follows from:

o o

Xp(z)= D xpmz "= > x(n-D)z "=

n=—oo n=—o0

= Z x(k)z=*+D) = 7D z x(k)z ™% =z Px(z)

k=—00 k=—00

where we changed summation index from n to k = n — D, so that n = k + D. The convolution
property follows from the linearity and delay properties. Writing y (n) in terms of the delayed
replicas of x(n), we have:

ym= > hmxmn-m)= > h(m)xm(n)

m=—co m=—co

Taking z-transforms of both sides and using the linearity and delay properties, we get:

Y(2)= > h(m)Xm(2)= h(m)Z’mX(z)=[ > h(m)z’m]X(z)

m=—oo m=—o0 m=—o0

or,

Y(z)=H(z)X(2)

Problem 5.2

a. From the delay property of z-transforms, X (z)= z 5A(z), where A(z)= 1 is the z-
transform of & (n). Thus, X (z) = z=>. The ROC is the entire z-plane with the exception of
the point z = 0.

b. Similarly, X (z) = z°A(z)= z°, but now the ROC must only exclude the point at infinity
Z = oo,

c. The unit-step has z-transform: U (z)=1/(1 — z~!). Thus,

X(z)=25U(z)= 2
1-2z71
with ROC |z| > 1.
d. We may work with the definition:
X(z) = Z u(-n+5)z "= Z 1.-z"
n=-o0 Nn=—o0

=z +z%+z3+ 722+ 7z 142+ 22+ 283+

=z 1+z+22+2%+---] = IZ

=z7°U((z7Y
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The convergence of the series requires the ROC |z| < 1.
Alternatively, we recognize that x(n) is the delayed version of u(—n), that is, x(n)=
u(—n+5)=u(—(n—->5)). Using the general property that

am=Z-Giz) > g-mZG@E

we find X (z)=z°U(z71).

Problem 5.3

a. Using the general result: a"u(n)— 1/(1 —az™'), ROC |z| > |al|, we obtain: X (z)=
1/(1 - (=0.5)z"H)=1/(1 +0.5z71), with ROC |z| > | — 0.5] = 0.5.

b. Method 1: Let w(n)= u(n)—u(n — 10) with z-transform W (z). Using the linearity and
delay properties, we have

1-2z710
W(z)=U(z)-z"U(z)=1-z""U(z)= To 1
Using the modulation property of z-transforms, we have
1-(z/a)™® 1-qa'%2z710
1-(z/a)"'  1-az!

a"w(n)— W(z/a)=

With a = —0.5, we have X (z) = (1 — (=0.5)10z710) /(1 + 0.5z71).
ROC is the whole z-plane minus the point z = 0.

Method 2: We recognize that x(n) is the finite sequence
x(n)=[1,a,a* @ a*,a,a% a’,a% a%0,0,0,- - - ]

and use the definition of z-transforms:

B 1—a102710
Zp vz s ———

X(z)=1+az ' +a°z"

1-—az!
where in the last step we used the finite geometric series:
1-— Xm-¢-1
1+x+x2+---+x”‘:ﬁ, withx =az'andm =9
1 1 2
c X(z)= + = = ~, ROC |z| >
(2) 1-0.5zt 1+0.5z1 (1-0.5z71)(1+0.5z71) 1-0.25z72 Izl

0.5.

Problem 5.4

Using Euler, 2 cos @ = e/? + e~/? with @ = 1tn/2 and also the fact that /™2 = jand e /™/2 = —j,
we rewrite

2(0.8)"cos(1rn/2) = (0.8)"[e/™V? 4 e=JTNI2]
= (0.8)"[j" + (=))"]= (0.8))"+(-0.8/)"

Thus, the signals in questions (a) and (b) are the same. Their z-transform is
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1 2 2

T (1-08jz1)(1+08jz1)  1+0.64z2

1
X(z)= + =
A= 10871t 14 08jz1

ROC is |z| > |0.8j| = 0.8. An alternative method is to list a few of the signal values and then use
the infinite geometric series to sum them up, that is, with a = 0.8:

x(n)=2[1,0,-a%0,a*0,-a°0,a%0,-a',0, -]

we obtain
2,2 4,4 6,-6 8,8 10,,-10 2
X(z)=2[1-a‘z“+a*z*-a°z"°+a°z°-a’z7"+ -+ ]= ——
1+a2z2
where we applied the infinite geometric series
2 143 1
1+X+X+Xx>+--- =
1-x

with x = —a?z~2. Convergence of the geometric series requires that |x| < 1 or | —a®z7?| <1 or

|z| > |al or in our case |z| > 0.8.

Problem 5.5
The three signals in parts (a,b,c) all have the same z-transform, namely,

X(z)= 1 L1 . 2-4.25z71
T 1-0.25z70  1-4z"!  1-4.25z"142z72

They differ only in their region of convergence: In case (a), both terms are causal, therefore
|z] > 0.25 and |z| > 4. Thus, ROC is |z| > 4. In case (b), the first term requires |z| > 0.25
while the second |z| < 4. Combining, we find ROC 0.25 < |z| < 4. In case (c), both terms are
anticausal, thus, |z| < 0.25 and |z| < 4. Thus, ROC is |z| < 0.25. The signal in (d) is unstable
from both sides of the time axis. The first term in the z-transform expansion
-1 o
X(z)=—- > (0.25)"z "+ > 4"z"

n=-—o0 n=0
would require ROC |z| < 0.25 and the second |z| > 4. The intersection of the two ROC sets is
empty, that is, there is no set of z’s for which the z-transform would converge.

Problem 5.6
Method 1: List the values of x(n) and sum the geometric series:

x(n) = [1,0,-1,0,1,0,-1,0,1,0,-1,0,... ]

X(z)=1-z2%+z4-z04+z8 ...

1

T+x+x2+x3+x4+- .- —
1—XIx=-z2

x=—z-2 =

_1
1422

where convergence of the geometric series requires:
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x| <1 > |-z7?] <1 = lz| > 1
Method 2: Use Euler’s formula to split x(n) as the sum of two terms of the form a"u(n):
x(n) = cos(mtn/2)u(n) = %[e"f"/2 +e N2 u(n)= %[j“ + (=)™ Tu(n)

where we used e™/? = j, Taking z-transforms, we find:

Xy M2 vz 1 o
T 1l—jz ! 14jzt T (1—jz )1 +jzl)  1+42z2

where we applied the result

1

z
a'u(n)— ——
1—-az!

fora=janda = —j.

Method 3: Recognize that x(n) is periodic with period 4. Defining the length-4 sequence
g =[1,0,—1,0], we see that x(n) will be the periodic replication of g (n):

x=[gg8g...1 or

x(n)=gn)+g(n-4)+g(n-8)+g(n—-12)+- - -
Taking z-transforms of both sides gives
X(2)=G2)+z7*G(2)+28G () + - = (1 +z4+z 8+ 22+ ...)G(2)
Summing up the series and using G (z) = 1 — z72, we get:

G(z) 1-2z32 1-2z32 1

—z4 1-z4 (1-z29(+z?2 1l+z°2

X(z)= 1

Problem 5.7

Whenever X (z) is a polynomial, the best method to invert is to just pick out the coefficients of
the polynomial. For (a), we have:

X(z)=(1-4z2)1+3z)=1+3z"'-42z2%2-12273
= x(n) =[1,3,-4,-12]

For (b), the signal is non-zero only at n = -3,0, 2:

x(n)=56(n)+36(n+3)+28(n—-2)
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Problem 5.8

a. Carry out a partial fraction expansion:

3(1+0.3z71) 3(1+0.3z71) A B
- = +
1-0.81z72 (1-0.9z71)(1+0.9z71) 1-09z71 1+0.9z71!

X(z)=

where

1+0.3z7! 1+0.3z7!
A=[3( +03z71)] . B=[3( +O3Zfl)] -
1+0.9z 2-0.9 1-0.9z 2=-0.9

The first ROC is |[z]| > ]0.9] = | — 0.9], thus both terms will be inverted causally:
x(n)= A(0.9)"u(n)+B(-0.9)"u(n)

As expected, the answer is stable because the ROC contains the unit circle. The second
ROC is |z| < [0.9] = | — 0.9], thus both terms will be inverted anticausally:

x(n)=-A00.9"u(-n-1)-B(-0.9)"u(-n-1)

The answer is unstable, because the ROC does not contain the unit circle.

b. Ordinary partial fraction expansion is not valid in this case because the degree of the
numerator is the same as the degree of the denominator. However, we may still have an
expansion of the form:

6-3z1-2z2 6-3z71-2z72
1-0.25z72  (1-0.5z"1)(1+0.5z"")

+ B + ¢
1-0.5z71 1405271

X(z) =

=A

where B and C are determined in the usual manner and A is determined by evaluating
X(z) atz=0:

A7[6—3z-'—2z-2] 7[622—32—2] _ 2 _,
1-0.25z2 |, _, 22-025 |,, -0.25

_ -1 _ 2 -2 _ -1 _ 2 -2
B=[6 3z 712 ] - _a, C:[G 3z 712 ] 9
1+0.5z 2205 1-0.5z 2=-0.5

For the first ROC, |z| > 0.5, the last two terms will be inverted causally:

x(n)= A6 (n)+B(0.5)"u(n)+C(-0.5)"u(n)
For the second ROC, |z| < 0.5, the two terms will be inverted anticausally:
x(n)=A8(n)-B(0.5)"u(-n—-1)-C(-0.5)"u(-n-1)

As expected, only the first inverse is stable because its ROC contains the unit circle.
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c. The degree of the numerator is strictly greater than the degree of the denominator. The

simplest approach in such cases is to use the “remove/restore” method, that is, ignore
the numerator completely, do a partial fraction on the denominator, get its inverse z-
transform, and finally restore the effect of the numerator. To show these steps, write

6+2z7° s 1
X@) =" ga2 = 6+2) [1—0.6472]

(6+2z )W (z)=6W(2)+z°W(2)

In the time-domain, we have then
x(n)=6w(n)+w(n->5)

Thus, the problem is reduced to the problem of finding w(n). Doing a partial fraction
expansion on W (z), we find
1 1 A B

Wi(z)= = = +
2) 1-0.64z2 (1-0.8z71)(1+0.8z71) 1-0.8z71 1+0.8z71

where A = B = 0.5. For the ROC |z| > 0.8, the two terms are inverted causally:
w(n)= A(0.8)"u(n)+B(-0.8)"u(n)
Inserting in x(n)= 6w(n)+w(n —5), we find
x(n) = 6A(0.8)"u(n)+6B(-0.8)"u(n)+A(0.8)" >u(n - 5)
+B(-0.8)"u(n->5)

Note that the last two terms are active only for n > 5. For the ROC |z| < 0.8, we have the
anticausal/unstable answer:

w(n)=-A(0.8)"u(-n-1)-B(-0.8)"u(-n-1)
which gives for x(n):

x(n) = -6A(0.8)"u(-n—-1)-6B(-0.8)"u(-n-1)
—A0.8)"u(-n+4)-B(-0.8)" u(-n +4)

The u(—n+4) was obtained as u(—(n —5) —1). Note also that the last two terms are now
active for —n +4 > 0 or n < 4, that is, x(n) has a slightly causal part extending to the
right up to n = 4. This happened because the strictly anticausal signal w(n) was delayed
(shifted to the right) by 5 time units by the term w(n — 5).

. The minor new feature of this problem is that the poles are complex-valued. When the
poles are complex, they come in conjugate pairs. In this case, the corresponding residues
are complex conjugates, too. Thus, only half of the residues need be computed:

10+ 272 10+272
X(2) = 2= i1 iz-1
1+ 0.25z (1 -0.5jz"1) (1 +0.5jz°1)
*
Cas B B

4
1-05jz1  1+0.5jz!
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Again, the A-term is needed because the degrees of numerator and denominator polyno-
mials are equal. We find

A_[10+z’2] _[1022+1] _ oy
1025272 |, | 22+0.25],, 0.25
10 + z72
B= [07271} =3
1+0.5jz 70.5]

We only needed to calculate B, and use B* for the conjugate pole. For the causal case, we
have

x(n)= Ad(n)+B(0.5j)"u(n) +B* (-0.5j)"u(n)

Now, because the last two terms are complex conjugates of each other, we may use the
general identity 2Re(z)= z + z* to write

B(0.5j)"u(n)+B*(-0.5j)"u(n)= 2Re[B(0.5j)"u(n)]= 6(0.5)"Re[j"Tu(n)
But, Re[j"]= Re[e/™/2]= cos(1rn/2) Thus,
B(0.5j)"u(n)+B* (-0.5j)"u(n)= 6(0.5)"cos (1rn/2)u(n)
and the final result is
x(n)=406(n)+6(0.5)"cos(mtn/2)u(n)
For the anticausal case, we obtain the anticausal version of the second term, namely,

x(n)=46(n)—6(0.5)"cos(mtn/2)u(-n—1)

. The partial fraction expansion is:

6-2z1-z72 4 1 1

X(z)= = + +
@)= A 02527 1z T 1-0521 T 140527

Because ROC is |z| > 1 > 0.5, all terms are inverted causally to give:
x(n)=4u(n)+(0.5)"u(n)+(-0.5)"u(n)

The answer is marginally stable because the pole z = 1 is on the unit circle.

. The PF expansion gives:

1 1
X =4+ ——-=-4+
(2) 1+ 472 (1-2jz-1) (1 +2jz- 1)
1/2 1/2
TS /

" + -
1-2jz7t  1+2jz!
The two regions of convergence are:

|z| > 2 and |z] <2
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They correspond to the causal and anticausal inverses: Problem 5.9

X1 (n) = —48(n) +0.5(2)"u(n) +0.5 (~2j)"u (n) Consider the z-transform pair:
X2 (n) = =46 (n)—-0.5(2j)"u(-n —1)+0.5(-2j)"u(-n—-1) xq (n)= a"u(n) PN Xq(2)= ; 1 -
—-az-
Using Euler’s formula, we may write: Applying the derivative operator 0/0a to the pair, derive the z-transform of the sequence x(n) =
1 1 ) na"u(n).
0.5[(2)H"+(=2)"] = 2"5 U+ (=)"]= 2"5 [e/™/2 4 g=ImnI2] Noting that
_ 0
_ZHCOS('ITI’I/Z) %xa(n):na”’lu(n)
Thus, we can rewrite: we get
X1(n) = —46(n)+2" cos(mrn/2)u(n) 0 0 1 z7!
%X“(Z): da (1 7a2*1> T (-az )2
X2 (n) = —46(n)-2"cos(mrn/2)u(-n-1)
Thus,
Only x» (n) is stable because its ROC contains the unit circle, or, because in the second .
term n is effectively negative and causes it to decay exponentially for large negative n, that na"‘u(n) Z, Z :
is, writing n = —|n|, we have: (1-az1)?
Multiplying by a, we get:
2" cos(mtn/2)u(-n—1)=2""cos(mn/2)u(-n-1)-0 as n— —co
o nau(m Z- %
. The PF expansion is in this case: (1—az1)?
X(z)= 4-0.6z'4+02z% A+ B N C
T 105z 0)(1+04z ) T 120521 1+04z1 Problem 5.10
where We note that each application of D brings down a factor of n:
4-0.6z7'+0.2z72 0.2 D(a") = ai (a")= ana™ ' = na"
A= =" " =-1 da
| (1-0.5z71)(1+04z71) |, , —-0.5-04 ' '
- D?(a"™) = D(D(a"))= D(na")= nD(a") = n(na")= n’a"
4-0.6z"1+0.2z72 ) ) ) ) )
B=l"1 04 o 2 D3(a") = D(D*(a"))= D(n*a")= n*D(a")= n*(na") = n*a"
L zZ=
[4-0.62z71 +0.2272
c- Z—IZ] _3
| 1-05z 2=—0.4 DK(a") = nka"
The three ROC’s are: Thus, in the z-domain:
|z| > 0.5, 0.5 > |z| > 0.4, 0.4 > |z| r z 2 \k 1
n*a"u(n) = (a—) (7)
oa 1-az!
The corresponding inverses are:
In particular, for k = 1, we have:
x1(n) = A6 (n)+B(0.5)"u(n)+C(-0.4)"u(n)
0 1 B az™!
x2(n) = A§(n)—B(0.5)"u(-n—1)+C(-0.4)"u(n) SBa)\1-az1) T —az e
x3(n) = Ad6(n)-B(0.5)"u(-n-1)-C(-0.4)"u(-n-1) Therefore,
Only x; (n) is stable. Its ROC contains the unit circle. The B-term in x, (n) and both the B n z az!
. . . na'u(n)— —————
and C terms of x3 (n) diverge exponentially for large negative n. (1-az1)2
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which agrees with the previous problem. For k = 2, we apply D again to get: Because g; (n) is non-zero only over 0 < n < L — 1 and g» (n) over —(L — 1) < n < 0, we obtain
the restrictions on the convolution summation indices:

(15a) () = (o00) (e
oa 1-az') \"oa)\(1-az1)? 0Os<m<L-1
-1 -(L-1)<n-m=<0
:az‘l[ 1 : 2az ' 3]
(1-az) (1-az™) By adding them, we obtain the overall range of the index n of x(n), that is,

-1 -1
_az'(l+az’!) ~(L-DsnsL-1

(1-az1)3
Therefore For any n in this range, we obtain the range of the summation in m:
0O<m=<L-1
2 n z az’'(l1+az™)
n“a"u(n)— (1—az1)3 0O<m-n<L-1 > n<m=<n+L-1
Adding the results of the k = 1 and k = 2 cases, we also get: which combine into the single inequality:
2az-! max(0,n)<m <min(L —1,n+L —1)
nn+ 1)a"u(n)i 3
(1-az™1) The convolution sum becomes then:
For the cases k = 3, 4, we find after some tedious algebra: min{l-1a+L-1)
& x(m= 7 > a(mg.(in-m), —(L-1)sn=<L-1
z az—l (1 + 461271 + aZZ—Z) m=max (0,n)

n*a"u(n) =

1 -az1)* Because over this range, both g; (n) and g» (n) are unity, we obtain:

-1 -1 2,2 L 43,73
n4a"u(n)i—az (1+11laz™' +11a°z* +a’z™’) min(L—1.n+L-1)

(1—-az1)s x(n):z Z 1-1:%[maX(L—1,n +L—1)-min(0,n)+1]

m=max (0,n)

Problem 5.11 By checking separately the ranges —(L — 1)< n <0and 0 < n < L — 1, it is easily verified that
Defining the square pulses the above expression is equivalent to:
In|

g1(n) =u(n)—u(n-1L) x(n)= %[maX(L—l,n +L-1)-min(0,n)+1] =1 - T ~@-DsnsL-1

g2(m =gr(in+L-D=um+L-1-un-1 At all other n, including the end-points n = L, x(n) is zero.

and using the z-transform

z 1 Problem 5.12
un)— U(z)= 11
-z Start with the result

we find the z-transforms:

a"u(n)i _
1-z* 1-az!
Gi(2) =U(2)-z""U(2)= - . .
1-z and apply it for a = Re/®0 and a* = Re/®o:
1-z1L
Gy(z) =U(2)zF ' -z U (2)= zbk-1 n jwon Z, 1
1- 21 R"e/*0"y (n) I~ Rejwog 1
Therefore, the right-hand-side of the desired z-transform is the product: » z 1
R"e %"y (n) — —————
1 - ReJjwoz-1
1|1-2zt] ., 1
X(z)= iz Z = EGI (2)G2(2) The cosine and sine signals are obtained from the above as the following linear combinations:
17 )
Thus, in the time domain we have the convolution: R"cos(won)u(n) = R" 3 [erU”u(n) +e’Jw°”u(n)]
1 1 . 17 .
x(n)= 9 (n)xg, (n)= I > g1(m)gz(n—m) R"sin(won)u(n) = R”z—j [ef“’””u(n)fe‘f“’””u(n)]
m
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Therefore, the corresponding linear combinations of z-transforms will be:

. ER I !
R” cos (won)u(n) 2 [1 — Rejwoz-1 * 1—Reﬁf‘“02*1}
n o Z, l 1 B 1
R sin(wom)u (n) 2j [1 — Rejwoz=1 1 — Re—-Jwoz-1 ]

which simplify into:

1—-Rcoswyz!
1—-2Rcoswyz 1 +R2z2

R"™ cos(won)u(n) =

Rsinwgz™?!
1—-2Rcoswpz ! +R%2z2

R"sin(won)u(n) =

Problem 5.13
Define the z-transform of one period:

AZ)=ap+ a1z ' +arz? +asz™?

Then, the z-transform of the periodic signal is recognized as the sum of the delayed replicas of
A(z), that is,
X(z)=ap+a1z ' +arz?+asz3 +apzt +a1z? +az % +asz’

oy ..

+apz 8+ a1z +a,z7'% + azz”
=(@ay+az ' +az?+asz ) +z 4 ap+ a1z + arz? +azz?)

+z8%ap+ @z +arz i +azz )+ -
=AZ2)+z*A(Z)+z 8A(Z) + - - -

A(z)
1-2z+4

A+z%+z28+.--)A(2)=

ap+az ' +arz? +azz3
1-2z+4

where the convergence of the geometric series requires the ROC |z| > 1.

Problem 5.14

Factoring the denominator 1 — z~#, we obtain the PF expansion:

g+ a1z ' +arz? +azz3 ag+ a1z ' +arz? +azz—3
X(z) = = = 1 P— P
1-2z 1-z1H)AQ+2)Q-jz1)A +jz1)
A B C c*
+ + - + -
1-z1 1+z1' 1-jz7!' 1+jz!

where the coefficients C and C* are conjugates because they correspond to the conjugate poles
+j (this follows from the fact that the denominator has real coefficients.)
The PFE coefficients are determined as follows:
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A [+ a1z ! + apz 2 + azz3 _dtaitaztas
|G+ —jz)a+jzh |, 4
[ ag+a1z' + arz? + azz=3 dg —d; + a, — as
B= : : _Go-ata;—as
| 1-z)A-jz A +jz7h) |, 4
[ao+ a1z + ayz2 + azz ™3 ap — az)—jla, — a: )
c-|%ta 2 13 _ (a0 —az)—j(a S)ECR—JCI
| 1=z (1 +2) 1 +jz71) s 4

Taking (causal) inverse z-transforms of the PF expansion, we obtain for n > 0:
x(n) =A+B(-1)"+Cj" + C*(—j)"= A+ B(=1)"+Ce/™/2 4+ C*e /™2
= A+B(-1)"+2Re[Ce/™/2| = A+ B(~1)"+2Re | (Cg — jCp) /™|
=A+B(-1)"+2Cgcos(1tn/2)+2C; sin(1rn/2)

So that finally:

do +a, +a +das +a0*a1+a27
4 4

+ 4o~ G2 cos(nn/Z)#—% sin(1Tn/2)

x(n) = (-

Setting n = 0, 1, 2, 3, we can verify the first four values {ao, a;, a»,as}.

Problem 5.15

Summing the geometric series, we have:

1
X2)=1-z2+z*-2%+z8—...= ——
1422
Alternatively, we have:
X(z)=1-z2+z4-2z%+z8 ... =1-22(0-z2+2z%-z5+z8%—...)=1-27X(2)
which gives
1+zHX(2)=1 = X(z)=
1+2z2

The inverse z-transform is causal and can be obtained from the PFE:

105 0.5

X(z)= =
(2) 1+z2 1-jz7!' 1+4jz7!

which gives:

x(n)=[0.5" + 0.5(=j)"] u(n) = cos(rrn/2)u(n)
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Problem 5.16

In all cases, we expand in the appropriate geometric series and pick out the coefficients of the
expansion.

a. The z-transform and its inverse are:

1
X(z)=——=1-z4+z8_7z12 47716 _
=3
1+2z

x(n) =[1,0,0,0,-1,0,0,0,1,0,0,0,-1,0,0,0,1,... ]
b. The z-transform and its inverse are:

1 . .
X(z)=——=1+z4+z8+z724+77164...
1-z+

x(n) = [1,0,0,0,1,0,0,0,1,0,0,0,1,0,0,0,1, ... ]
c. The z-transform and its inverse are:

16 —24

=1-z8+2

X(z) = -z 4

1+2z°8

x(n) =[1,0,0,0,0,0,0,0,-1,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0, -1, ... ]
d. The z-transform and its inverse are:

1 ) s

X(z)=———=1+z8+z04+z7724...

=8
1-z

x(n) = [1,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,1,... ]

Problem 5.17

For case (a), the roots of the denominator are the solutions of 1 + z™% = 0 or, z* = —1. They are
obtained as follows:

74 = 1 = @I = iAo 5 e(irr+2j71k)/4’ k=0,1,2,3
that is, the four numbers

7= el QRITIA GSiTI4  GTjmA

which are the conjugate pairs:

7 = eijn/4’ ei3j77/4

Thus, the z-transform factors as follows and has the PF expansion:

1 1
1+2z3 = (1 — ejn/4Z—1) (1 — e—jn/4Z—1) (1 — e3jrr/4Z—1) (1 — e—3j‘rr/42—1)
A A* B B*
1 — eimldz-1 + 1 —e-Jmldz-1 + 1 — e3im/dz-1 + 1 — e-3im/dz-1

X (2)

where the coefficients are:
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| 1 [
Tl —edmAz-l) (1 —e¥mAZz) (1 — e ¥mAz) |, mis - 4
1

1
B = - - - ==
[ (1 —e/m™iz=1) (1 —eJm™4z=1) (1 — e-3m/4z-1) ]Z:eanju 4
Thus, we find the causal inverse for n > 0:

X(l’l) — lejnn/-’l + le Jjmn/4 + ie3jnn/4 + ie Jjmn/4

4

1 1
3 cos(mrn/4) +§ cos(31n/4)

Cases (b,c,d) are done in a similar fashion. See the solution of Problem 5.19 for the denominator
Z€ros.

Problem 5.18

Let Q(z) and R (z) be the quotient and remainder polynomials of the division of N (z) by D(z).
Then, Q (z) will have degree L — M, R(z) degree M — 1. Thus,

N(z)=Q(z)D(z)+R(2)

It follows that:

_N(z) Q2)D(2)+R(z) R(z)

H@) =5 = D(z) Q@+ 5

Because the degree of R(z) is strictly less than the degree of D(z), the term R(z)/D(z) will
admit a PF expansion of the form:

R(z) _ % A

D(z) 1-piz!

i=1
where p; are the M zeros of D (z) or the poles of H(z). Any truly complex poles will come in

conjugate pairs, that is, of the type:

Aj Af

+ 1
1-piz7t  1-piz!

which can be assembled into the 2nd order section:

A; AF A+ AN -(Aipf +Afp)z!

+ P
1-piz7'  1-pfz7' 1-(pi+pz' +pipfz?

where the numerator and denominator coefficients are all real.
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Problem 5.19

The roots of the polynomial 1 — zP are the solutions of the equation zP = 1, that is, the D-th
roots of unity. To find them, replace 1 by e2™k = 1, where k is an integer, and take D-th roots of
both sides:

D

P=1=¢"" =5 gz =e?™P k=0,1,...D-1

They lie on the unit circle at the angles wy = 21wk/D, k = 0,1,...,D —1 obtained by dividing the
circle into D equal parts. The product of the 1st order zero factors must make up the polynomial
1-2zD:

D-1
ﬂ (1-zxzHYy=1-2z7"P
k=0

This identity follows from a theorem of algebra that states that if two polynomials have the same
set of roots and unity constant coefficient, then they must be identically equal to each other.

For the other case, we have the solutions of 1 + z~P = 0 or z = —1. Now, we replace —1 = ™ =
e/m+i2mk with any integer k, and find the roots

7D = ] = oIm2k+D) N Zp = e/m@k+1ID k=0,1,....,D -1
They also lie on the unit circle at D equal divisions, but they are shifted as a whole with respect

to the standard D-th roots of unity by a rotation angle of 1t/D. Fig. P5.1 shows the two cases for
D =8.

ZS=1 ZS=_1

Fig. P5.1 Rootsof 1 —z 8and 1+ z8.

Problem 5.20

The roots of 1 — az~ P are the solutions of the equation
7P = g = gel?mk = 7k = at/Pel2mk/D k= 01,....D-1

They all lie on a circle of radius a'/P at the D-th root of unity angles. Similarly, the roots of
1+ az~P, lie on the same circle, but at the shifted D-th root of unity angles.

Problem 5.21

Lety(n)= a"x(n). Its z-transform is:

Y(z)=>ymz "= a%mz"=>x(n)(z/a)™"
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Comparing with
X(z)= Zx(n)z‘”
n

we see that
Y(z)=X(z/a)
Since the spectrum X (w) is obtained by replacing z = e/, the scaled z will be
z/a = e/®/e/W0 = gl(w=wo)
Thus, the relationship Y (e/®) = X (e/(@~®0)) may be written as
Y(w)=X(w - wy)
Alternatively, we may work directly with the definition of the DTFT:

Y(w)= D y(n)e @ =3 o/®0nx(n)e™ @ = 3 x(n)e ™ @ @0 = X (w — wy)

n n

Problem 5.22

We use the identity
LJ M o = § (1 — m)
2T J-m

for n, m integers. Indeed, for n = m the left hand side is unity. And, for n # m, we have:

cos(mm(n—m)) —cos(—1(n—m))
21j(n — m)

1 (™ .
L J elwn-m) g,y — =0
210 J-m

Inserting the definition of the DTFT into the inversion formula, we get

i Tr joon _ LJW —jom Jwn
o JﬁnX(w)eJ dw = o) (%x(m)e endw

> x(m) i JW Mgy = 3 x(m)§(n—m)

=x(n)

where we interchanged the series with the integral (this step is justified by assuming that the
series is convergent, that is, the unit circle lies in the ROC or that the signal x(n) is strictly
stable).

Problem 5.23

We may assume in general that x (n) is complex-valued. Then, we have:

X(w) = > x(n)ejen

X*(w) = > x*(n)e/n
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Using the inverse DTFT formula, it follows that

1 m * 1 m * joon
EJ,WX(‘“)X (w) dw = ELﬂX(w)(%x (n)e )dw

=S (o fﬂxm)efw" deo

=> x*(n)x(n)

Problem 5.24

For a real-valued signal x(n), we have:

X(w) = > x(n)eon
X*(w) = > x(n)e/®n
X*(~w) = > x(n)e®n

where in the third equation, we replaced w by —w. Comparing the first and third equations, we
obtain:

X*(—w)=X(w)
Writing X (w) in its polar form, e.g., X (w) = | X (w) |e/ @& X (@) ' the hermitian property reads:

(IX (~w) [T osX )™ = X (@) |8 X@) o,

|X(_w)|e7jargX(fw) — \X(w) ‘ejargX(w)
Equating magnitudes and phases, we get the conditions:
X(—w)| = [X(w)], argX(-w)=-argX(w)

that is, the magnitude spectrum is even in w and the phase spectrum is odd.
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Chapter 6 Problems

Problem 6.1
a. From Y (z)= —0.827'Y (z) +X (2) it follows:

1 1
H(z)= — Hw)= —
@=TTosz1 (@)= 108070

The causal inverse z-transform of H(z) is h(n)= (—0.8)"u(n). There is only one pole
at z = —0.8, that is, near the “high frequency” part of the unit circle. Thus, the filter will
tend to enhance high frequencies, i.e., it will behave as a high pass filter:

= po]e

[H(w)| 5

\ 4
e

for each input sample x do:
y=-08w; +x
wir =Yy

b. Change —0.8 to 0.8 in the above problem. Now the pole at z = 0.8 is in the “low frequency”
part of the unit circle and the filter is acting as a low pass filter.

c. TheI/O equation Y (2) = 0.8z 'Y (2) +X (2) +z71 X (z) gives
1+2z71 B

H(Zz)= —F—-———=A

R —— — n
1 —08z1 +1—0.82*1 = h(n)=A6(n)+B(0.8)"u(n)

where

1+2z7! _
A= [W] 0:*1.25, B = [1+Z 1]2:0.8:2'25
z=

The filter enhances low frequencies for two reasons: first, it has a pole in the low frequency

range, z = 0.8, and it has a zero in the high frequency range, z = —1. Its frequency
response will be

1+e®
H(w) =170 e
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for each input sample x do:
wo = 0.8w; + X
Yy =Wwo+tw
w1 = Wo

for each input sample x do:
y=08w; +x+Vv;
Vi =X
wp =Yy

d. The I/O equation Y (z) = 0.8z7'Y (2) +X (2) —0.5z7' X (z) gives

_ -1
H(z)= 1-0.5z A4 B
1-0.8z71 1-0.82z71

= h(n)=A6(n)+B(0.8)"u(n)

where

1-0.5z7"1 N
A= [W] . =0.625, B=[1-0.5z"],45=0.375
2=
The filter has a zero at z = 0.5 and a pole at z = 0.8 — both in the low frequency range.
Thus, their effect will be to cancel each other, and whichever is closest to the unit circle
ultimately wins. Here, the pole is nearer. Thus, the filter will tend to act as a lowpass filter.
Indeed, its response at w = 0or z = 11is (1 —0.5)/(1 — 0.8) = 2.5, whereas its response
atw=morz=-1is (1+0.5)/(1+0.8)=0.833.
® = zeros
= poles

|H(w)l
25

The canonical form realization and its sample processing algorithm are:
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for each input sample x do:
wo = 0.8w; + X
Yy =wy— 0.5w;
Wi = Wy

for each input sample x do:
y =0.8w; +x—-0.5v;

Vi =X
Wi =Yy
1+0.25z72

e. Y(2)=0.8271Y(2) +X (2) +0.25272X (2) = H(z)= =081 "
Using the “remove/restore numerator” method of problem (2h), we find

h(n)= (0.8)"u(n)+0.25(0.8)"2u(n - 2)
The filter has two conjugate zeros at midrange, z = =0.5j = 0.5¢*™/2, and alow frequency

pole at z = 0.8. Thus, the filter will enhance low frequencies and suppress midrange
frequencies:

= zeros
H
= poles IF (@)l

The canonical form realization and its sample processing algorithm are:

X —»@TWO y
for each input sample x do:
wo = 0.8w; +x
Y =wy +0.25w;
' - Wo = Wy
w1 = Wo
0.25

The direct form realization and its sample processing algorithm are:
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Vo =V
Vv =X
wy =Yy

for each input sample x do:
y =x+0.25v, + 0.8w;

f. Y(2)=0.92z"1Y(2)-0.2272Y (2) +X (2) +z7' X (2) —6272X (z), which implies

1+z 1 -62z72

H - - e Ve
(2) 1-0.9z71+0.2z2

Factor numerator and denominator and expand in partial fractions:

(1+3z7Y)(1-2z71H B
H(z)= =A+ +
@)= 04z (1-0.52-1) 1-04z-1 " 1-05z1
where
Ao (1+3z7H)(1-2z71) _ _30
Sl (1-04z )1 -05z1) |,
[ (1+3z7) (1 -2z
B= 1-05z1 =136
. z=0.4
[ (1+3z7) (1 -2z
C= = =-105
. z=0.5

Thus, h(n)= A6 (n)+B(0.4)"u(n)+C(0.5)"u(n). The two zeros at z = —3 and z = 2 are
too far from the unit circle to have any significant effect on the magnitude response. The
two poles at z = 0.4, 0.5 are both in the low frequency range. Thus, the filter will be a low
pass filter. The value of the magnitude responseat w = 0orz = 1is|1+1—6|/|1-0.5||1—
0.4] = 13.33, whereasitsvalueat w =mmorz = —-1is|1-1-6|/|1+0.5||1+0.4] = 2.86.

= zeros
= poles

|H()|

2.86

The canonical form realization and its sample processing algorithm are:
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for each input sample x do:
wo =x+0.9w; — 0.2w,
Y =Wy + W — 6wy
W2 =Wy
W1 =W

ER N

The direct form realization and its sample processing algorithm are:

-0

for each input sample x do:
Yy =Xx+Vv)—6vy +0.9w; — 0.2w»

V2=V
Vi =X
W2 =Wy
wy =Yy

Problem 6.2

a. Setting X (n)= u(n) in the I/0 difference equation, we find

y(n)=u(n)+6u(n—1)+11u(n — 2)+6u(n — 3)

The 4th term is active only for n > 3, the 3d term is active only n > 2, and the 2nd term
only for n > 2. Thus, evaluating at a few n’s we find:

y(n)=[1,7,18,24,24,24,24,... |

The first 3 outputs are the initial transients, the remaining constant values are the steady
part. Note that when you send in a unit step, the output always settles to a constant value
(for a stable filter). That constant value can be easily precalculated as H (1). In the present
case, H(1)=1+ 6 + 11 + 6 = 24. For the alternating step, we have:

1+6z71+11z272+6273
Y(z) = =1+5z'+6272
1+2z71

y(n) = [1,5,6,0,0,0,- - - ]

There is a pole zero cancellation: the filter has a zero at z = —1, cutting off the high-
frequency input.

b. Noting that the input z-transform is X (z)= 1/(1 — z!), we find

1-z4

Y(@2)=H(@2)X(2)=— 5

=1+z'+z2%2+273

where we used the finite geometric series. Inverting, we get
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y(n)=1[1,1,1,1,0,0,0,0,... ]

The first four samples are the transients, the remaining zeros are the steady state. In the
steady-state, the filter cuts off the unit step from going through because the filter has a
zero at z = 1. The pole of the input canceled the zero of the filter. For the alternating
step:

-4
1-2z >

=l-z1'+z2%-773
1+z71

Y(z)=

> y(mn=1I[1,-1,1,-1,0,0,0,- -]

Again, the filter has a high frequency zero at z = —1, cutting off the high frequency input.

Problem 6.3

For filter (a), we have:

Y(z) = 1 B 1
T (1-z1H)(1-025z2)  (1-z"1)(1-05z"1)(1+0.5z1)
A B . C
1-z71 1-05z! 1+0.5z7!

y(n) = Au(n)+B(0.5)"u(n)+C(-0.5)"u(n)

where A = H(1)=4/3, B = —0.5, C = 1/6. The A-term is the steady part. For the alternating
step, we have:
1 _ 1
(1+2z1)(1-02522)  (1+2z1)(1-05z"1)(1+0.5z"1)
A . B N C
14zt 1-05z"1 1+0.5z7!
y(n) = A(-1)"u(n)+B(0.5)"u(n)+C(-0.5)"u(n)

Y(z) =

where A = H(—1)=4/3,B =1/6, C = —0.5. The A-term is the steady part. For (b), we have:
1 _ 1
(1-z1)(1+0.25z72)  (1-2z1)(1-0.5jz"1)(1+0.5jz"1)
A N B N B*
1-z1! 1-0.5jz7! 1+0.5jz7!

Y(z) =

y(n) = Au(n)+B(0.5j)"u(n) +B* (-0.5j)"u(n)
where A = H(1)=4/5 and

1
B = =0.1-0.2j
[(172*‘)(1+0.5jz4)]2:0.5j 0-1-03j

And, for the alternating step:
1 B 1
(1+2z1)(1+0.25z72)  (1+2z1)(1-0.5z1) (1 +0.5jz1)
A B B*
+ . + .
1+z71 1-0.5jz1 1+0.5jz71

Y(z) =

y(n) = A(-1)"u(n)+B(0.5j)"u(n)+B*(-0.5j)"u(n)
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where A = H(—1)=4/5 and

1
o =0.1+0.2j
[ A+z1)(1+05jz1) ]Z:O-SJ J

Problem 6.4
For a unit-step input and the filter (a) of Problem 6.1, we have:

1 _ A N B
(1+0.8z1)(1-2z1) 1+08z! 1-z!

y(n) = A(-0.8)"u(n)+Bu(n)

Y(z) =H((z)X(z)=

where A = 1/2.25, B = H(1)= 1/1.8. The B-term represents the steady part. For filter (b):

1 3 A . _B
(1-0.8z71)(1-2z1) 1-08z' 1-z!

y(n) = A(0.8)"u(n)+Bu(n)

Y(z) =H((z)X(z)=

where A = —4, B = H(1)= 5. The B-term represents the steady part. For filter (c):

Y(2) = 1+2z7! A . B
T (1-zY)(1-08z1) 1-z1! 1-0.8z!

y(n) = Au(n)+B(0.8)"u(n)

with A = H(1)= 10, B = —9. For filter (d):

Y(2) = 1-0.5z"" __A B
T (1-z1(1-08z1) 1-z1! 1-0.8z!

y(n) = Au(n)+B(0.8)"u(n)

with A = H(1)= 2.5, B = —1.5. For filter (e):

1+0.25z72 AL B C
(1-z1)(1-0.82z"1) 1-z1 1-0.8z"1

y(n) = As(n)+Bu(n)+C(0.8)"u(n)

Y(z) =

where A = Y (0)= 0.3125, B = H(1)= 6.25, C = —5.5625. The B-term is the steady part. For
filter (f):
1+z 1 -62z72
(1-2z1)(1-0.42z"1)(1-0.5z"1)
A B C
+ +
1-—2z1 1-0.4z"1 1-0.5z"1
y(n) = Au(n)+B(0.4)"u(n)+C(0.5)"u(n)

Y(z) =

For the alternating step and filter (a) of Problem 6.1, we have:

1 _ A N B
(1+0.8z1)(1+2z1) 1+08z' 1+z!

Y(z) =

y(n) = A(-0.8)"u(n)+B(-1)"u(n)
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where A = —4, B = H(—1)= 5. The B-term represents the steady part. For filter (b):

1 B A . B
(1-0.8z1)(1+2z1) 1-08z' 1+z!

y(n) = A(0.8)"u(n)+B(—1)"u(n)

Y(z) =

where A = 1/2.25, B = H(—1)= 1/1.8. The B-term represents the steady part. For filter (c):

14271 3 1
(1+2z1)(1-0.8z"1) 1-0.8z"

y(n) = (0.8)"u(n)

Y(z) =

The high frequency zero at z = —1 of the filter canceled the high frequency input signal. The
output is only transient — it decays to zero exponentially. For filter (d):

1-0.5z" __A B
(1+z1)(1-08z"1) 1+z! 1-0.8z"!

y(n) = A(-1)"u(n)+B(0.8)"u(n)

Y(z) =

For filter (e):

1+0.257°2 .. B cC
14+z1)(1-0.8z"1) 1+z1 1-0.8z"1

y(n) = Ad(n)+B(—1)"u(n)+C(0.8)"u(n)

Y(z) =

The B-term is the steady part. For filter (f):
1+z 1 -62z72
(1+2z1)(1-0.4z"1)(1-0.5z"1)
A B C
+ +
1+z1 1-0.4z"1 1-0.5z"1
y(n) = A(-1)"u(n)+B(0.4)"u(n)+C(0.5)"u(n)

Y(z) =

For question (c), the input z-transformis X (z) = 1/(1 —0.5z!). Thus, applied to Problem 6.1(d)
gives:

1-0.5z7" B 1
(1-0.5z71)(1-0.8z"1) 1-0.8z"!

y(n) = (0.8)"u(n)

Y(z) =

The filter zero canceled the signal pole. For question (d), we have x (n) = (0.5)"cos(1tn/2)u(n) =N
X(z)=1/(1+0.25z72). Thus,

1+0.25z72 B 1
(1+0.25272)(1-0.8z"!)  1-0.8z"!

y(n) = (0.8)"u(n)

Y(z) =

Again, the signal poles were canceled by the filter zeros. For question (e), the input has X (z) =
1/(1 — 2z71). Therefore,
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(1+3z7Y)(1-2z71H
(1-2z1)(1-04z"1)(1-0.5z"1)

B 1+3z71 B A N B
T (1-04z1)(1-05z"1)  1-04z! 1-0.5z"!

y(n) = A(0.4)"u(n)+B(0.5)"u(n)

Y(z) =

The unstable input was canceled by a filter zero to give a stable output.

Problem 6.5

Filter (a): H(z)= z~> with I/0 equation Y (z)= H(z)X(z)= z7>X(z) and in the time domain
y(n)=x(n-5). H(w)= e %% and |H(w)| = 1, i.e, flat in w. Block diagram realization and
sample-by-sample processing algorithm:

for each input sample x do:
y=Wws
Ws Wy
W4 = W3
W3 = W»
W2 =W,
W =X

Filter (b): H(z)=z">U(z)=z"°/(1 — z~!) and the I/O equation gives

773X (z)

Y(z)=H((2)X(z)= T 1-zYHY@2)=27X(1z2) =

Y(2)=z'Y(2)+z7°X(z) = ym)=ymn-1+x(n->5)
Its frequency response is

H(w)*i = IH(w)\*;
T l1-eiw © 2|sin(w/2)|

The pole at z = 1 or w = 0 dominates the frequency response. The filter acts as a lowpass filter
(it is actually an accumulator with delay).
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|H(w)|

Ao

The canonical form realization and its sample processing algorithm are:

for each input sample x do:

Wo =X+ W;

Y =Ws

Ws = Wy

Wy = W3

W3 = W2

W2 =Wq

W1 =Wy

for each input sample x do:
Yy =W +tVs
wir =Yy
Vs = V4
V4 =V3
V3 = V2
V2 =W
Vi =X

Filter (c): H(z)=1/(1 — 0.8z~ ') and the I/O equation becomes:

Y(z):H(z)X(z):L)_ > (1-08zHY(=2)=X(z) =
1-0.8z"1

Y(z)=0.8z"'Y(2)+X (2)
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and in the time domain
y(n)=0.8y(n—-1)+x(n)
The rest is as in problem (3d). Filter (d): H(z)=1/(1 + 0.8z"') and the I/O equation becomes:

_ __ X2 -1 _
Y(z)fH(z)X(z)f14_().827l => (1+08z7)Y(2)=X(z2) =

Y(z)=-0.82z"'Y(2)+X(z) = y(n)=-08y(n—1)+x(n)
The rest is as in problem (3c). Filter (e): With a = —0.8, the impulse response is finite:
h(n)=[1,a,a? a* a* a°,a® a’,0,0,0,- - ]
Its z-transform is
; 1-a%z8

H@Z)=1+az'+a’z?+a’z3+a*z*+a°z°+a°z % +a’z7 = 1 -
—az-

The point z = a is not really a pole of H (z) because it is canceled by a numerator zero — H (z)
has seven zeros. To find them, solve the equation z8 = a® and exclude the solution z = a, that
is,

z = ae?™k/8 = _(.8e?™kK/8 = 0.8e/Te?™KI8 k=12 3,4,5,6,7

They are shown below

The I/0 equation in the time domain is
y(n)=xn)+ax(n—-1)+a’x(n—-2)+---+a’x(n-7)

Sample-by-sample processing algorithm and block diagram realization:

for each input sample x do:

Y =X+aw; + a’w;y + adws + a*wy + a’ws + aSwg + a’w;
W7 = Wg

We = Ws

W5 = Wy

Wy = W3

W3 =Wz

W2 =W,

W =X
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1 1 2

Filter (f): H(z)= + =
iiter ) H(z)= 103 ¥ T7 0821 — 1 —0.642=2

2X(z2)
1-0.64z2

y(n) =0.64y(n — 2)+2x(n)

Y(z) =H(z)X(z)= Y (z)=0.64z72Y (z) +2X (2)

There is a low frequency pole at z = 0.8 and a high frequency pole at z = —0.8. Thus, the filter
will emphasize both the low and high frequencies:

[H(w)|

0 /2 T

for each input sample x do:
y = 2x+ 0.64w;

W2 =Wy

wir =Yy

Filters (g,h):

h(n) =2(0.8)"cos(mtn/2)u(n)= (0.8)"2Re[j" Ju(n)

(0.8j)"u(n) +(-0.8j)"u(n)

H(z) = 1 : N 1 : _ 2
1-0.8jz7!  1+40.8jz7! 1+0.64z72
2X(z)

Y(z) =H(2)X(2)= Y(z)= —0.64z7%Y (2) +2X(2)

14 0.64z2
y(n) = -0.64y(n — 2)+2x(n)
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There is a conjugate pair of poles at midfrequency, z = +0.8j = 0.8¢*™2. Thus, the filter will
emphasize mid frequencies:

® = poles

0.8j

[H(w)|

0.8) >
0 /2 T ®

The direct form realization and its sample processing algorithm are:

for each input sample x do:
y = 2x — 0.64w;

Wo =W

wp =Yy

Problem 6.6
Taking z-transforms, we find:

1

H(Zz)=1+0528%+05%2164+05%z27%#+...=2 ———
1-0.5z78

where convergence requires |z|8 > 0.5, or, |z| > (0.5)!/8. The block diagram and sample pro-
cessing algorithm are:

for each input sample x do:
Y =wy=Xx+0.5wg
delay (8, w)

0.5

where the call to delay updates the 9-dimensional state vector of the eightfold delay w = [wy,
Wi,..., Wg].

Problem 6.7

Because z = ¢/®, we can deduce the transfer function from H (w):

-0.5+2z78

H@)= 1705

It can be written in a form that can be expanded in powers of z~8:

0.75z78

H = Q. _etgs
(2)=-0.5+ 1-0.5z"8

=-0.5+0.75z28[1+0.5278+0.5°2716 + 053272 +...]
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Thus, the impulse response will be

h =[-0.5,0,0,0,0,0,0,0,0.75,0,0,0,0,0,0,0,0.75(0.5),0,0,0,0,0,0,0,0.75(0.5) 2, ... ]

It is depicted below:

h(n
() 0.75
0.75/2
T 0.75/4
0 ! -n
-0.5
Problem 6.8
a. The impulse response h(n) satisfies the difference equation:
h(n)=hn—-1)+h(n-2)+6(n—-1) (P6.1)

Indeed, for n > 2 the § (n — 1) term is absent and each h(n) is the sum of the previous
two. The sequence is properly initialized at n = 0, 1:

h(©) = h(-1)+h(-2)+6(-1)=04+0+0=0
h(1) =h(0)+h(-1)+6(0)=0+0+1=1

Next, we take z-transforms of both sides of Eq. (P6.1) to get H (z):
H(z)=z'H(z)+z ?H(z)+z!

because the z-transform of § (n — 1) is z~!. Solving for H (z):

271
H(z)= 1-z1-2z72

b. The poles of H(z) are therootsof 1 —z7! —z72 =0 or

z2-z-1=0 = z=

Denoting the first one by ¢, the other one will be:

_1+45 1 1-.5

R T
Indeed, we have

2z 2(1-+/5) __2(1*\/3)_17\/5

¢ 1+5  1+/5H0A-V5  1-5 2

Performing a partial fraction expansion on H (z), we get:

z! B z! oA B
—z1l-z2 (1-¢z)(1+¢p-1z71) 1—-¢z! 1+¢-1z!

H(z):1
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where
l+oplzt ], 1+¢2 5

|z I .
Tli-gzt,_ T 1+ 5

Taking the causal inverse z-transform, we obtain a closed-form solution for the nth Fi-
bonacci number:

h(n)=A¢p" +B(-¢p) ™", nx=0

It is unstable because ¢ is greater than 1 (note, ¢p ~ 1.618).

. For large n, the exponentially increasing term ¢" dominates the expression. Therefore,

the ratio of two successive Fibonacci numbers will tend to:

hn+1)  Agpn!
h(n) Apn

This can also be seen from the difference equation of h(n). For n > 1, we have
hin+1)=h(n)+h(n-1)

Dividing by h(n — 1), we have:

h(n+1)  h(n)
hin-1)  h(n-1)

hin+1) h(n) h(n)

h(n) "~ h(n-1) h(n-1)

If we denote the ratio ¥ (n)= h(n + 1) /h (n), we may write this as:
rimrin-1)=r(n-1)+1

The limiting value r (n) — r will satisfy the limiting equation:

2

r=r+1

which is the same as that satisfied by ¢. Thus, ¥ = ¢ because they are the positive
solutions.

. The sequence y(n) satisfies the recursion y(n)= y(n — 1)+y(n — 2) for n > 3. Indeed,

using the property ¢»? = ¢ + 1 and successively multiplying it by powers of ¢, we get

y3)=¢d*=¢p+1=y(2)+y()
y(4) = =p*+P=y(3)+y(2)
y(5) = =p>+P* =y (D) +y(3)
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The z-transform of y (n) will be the once-delayed z-transform of the geometric series, that
is,
Z—l
Y(z)= —2
(2) 1-¢z!

Thinking of Y (z) as the output of H(z) for a particular input X (z), we have Y (z)=
H(z)X (z), which may be solved for X (z):

Z*l
_Y(@=z) _ 1-¢z! B R
X(Z)_H(z) = P =1+¢ 'z

(I-¢pz QA +¢p-1z71)

which gives the sequence:

x(n)=6(n)+¢'d(n—-1) or x=[1,¢"10,0,0,0...]

Problem 6.9
As in the previous problem, the impulse response satisfies the difference equation:
h(n)=2h(n-1)+h(n-2)+6(n-1)
with zero initial conditions. That is, the two start-up values are:
h(0) =2h(-1)+h(-2)+6(-1)=0+0+0=0
h(1) =2h(0)+h(-1)+6(0)=0+0+1=1

Taking z-transforms, we find H (z):

-1
H(z)=27"'H(z)+z?H(z)+z"' = H@=-— 2
1-2z1-2z2
The roots of the denominator polynomial are the solutions of
72 =2z7+1 = z=1+x/2=1{0,-071}
The PF expansion is then
z1 z1 A B
H(z)= = = +
2 1-2z1—-z72 (1-6z1H(1+6-1z1) 1-0z1 1+60-1z1
where
0 1
A=-B= 55— =—=+
02 +1 2+/2

Thus, the nth Pell number will be:
h(n)= A0" + B(-0)™", n=0

Because the exponentially diverging term 6" dominates the sum, the ratio of two successive
numbers will converge to
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h(n+1) Ao"'!

—

h(n) AOn

The y (n) sequence has z-transform

z1 z1
1-0z1 (1-0z1)(1+0-1z1)

and therefore, it may be thought of as the output when the input is:

Y(z)= -(1+07'z7HY=H((z)1+07'z7h

X(z)=1+0"1z7"
or,

x(n)=8(n)+0-'6(n—-1) = x=[1,0"1,0,0,0,0...]

Problem 6.10

The input and output z-transforms are:

1 1 2(1-045z7")

X = + =
12) 1-0521 " 1-04z"  (1-0521)(1-04z1)

Yi(z)=

1-0.5z"1’
It follows that transfer function is:

_Yi(z)  2(1-045z7")
C Xi(z)  1-0.4z!

Therefore, the second output, having z-transform

H(z)

1
I yr

will be produced by

Yo(z2) 05

Xe@= ) T 104521

> x(n)=0.5(0.45)"u(n)

Problem 6.11

The input and output z-transforms are:

1
R
B 1 1 _ 2—-(a+bzh B 2(1—cz™t)
Yi(2) = l—az ! 1-bz ' _ (1-az)(1-bz')  (1-azY)(1-bz1)

where ¢ = (a + b) /2. Therefore, the transfer function is
Yi(z) 2(1-cz’")
X1 (z) 1-bz!

If the input x» (n)= c"u(n) is applied it will have z-transform X, (z)= 1/(1 — cz') and will
cause the output:

H(z)=

_ _2(1-cz’h) 1 B 2
V2 (2)=H(2) X (2)= 1-bz' "1-cz7' 1-bz!

and in the time domain:

Y2(n)=2b"u(n)
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Problem 6.12

The input and output z-transforms are:

1
X(z)= ——
(2) 1-0.7z"1
1 1 2(1-0.6z71)
Y = + =
(2) 1-0.7z71  1-0.5z"1 (1-0.7z71)(1 -0.5z71)

Therefore the transfer function will be:

Y(z) 2(1-06z7")
X(z) © 1-0.5z"1

H(z)=

Expanding in partial fractions, we have:

_ -1
20-06z7") _, 0.4

H(z)= —24- —=
@)= g5 1-0.5z"!

which has the causal inverse:

h(n)=2.46(n)-0.4(0.5)"u(n)

Problem 6.13

The normalized peak and width frequencies are:

2 271250

wo = zfo = ;-800 = 0.177 [rads/sample]
2TTA 21120

w = T;S f = ng = 0.0087T [rads/sample]

Therefore, the Q-factor of the filter will be:

Wy 0.11T

Q= 2w ~ 0008w - 120

We take the filter poles to be at locations:
p =Re/®0,  p* = Re /w0
The pole radius R may be determined from the approximate relationship
Aw =2(1—-R)
which gives:
1

R=1- EAw =1- %0.0087T =0.9874

The denominator polynomial will be:

1+a1z ' +az? =0 -pzHYy(Q-p*zH=1-(p+p* )zt +p*pz”

which gives:

a,=—(p+p*)=-2Rcoswy = —2-0.9874 - cos(0.171) = —1.8781

a, = p*p = R? = 0.9750
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2

Therefore, the designed filter will be:
1
1-1.8781z"! +0.9750z2

The time constant of the resonator is given in terms of the maximum pole radius (there is only
one radius here):

H(z)=

_Ine  In(0.01)
Mett = 1hR = In(0.9874)  S05-18

The approximate expression is obtained by replacing R in terms of Aw:

lnie _ Ine N Ine B 721ne
InR  In(l -Aw/2)  -Aw/2  Aw

Neff =

where we used the small-x approximation In(1 — x) ~ —x. The approximate numerical value of

the time constant will be:
2Ilne 2In(0.01)
= - = ———— =366.47
el = = A 0.0087

which compares well with the exact value.

Problem 6.14

The e-level time constant of a filter is (in sampling instants):
Ine

Neff = H

where p = max; |p;| is the maximum pole radius. In seconds, the time constant is:

Ine

T=Nept] = —
Inp

where T = 1/f is the interval between samples. It follows that the €; and €; level time constants
will be

S lIlE] S 11162
Y mp 2" Tnp
And therefore,
_ 11’161 T
te Ine, 2

In particular, for the 60 versus 40 dB time constants, the scale factor is:

Ine; _ In(0.001) 3 s
Ine,  In(0.01) 2

Problem 6.15

Using the approximate expression of Problem 6.13 and € = 0.001, we have:

2lne 2Ine Ine
T=— - _ =
Aw 2AfT TTAf

T=neffT= -

which gives:

_Ine  In(0.001) _ 2.2

TAf TAf Af
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Problem 6.16

The periodic impulse response may be thought of as the sum of the delayed replicas of one period,
that is,

h(n)=gn)+g(n-8)+g(n—16)+---
where g(n)=[1,2,3,4,0,0,0,0] is the basic period of length 8. Taking z-transforms we obtain:
H(2)=G(2)+z 8G(2)+z %G (z)+--- = (1 +z8+z 10 +...)G(2)
where G(z)= 1+ 2z"' + 3272 + 4z73. Using the geometric series on the first factor we obtain:

G(2) 142z +3272+4z73
H(z)= e 8
1-2z 1-2z

The direct and canonical realizations are shown in Fig. P6.1. Note that in the canonical realization
the total number of delays is 8, but the last 5 are lumped together into a fivefold delay z~°. The
sample processing algorithm for the canonical case is:

y

Fig. P6.1 Filter realizations of Problem 6.16.

for each input x do:
Wo =X+ Wg
Y =Wo+ 2w, + 3wy +4ws
delay (8, w)

where the call to delay (8, w) implements the updating of the delay line, thatis, wg = w7, w; = wg,
ey W1 = Wou

Problem 6.17

The solution is similar to that of Problem 6.16. Here, the repetition period is 4 and we have:

h(n)=gn)+g(n—4)+g(n-8)+gn —12)+- - -
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where g(n)= [0, 1,2,3]. In the z-domain, we have:

H2)=G@2)+z%G(2)+z8G(2)+---=(1+z*+z 8+ ---)G(z2)= G(2)

1-z+4

where G(z)=z7! +2z72 + 3z73. Thus,

z7 V4227243273

Hz)= 1-z4

The direct and canonical realizations are shown in Fig. P6.2.

Fig. P6.2 Direct and canonical realizations of Problem 6.17.

The sample processing algorithm for the canonical case is:

for each input x do:
Wy =X+ Wy
Y =W+ 2wz +3ws3
delay (4, w)

where the call to delay (4, w) implements the updating of the delay line, thatis, wy = w3, w3 = wo,
..., w1 = Wy. The cascade realization is obtained by factoring the numerator and denominator
into (up to) 2nd order polynomials:

z7 1427243273 [ z! ] [1 +2z71 43272

H(z)= B 1422

P ] = Ho(2)H1(2)

The block diagram is shown in Fig. P6.3. The corresponding sample processing algorithm is:

for each input x do:
Wo =X+ W

X1 =W,
W = W)
w1 = Wo

Vo =X1 — V2

Y =Vo+2vy +3v3
V2=V

Vi =Vo

Using partial fractions, we may write:
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y
~—— Hy@ < H,(z) \
Fig. P6.3 Cascade realization of Problem 6.17.
Hz) = z1 4227243273 z7l 4227243273
B 1—-2z4 S Q-z (I +z (A —jz ) (1 +jz7)

A . B C—jD+C+jD
1-z1 14z1 1-jz71 1+jz71

where the PFE coefficients C + jD are conjugates. The numerical values are:

B -1 -2 -3
A z +22. +3z : 15
| A+zH) A -jz)yA+jz7h) |,
B -1 -2 -3
B= i +221 : 3z _ ] 05
| A-zH)A -jzzH A +jz7Y) |,

i 7l 42272 43273
—JjD = = —0. j0.
C—j (1727])(1+Z—])(1+j271):|2:j 0.5 +jO.5

Taking (causal) inverse z-transforms, we find for n > 0:
h(n) = A+B(=1)"+(C - jD)j" + (C +jD) (—))"= A + B(~1)"+2Re [ (C — jD)&/™"? |
=A+B(-1)"+2Ccos(mtn/2)+2D sin(1tn/2)
=1.5-0.5(=1)"—cos(1tn/2) —sin(mrn/2)
Evaluating at the first couple of periods, we find:

h(n)=1[0,1,2,3,0,1,2,3,... ]

Problem 6.18

Expand the denominator in powers of z~7 and pick out the coefficients of the powers of z~1. We
have:

1+z ' +272+273 4
Hz)= —2 F2 %2 (1 iz'4z%4290+z7+z%+...)
1-z7

The powers of z~7 cause the period-7 replication of the basic period G(z)=1+z"1 +z 2 +z73:

h(n)=[1,1,1,1,0,0,0,1,1,1,1,0,0,0,1,1,1,1,0,0,0,... ]
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Fig. P6.4 Canonical realizations of Problem 6.18.

The canonical realization is shown in Fig. P6.4.
The sample processing algorithm is:

for each input x do:
Wo =X+ Wy
Y =Wo+ Wi+ W+ W3
delay (7, w)

where the call to delay implements the delay-line updates w; = wg, Wg = Ws, ..., Wi = Wq. The
output due to the input x = [3,2, 1] may be obtained by using the LTI form of convolution, that
is, summing up the delayed replicas of the impulse response, scaled by the input samples:

Xohn = [3,3,3,3,0,0,0,3,3,3,3,0,0,0,3,3,3,3,0,0,0,... ]
Xohn-1 = [0,2,2,2,2,0,0,0,2,2,2,2,0,0,0,2,2,2,2,0,0,... ]

xohn-» = [0,0,1,1,1,1,0,0,0,1,1,1,1,0,0,0,1,1,1,1,0,... ]
vn = [3,5,6,6,3,1,0,3,5,6,6,3,1,0,3,5,6,6,3,1,0,... ]

Thus, the output also has period 7. The same conclusion can be reached working with z-transforms.
We have for the output z-transform:

A+z'+2z2+23)3+2z71+27?)

Y(z)=H(z)X(z) =

1-2z7
345214622 +6z3+327%+27°
B 1-z7

7

The expansion of the denominator in powers of z=/ will cause the period-7 replication of the

numerator.

Problem 6.19

The expansion of the denominator, will cause the period-2 replication of the numerator. Because
the numerator has length 4, its period-2 replicas will overlap with each other and must be added
together:
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1+z 4+2z2+273

T, =(1+z ' +z2+2H)A+z2+z4+--0)

H(z)=

or, in the time domain:
h=[1,1,1,1,0,0,0,0,0,0,0,0,... ]
+[0,0,1,1,1,1,0,0,0,0,0,0,... ]
+[o,0,0,0,1,1,1,1,0,0,0,0,... ]+ - - -
=[1,1,2,2,2,2,2,2,2,2,2,2,... ]

The canonical realization and sample processing algorithm are:

X M M y
for each input x do:
Wo =X+ Wy
Y =Wo+ W1+ W+ Wws
W3 = W;
Wor = W,
W1 = Wo

Problem 6.20
Writing the sample processing algorithm in terms of the time index n, we have
wo (n) = x(n)+wi (n)
y(n) = wo(n)+ws(n)
wa(n+1) =w;(n)
wi(n+1) =wy(n)
or, in the z-domain
Wo(z) = X(2)+W1(2)
Y(z) = Wo(2)+W2(2)
zZW2(2) = W1(2)
ZW1(2) = Wo(2)

Eliminating W (z), W, (z), W, (z) in favor of Y (z) and X (z), we obtain:

Wi(z2)=2z""Wo(2), Wa(2)=2z""Wi(2)=2"2W,(2)

X(2)

Wo(2)=X(2)+2"'Wo(2) = Wo(2)= 17— 5

X(z)

Y(z)= Wo(2)+z Wy (2)= (1+ 2 )Wo(2)= (1 +27?) e
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which gives:

Y(z) 1+z7°

H(z)= X(z) 1-2z1

Multiplying numerator and denominator by 1 + z~!, we get:

A+z3)A+zY) 1+z'+z2%+2773
1-zHA+z1) 1-2z2

H(z)=

which is the same as that of Problem 6.19.

Problem 6.21
The number of harmonics fitting within the Nyquist interval are:
240

fs _ 240
f1 60

Therefore, the harmonics will lie at the fourth roots of unity around the unit circle:

wk:kwlz#, k=0,1,2,3

The numerator polynomial 1 — z~* will have e/®“k as roots. Putting the poles just behind the
zeros, we get the desired multinotch filter:

-4

1-2z
H(z)=
(2) 1-az™
where 0 < a < 1 must be chosen to be very near 1.
Problem 6.22
The zeros are at the 16th roots of unity, that is,
zx = e/ = @?mWKI6 k= 0,1,...,15

The poles are just behind the zeros at the same angles:
pr = al/16ei®k = al/16g2mik/16 k=0,1,...,15

The zeros and poles are shown in Fig. P6.5. If a is very near 1, the magnitude response will vanish
at the harmonics wk = kw; = 21k/16, and be essentially flat between zeros. Fig. P6.6 shows a
sketch of |H(w)]|.
The impulse response is obtained by expanding H (z) into powers of z716. We have with A = 1/a
andB=1-A=1-1/a:

1-2z716 B

H(Z)=1 =A

2
- +
—az-16 1-az-

G =A+BQ+az " +a’z7 ¥+ )

Thus, the causal impulse response will be h (n):

A+B=1, ifn=0

h(n)={Ba""'s, if n is a non-zero multiple of 16
0, otherwise
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y(n)=x(n)+a(y(n-1)-x(n))

Arealization based on this expression, as well as the canonical realization, are shown in Fig. 6.24.
The corresponding sample processing algorithm will be:

for each input x do:
y=x+a(w; —Xx)
wyr =Yy

Fig. P6.5 Pole/zero pattern of Problem 6.22.

IH(w)! W, = 2n/16

ye

0 o 20 30, 40, 15w, 16m,=21

Fig. P6.7 Realizations of Problem 6.24.

Fig. P6.6 Magnitude response of Problem 6.22.
Problem 6.25

The canonical realization and sample processing algorithm are:

X

for each input x do:
Wo =X+ Wie
Y =Wo—aWie
delay (16, w)

where the call to delay updates the 17-dimensional delay line.

Problem 6.23

H(z)= —0. P
(2) 0.3+ 1-0.5z"1

Problem 6.24

The gain factor 1 — a normalizes the magnitude response to unity at DC. The direct form I/0

difference equation is obtained from:

Y(z) ~ 1-a
X (z) T 1-az!

H(z)=

or,

0.6
. It follows that h(n)= —0.36 (n)+0.

6(0.5)"u(n).

= (1-azH)Y(2)=0-a)X(2)

Y(z2)=az 'Y 2)+(1-a)X(z2)=X(2)+a(z" 'Y (2)-X(2))

and in the time domain:
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The filter poles are at z = 2, —0.5. Thus,

3-3z71-272 3-3z71-22

H = =
(2) 1-15z"1-2z2 (1-2z71)(1+0.5z71)

Expanding in partial fractions, we have:

3-3z71-2z72 B Cc

H = =A+
(2) (1-2z"1)(1+0.5z1) 1-2z1 1+0.52z71

where

[ 3 _3,-1_ ,-2
A- 3-3z - Z,Z] 1
|1-15z7t—z= |

=1

[3-3z71—-272
1+0.5z71 .

z=2

73_3 -1 _ -2

co 2712] _
| 1-2z 7=-05

The three possible ROCs and corresponding inverses are:

|z| >2 , h(n)=Ad(n)+B2"u(n)+C(-0.5)"u(n)
2>1z|>0.5, h(n)=Aé6(n)-B2"u(-n-1)+C(-0.5)"u(n)
|z] < 0.5, h(n)=Adé(n)-B2"u(-n-1)-C(-0.5)"u(-n-1)

Only the second one is stable. Its ROC contains the unit circle.
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Problem 6.26

The transfer function is obtained from the I/0 difference equation by taking z-transforms of both
sides and solving for the ratio Y (z) /X (z):

Y(z)  3(1+z7?
X(z) 1-25z"1+z%2

Y(z)=252"'Y(2)-z%Y (2)+3X (2)+32z7 %X (z) = H(z)=

Factoring the denominator into its poles and expanding in partial fractions, we get:

3(1+2z72) 3(1+2z72) B C
H(z)= - —A+
= s r22 - U-221)(1-052) 1-2711-05z21
where
-2
A 3(1+2z7°) -3
|1-25z1+z72 ], ,
[ -2
B M] _:
[ 1-0521 |,

[3(1+22
c-|30*z) Z_l)] -5
L 1-2z z=0.5

Thus, the ROCs and corresponding inverses are:

lz| >2 , h(n)= Ad(n)+B2"u(n)+C0.5"u(n)
2>zl >0.5 h(n)=Adn)-B2"u(-n-1)+C0.5"u(n)
|z] <0.5, h(n)=Adé(n)—-B2"u(-n-1)-C0.5"u(-n-1)

The z-transform of the signal g (n) is:

1

_ 2, - -
g(n)=cos(mtn/2)u(n) = G(z) 1572

Therefore, the z-transform of the input x(n) will be:

1-2z71

_ _ _ 1 2 _ o1 — (1 _2,-1 _
x(n)=g(n)—-2g(n-1) X(2)=G(2)-2z2'G(z)= (1-22"")G(2) 1572

Thus, the output z-transform will be:

3(1+272) 1-2z71 3

(1-2z1)(1-05z"1) 1+z2 1-0.5z1!

Y(z)=H(z)X(z)=
Inverting causally, we find:
y(n)=3(0.5)"u(n)
Problem 6.27
Using the inverse DTFT formula of Eq. (6.3.5), we have:
1 (™ ;
y(n)= —J H(w)X(w)e/*"dw
270 ) -t

Similarly, for the input signal, assuming its spectrum is restricted to be only over the range
[—we, wel:
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1 we .
x(n)= —J X(w)e'"dw
27T J-w,
Using d (w) = D, the definition of H (w) over one Nyquist interval will be:

Ge/Pw  for 0 < |w| < we
H(w)=
0, for w. <|w| =<1

where G is its passband gain. Thus, the integration range for y (n) also collapses to [—w,, w,],
giving:
1 we . . 1 we )
y(n)= — J Ge POX (w)e/"dw = G— X (w)e/m=D) goy
27T J-w, 2T J-w,

Comparing this with the expression of x(n), we recognize that

y(n)= Gx(n - D)

Problem 6.28

The PF expansion of H(z) is of the form:

M
H(z)= — N(z) =Z

A
iz 1- pi271
[Ta-pz") =
i=1

1

where the i-th coefficient is obtained by deleting the factor (1 — p;z~') from the left-hand side
and evaluating the remainder at z = p;, that is,

_ N(z) _ N
[Ta-pizH [Ta-pipi"

J# sep  JH

A

Taking causal inverse z-transforms, we find for h(n):

M
h(n)= > Apptu(n)

i=1

Problem 6.29

The z-transforms of the causal and anticausal sinusoidal inputs are the same up to a negative
sign:

: 1
won Z e
e/vony (n) — 1wz 1
. 1
won o 2+
e/ (—n—1) 1~ oiwog 1

with ROCs |z| > 1 and |z| < 1, respectively. The output z-transform will be Y (z)= H(z) X (z).
Thus, in the two cases:
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N(z)

Y(z)=+ i
(1—el®zH[ [0 -piz™)

i=1

The partial fraction expansion leads to

C B;
Y(z)=+ - +
(2) 1 —e/woz-1 1:21 1-piz~!

where C = H (wy), as we saw in Eq. (6.3.10), and B; are obtained by deleting the factor (1—p;z~!)
and evaluating the rest at z = p;:

N(z) _ N(pi)
(1-ewzH[]a-pjz™")

J#i 2=p;

B; = i
(1 -eoprH [T - pipi ")
J#i
Comparing with the result of the previous problem, we have:
Aj

Bi= [ iy

To get the inverse z-transform y (n), we must assume a particular ROC. For the causal case, we
take the ROC to be |z| > 1, so that all the PFE terms will be inverted causally. For the anticausal
case, we take the filter part to be causal and the input anticausal, that is, the ROC will be the
annular region between the maximum pole and the unit circle:

max |p;| < |z] <1
1

In this case the C term will be inverted anticausally and the B; terms causally. These choices for
the ROCs, give:
) M
y(n) = H(wp)e/®"u(n)+ > Bipfu(n)

-1
' M
y(n) = H(wp)e/®"u(-n-1)-> Biplu(n)

i=1
Adding up the right-sided and left-sided sinusoidal inputs gives rise to the double-sided input:
/Ny (n) +e/©0My (—n — 1) = " (u(n)+u(-n—1)) = /0o, —00 <N < 00

where, we used the property u(n)+u(—n — 1)= 1 for all n. It follows from the linearity of the
filter that the corresponding output will be the sum of the two outputs obtained above. This
gives:

M M
y(n) = H(wg) e u(n)+ > Bipfu(n)+H (wo) e/ u(-n - 1) = > Bipllu(n)
i=1 i=1

= H((.U())ejwonll(n)+H((U())ejwonll(fn -1)
= H(w,)e/“on

which is recognized as the standard steady-state sinusoidal response of the filter.
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Problem 6.30

The PF expansion of H (z) gives:
3-5z71+2z72 1 1
=1+ +
(1-0.5z71)(1-2z71) 1-0.5z"1 1-2z71
The stable ROC containing the unit circle will be 0.5 < |z| < 2. Therefore, the 0.5-pole term will
be inverted causally and the 2-pole anticausally:

H(z)=

h(n)=6(n)+0.5"u(n)-2"u(-n-1)
The truncated impulse response agrees with h(n) for n > —D and is zero otherwise, that is:
6(n)+0.5", n>0
-D<n<-1
0, n<-D-1

The corresponding z-transform is by definition:

o0 -1
H(z)= D [6(m)+0.5"]z" — > 2nz™"
n=-D

n=0

The last term can be summed by changing summation variables from n to m = —n:
-1 D
271z(1—-27DzP 1-2"DzP
Soanane 3o BAIER S L AR
n=-D mo1 1-271z 1-2z

where we used the finite geometric series:

O m 2 D 2 p-1y_ X(1=x")
Sxm=x+x2+- X =x(1+x+x°+ 0 x )=
m=1 B

Thus,
1 1-27PzP
+
1-0.5z"1 1-2z71

Hiz)=1+

Comparing with the exact H (z) we have:

~ 2-DzD
H(z)=H(z)—-———
(2)=H(@)- {5
or, the error transfer function:
~ 2-DgzD
H(z)-H(z)= ————
(2)-H(2)= —5 5

The given input has z-transform:
x(n)=38(n)-28(n—-1)= X(z2)=1-22"
The error output will be
E(2)=Y(2)-Y(2)= H(2)X(2)-H(2)X(2)= (H(2)-H(2)) X (2)
or,
2-Dgb

E(Z): i‘:““*

T (1=2z1Y)y=2"DzP

and in the time domain:
e(n)=2"P25(n+D)

By choosing D large enough, the factor 27 can be made as small as desired.
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Chapter 7 Problems

Problem 7.1

Expanding the denominator in powers of z~> will replicate the numerator periodically with period
5. But because the numerator itself has length 5, the replicas will not overlap, and we will get the
repetition of the numerator coefficients:

h=10,1,2,3,4,0,1,2,3,4,0,1,2,3,4,... ]
2 P 2

The direct and canonical realizations are shown in Fig. P7.1.

Fig. P7.1 Direct and canonical realizations of Problem 7.1.

The sample processing algorithms are expressed with the help of the routine delay, which updates
the filter’s internal state vectors.

for each input x do:
Vo =X for each input x do:
Wo = Ws + V) +2Vo + 3v3 +4v, Wy =X+ Ws
Y =Wy Y =W +2W; + 3w3 + 4wy
delay (4,v) delay (5, w)
delay (5, w)

where v = [Vg, V1, V2, V4], W = [Wg, Wi, W2, W3, Wy W5 ] are the 5- and 6-dimensional state vec-
tors needed for the numerator and denominator polynomials. The calls to the delay routines
update the delay line, e.g., the call delay(5,w) is equivalent to the shifts: ws = wy, Wy = w3,
W3 = Wy, Wo = W1, W1 = Wy.

Factoring the denominatoras 1 —z7> = (1-z"1) (1+z '+ 272+ 273 +z7%), we get the cascaded
transfer functions:

z'4+2z2+43z3 4424 77! 1+2z7'+3272+4z73
1-2z7° 11—zt 14z 1'+z2+z34+2z+4

H(z)=

Figure P7.2 shows the cascade of these two filters, with each filter realized in its canonical form.
The corresponding sample processing algorithm is as follows:
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Fig. P7.2 Cascade realization of Problem 7.1.

for each input x do:

Vo=X+V]
X1 =V1
delay(1,v)

Wop =X1 — W1 —Wp — W3 — Wy
Y =Wy +2w; + 3wz + 4ws
delay (4, w)

where v = [vo, V1], W = [wo, Wi, Wa, W3, W, ] are the internal state vectors for the two filter
sections.

Problem 7.2

In the z-domain, the input to H; (z) is X (z) —Y (z). Therefore, its output will be H; (z) (Y (2)
—X(2)). The input and output of H; (z) will be then :

Hy(2) (Y(2)-X(2)) = Y(2) — H2(2) [H1(2) (Y (2) -X (2)) = Y (2) ]
Adding the noise component E (z) to the output of H (z) will generate Y (z), resulting in:
Y(z)= H2(2) [H1(2) (Y(2) =X (2)) =Y (2)] + E(2)
Moving the Y-dependent terms to the left, we get:
(1+ H2(2)+H1(2)H2(2))Y (z2)= H1(2)H>(2) X (2) +E (2)

and solving for Y (z):

H,(z)H;(z) 1
L+ Hy(2) +Hy () Ha (2) N D F E@)

1+H,(z)+H,(z)H2(2)
Thus, the desired transfer functions are identified to be:

Y(z)=

_ H,(2)Hz(z)
B2 = S, )+ Hy (2 Ha (2)
Ho(z) = !

1+ H,(z)+H,(z)H(2)
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The conditions that Hy(z) be a plain delay and H,(z) a double differentiator, gives the two
equations:

H,(z)H>(z) 1
1+Ho(z)+H (2)Hz(2)
! (1-z71)?

1+ Hy(2)+H, (2)Hy(z)
which can be solved for H; (z) and H; (z) giving:

1

e =5
71

Hy(2) = +=

They are both integrators. The presence of z~! in the numerator of H, (z) is necessary to make
the overall closed loop computable. See also Problems 12.24 and 12.25.

Problem 7.3

Multiplying the numerator factors, we get the transfer function:

Hiz)— z'(1+2z2)(1+3z%) z'+4+5z2°+62°
(2)= 1-26 - 1-26

The direct and canonical realizations are shown in Fig. P7.3.

Fig. P7.3 Direct and canonical realizations of Problem 7.3.

The sample processing algorithms are expressed with the help of the routine delay, which updates
the filter’s internal state vectors.

for each input x do:
Vo =X for each input x do:
Wo = V1 +5V3 + 6Vs + Wg Wo =X+ Wg
Y =W Y =Ww; +5w;3 + 6ws
delay (5,Vv) delay (6, w)
delay (6, w)
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wherev = [vg, V1, V2, V4, V5], W = [Wo, Wi, W, W3.W4, W5, Wg] are the 6- and 7-dimensional state
vectors needed for the numerator and denominator polynomials. The calls to the delay routines
update the delay line, e.g., the call delay(6,w) is equivalent to the shifts: wg = ws, ws = wy,
W4 = W3, W3 = W, Wo = W1, W1 = Wy. Factoring the denominator as

1-z%=0-2)A+z%+zH=01-z220+z'+zHQ-z"+2z7?
we get the cascade transfer function:

H(z)= z! 1+2z2 1+3z72
T 1-z2 14z l+4z2 1-zl+z2

Figure P7.4 shows the cascade of these three filters, with each filter realized in its canonical form.

X

ah) M X2 Y,

Fig. P7.4 Cascade realization of Problem 7.3.

The corresponding sample processing algorithm is as follows:

for each input x do:

Ug =X+ Uy
X1 = U;
delay (2,u)

Vo=X1 —V]1 — V2
X2 = Vo + 2V
delay (2,v)

Wo =Xp + W1 — W
Y =Wy + 3w,
delay (2, w)

where u = [ug, uy,uz], v = [vo,vi, V2], w = [Wg, w1, W> ], are the internal state vectors for the
three filter sections.

To determine the impulse response, we note that the numerator corresponds to the length-6 signal
b = [0,1,0,5,0,6]. Expanding the denominator in powers of z~¢ will replicate the numerator
periodically with period 6. But because the numerator itself has length 6, the replicas will not
overlap, and we will get the repetition of the numerator coefficients:

h=[0,1,0,3,0,5,0,1,0,3,0,5,0,1,0,3,0,5,... ]

Problem 7.4
The z-domain versions of the time domain difference equations are:
v(n) =x(n)+v(n-1) V(z) = X(z)+z7 'V (z)

y(n) =vn)+vin-2)+v(n —4) Y(z) =V (2)+z 2V (2)+z7 %V (2)
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Eliminating V (z) in favor of Y (z), X (z), gives:

X(z , , 1+z2%2+2z+4
V(z)= (2) , Y(2)= 1+z72%+z2HV(z)= —————X(2)

1-2z1 1- 271

Therefore, the transfer function is:
1+z2%+z% 1+4zt4272 ,
H(z)= = -(1-z1427%
1-z1 1-2z1
where we factored the numerator as
1+4z2%+z%=Q+z'+z2)0-z"1+272)
The direct, canonical, and cascade realizations are shown in Fig. P7.5.
X M y X M @

Vo ‘ ‘
z

Vi

7

e

e

-1
-1
-1
Z
-1

1
Va W,
V3 w3
2]
z
Vy Wy
X -y

Fig. P7.5 Direct, canonical, and cascade realizations of Problem 7.4.

The direct and canonical sample processing algorithms are:

for each input x do:
Vo =X for each input x do:
Wo =Vo+Vy+Vy+ W Wo =X+ WwWp
Y =Wq Y =Wo+ Wz + Wy
delay (4,v) delay (4, w)
delay (1, w)

And for the cascade realization:
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for each input x do:
Vo=X+V]
X1 =Vo+Vi+WV
delay (2,v)
Wo = X1
Y=Wo— W1 +WwW:
delay (2, w)

Problem 7.5

Factoring the denominator, we may write the transfer function as:

2-3z71 1+z% 2-3z'427%-3z7

1-0.52z72 1+05z72 1-0.25274

The direct and canonical realizations are shown in Fig. P7.6. Their sample processing algorithms
are:

H(z)=

for each input x do:
Vo =X for each input x do:
Wo = 2Vo — 3V + 2V — 3v3 + 0.25wy Wo =X+ 0.25wy
y=Ww Y =2Wy — 3w + 2Wp — 3w3
delay(3,v) delay (4, w)
delay (4, w)

Fig. P7.6 Direct and canonical realizations of Problem 7.5.

The cascade realization is shown in Fig. P7.7. Its sample processing algorithm is:

for each input x do:
Vo =X+ 0.5V,
X = ZV() - 3w
delay(2,v)
Wy = X1 — 0.5w>
Y =Wo+ W
delay (2, w)
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-0.5

Fig. P7.7 Cascade realization of Problem 7.5.

Problem 7.6

The direct and canonical realizations are shown in Fig. P7.8. Their sample processing algorithms
are:

for each input x do:
Vo =X for each input x do:
Wo = Vg — 2.25V2 + 0.0625wy4 wo =X+ 0.0625w,4
Yy =W Y =Wy — 2.25Wp
delay (2,v) delay (4, w)
delay (4, w)

Fig. P7.8 Direct and canonical realizations of Problem 7.6.

The cascade realization is shown in Fig. P7.9. Its sample processing algorithm is:

for each input x do:
Vo =X—0.25v;
X1 =Vy— 2.25V»
delay (2,v)

delay (2, w)

Y =wy=Xx1+0.25w;

Expanding H (z) in partial fractions, we have:

H(z)= 2.5 2.5

2 2
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+ + +
1-0.5jz71  1+0.5jz71  1-0.5z"1  1+0.5z"

<
025 7 V2 7225

Fig. P7.9 Cascade realization of Problem 7.6.
The four poles z = 0.5, =0.5j, define only two ROCs, namely, the causal case |z| > 0.5 and the
anticausal one |z| < 0.5. For example, in the causal case, the impulse response will be:
h(n)=2.5(0.5j)"u(n)+2.5(-0.5j)"u(n)+2(0.5)"u(n)+2(-0.5)"u(n)
Writing j + (—j)"= e/™/2 4 ¢=J™/2 = 2 cos(1TN/2), we have:

h(n)=5(0.5)"cos(21tn/2)+2(0.5)"u(n)+2(-0.5)"u(n)

Problem 7.7

The direct and canonical realizations are shown in Fig. P7.10. Their sample processing algorithms
are:

for e\izch 1;1put X do: for each input x do:
0= _
Y =Wy =Vy—2Vy + Vs + 0.4096wy Wo = X +0.4096w,
delay (4,v) Y =Wo = 2Wa + Wy
delay(4’w) delay (4, w)
x y X JR M y

w
| 5
2]

Wy

Wo ¢
7

0.4096

Fig. P7.10 Direct and canonical realizations of Problem 7.7.

The cascade realization is shown in Fig. P7.11. It corresponds the factorization:

1-2z2+2z+4 1-2z72 1-2z72
H(z)= -4 = 2 2
1 —-0.4096z 1-0.64z 1+ 0.64z
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Note that the numerator could also have been factored as: for (i=10; i>=1; i--)

wlil = wli-11;
1-2z2%4+4z%=(1-2z22=1-zYQ+zY)=0-2z"+z2%1Q+2z"+27?)
return Y;
But the chosen one has the simplest coefficients. Its sample processing algorithm is: }
i . rom the transfer function, we obtain the frequency response:
for each input x do: E h fer fi i btain the f
Vo = X + 0.64v; _10i i _10i
x? =Vy—W2 ’ H(w)= —0.75 + e 1 _ = 0.75e1% e 10w — (1 —0.75e779)* ey -10jw
delay(g v 1-0.75e-1000 — 1 —(.75e-10jw (1-0.75e-10jw)
wo = X1 — 0.64w> Noting that the ratio of two conjugate complex numbers has unit magnitude, it follows that H ()
Y =Wy— W will have unit magnitude.
delay (2, w)

Problem 7.9

Xy The given sample processing algorithm corresponds to the canonical realization of the filter:

X -y
14273
H(Zz)= ——————
@)= 06474
Factoring the numerator in the form:
1+z%=Q+z)0-z1+27%
we obtain the cascade factors:
Fig. P7.11 Cascade realization of Problem 7.7. Hip- 1+23 1+ 71 1—z 1472
T 1-064z4 7 1-08z2 1+0.8z2
Problem 7.8 The cascade realization is shown in Fig. P7.12. Its sample processing algorithm is:
The given difference equations describe the canonical realization form of the filter: for each input x do:
Vo =X+ 0.8V,
-0.75+z710 _
H(Z):m X1 =Vo+WV

Its block diagram realization and sample processing algorithm are given below:

for each input sample x do:
wo =X+ 0.75wy
y = —-0.75wy + wyo
delay (10, w)

The C version of the algorithm is as follows:

double reverb(x, w)
double x, w[11];
{
int i;
double y;

w[0] = x + 0.75 * w[10];
y = - 0.75 * w[0] + w[10];
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delay (2,Vv)

wo = X1 — 0.8w»
Y =Wo— W1 +W
delay (2, w)

—0. W,

Fig. P7.12 Cascade realization of Problem 7.9.
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Problem 7.10
The first filter is an FIR filter with transfer function and impulse response:
H(z)= (1+2z2)3%=1+32z7%+3z*%+z% = h=1[1,0,30,3,0,1]
The causal impulse response of the third filter is obtained by the remove restore method, that is,
h(n)=w(n)-w(n-4), where  w(n)= (0.9)"u(n)]

The first filter has zeros at z = +j, each being a triple zero. The second filter has poles at
z = +0.9J, and the third filter has zeros at the fourth roots of unity, i.e.,, z = +1, +j, and a pole
at z = 0.9. The pole/zero plots of the three filters are shown in Fig. P7.13 together with the
corresponding sketches of the magnitude responses |H (w)| over the right half of the Nyquist
interval 0 < w < .

O = zeros
® = poles

|H(w)|

al

Fig. P7.13 Pole/zero patterns of Problem 7.10.

Problem 7.11
Multiplying the transfer function factors, we obtain:

(0 -V2z vz +Vz 427 1+2z*

H - - =
2) (1+0.812°2) (1 - 0.812-2) 1-0.65612-*

Therefore, the zeros will be at the roots of 1 + z# = 0, that is,
zi=-1 =  z=emCDH T k=0,1,23

that is, the 4th roots of unity rotated by 45°. The poles are at z = +0.9m, +0.9j. Fig. P7.14 shows
the pole/zero locations and the corresponding magnitude response.

The direct and canonical realizations are shown in Fig. P7.15. Their sample processing algorithms
are:
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O = zeros
@ = poles

Fig. P7.14 Pole/zero plot of Problem 7.11.

fer e\fwh l:pm x dos for each input x do:
0 - —
Y = Wo = Vo + v + 0.6561w, wosx :%6561W4
delay (4, v) Y =W 4
delay (4, w) delay (4, w)
x y X R Nah

=
S)

i

!
-1
/4
-1
-1
-1

Fig. P7.15 Direct and canonical realizations of Problem 7.11.

The cascade realization is shown in Fig. P7.16. Its sample processing algorithm is:

for each input x do:
Vo =X—0.81v,
X1 :VO*\/EVI + Vo
delay (2,v)
Wy =X +0.81w,
Y =Wo+ 2w +ws
delay (2, w)

Problem 7.12

The zeros are at the roots of 1 + 16z~* = 0, that is,
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N N .y Noting that 1/16 = 0.0625, the transfer function is then:
0.0625 + z 74 1-2/2z71 +4z72 1+2/2z71 +4z72
H(z)= —————— =0.0625 - V2 i V2 -
1+ 0.0625z4 1-0.5v22z"1+0.25272  1+0.5/2z71 +0.25272
The direct and canonical realizations are shown in Fig. P7.18. Their sample processing algorithms
are:
<! <
-0.81 2 0.81 : .
for each input x do:
Vo — x for each input x do:
. - 0=
. P7. 1. =x—0.0625
Fig. P7.16 Cascade realization of Problem 7.11 Y = W = 0.0625v0 + V4 — 0.0625w4 Wy =X Wy
y = 0.0625w¢ + Wy
delay (4, v) delay (4, w)
delay (4, w) v
z=-16 =  z=2TCkDA k=0,1,2,3
) . ) ) - 0.0625
that is, the 4th roots of unity rotated by 45° and scaled in magnitude by a factor of 2. Similarly, x x (N y
the poles are at:
FA=-t o zo050mVH k=01,2,3
16
Fig. P7.17 shows the pole/zero locations.
O = zeros
® = poles 3
H(w)l
unit (®)
" circle -0.0625 wy
: 1
Fig. P7.18 Direct and canonical realizations of Problem 7.12.
F e The cascade realization is shown in Fig. P7.19. Its sample processing algorithm is:
T
for each input x do:
Vo = 0.0625x + 0.5/2v; — 0.25V,
Fig. P7.17 Pole/zero plot of Problem 7.12. X1 = Vo —2/2v; +4v,
delay (2,Vv)
The magnitude response is constant in . Indeed, setting ¢ = 1/16, we have: Wo = X1 — 0.5v/2w; — 0.25W,
» ) ) ) Y =Wo + 2/2w1 + 4w,
Hw)= £F e*-ljt.n et (1t C‘.z4jw) _ e,4jww delay (2,w)
1+ ce¥w 1+ ce ¥w (1 + ce~4w)
The ratio of the two conjugate factors will have unity magnitude, giving Finally, the impulse response may be obtained by writing:
: 1+ ce Hw)* ct+zt a-cz+ 2\ [,—4 -8, 2,-12 _ 3,16
= e Y| . (A +cemV®)* =1-1= H(z)= =Cc+ =c+(1-c -C +c -C 4o
IH(w)| = le | (1 + ce—4iw) L-1=1 (2) 1+cz4 1+cz4 ( )z z z z ]
To get the cascade form, we may factor the numerator and denominator using the identity: Extracting the coefficients of z~*, we find:
L+a‘zt=(1-V2az ' +a’z7%) (1 +V2az™' + a’z™?) ¢ ifn=0
e —(1 =c?)c"9/% if nis an even multiple of 4
. n)=
Thus the numerator becomes: (1= ¢c2)cm9/4  if nisan odd multiple of 4
1 1 1
6 +z74= E(l +24z74) = E(l—Zﬁz’l +4z7%) (1 +2V2z7 +4272) 0 otherwise
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printf("enter A[%d] = ", i);
for(j=0; j<3; j++)
scanf("%1f", A[i]1+]);

}

for(i=0; i<K; i++) {
printf("enter B[%d] = ", 1);

| for(j=0; j<3; j++)

025 5 4 025 w, 4 scanf("%16", B[i1+7);

}

Fig. P7.19 Cascade realization of Problem 7.12.
cas2can(K, A, a);
cas2can(K, B, b);

Problem 7.13

The following program implements this computer experiment:

printf("\n\n");

while(fscanf(fpx, "%1f", &) != EOF) {
ydir = dir(M, a, M, b, vdir, wdir, x);
ycan = can(M, a, M, b, wcan, x);
ycas = cas(K, A, B, W, x);
printf("% .6f % .6f % .6f % .6f\n", x, ydir, ycan, ycas);
}

/* iirfilt.c - IIR filtering experiments */

#include <stdio.h>
#include <stdlib.h>

void cas2can(); . " " : i
double dir(), can(), casQ; printf("\n a, b = \n"); /* direct form coefficients */

for (i=0;i<=M;i++)

void mainQ) printf("% .61f % .61f\n", a[il, b[i1);

{ }
int i, j, K, M;
double x, ydir, ycan, ycas; The program must be linked with the routines cas2can, dir, can, cas, and also conv required
double *vdir, *wdir, *wcan, **W; by cas2can and sos required by cas. The number of sections K and the corresponding rows of
double **A, **B, *a, *b; the matrices A and B are entered interactively. For example, the user input for the given transfer
functions will be (starting with K = 4):
FILE *fpx;
. 4
fpx = fopen("x.dat", "r"); /* input data */
intf(" . " . 1 -0.373 0

pr‘”; 5028' SECF1°"S K=" 1 -1.122 0.712
scanf("%d", &K); 1 -0.891 0.360

1 -0.780 0.190
M=2%K;

.31 .31
wdir = (double *) calloc(M+1, sizeof(double)); g i4; g 392 g 147
vdir = (double *) calloc(M+1l, sizeof(double)); 0'117 0'234 0'117
wcan = (double *) calloc(M+1l, sizeof(double)); 0.103  0.206 0.103
a = (double *) calloc(M+1, sizeof(double)); . . § . . .
b = (double *) calloc(M+l, sizeof(double)); These inputs may also be saved in a file, say, input.dat, and piped into the program by
A = (double **) calloc(K, sizeof(double *)); iirfilt < input.dat
B = (double calloc(K, sizeof(double *));
W = (double **) calloc(K, sizeof(double *)); The input signal x,, to be filtered is assumed to be in the file x.dat. The program stops filtering
for (i=0; i<K; i++) { as soon as the end-of-file of x.dat is encountered. The first 10 of the input and output samples
A[i] = (double *) calloc(3, sizeof(double)); are shown below:

B[i] (double *) calloc(3, sizeof(double));
W[i] = (double *) calloc(3, sizeof(double));
}

for(i=0; i<K; i++) {
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x(n) Vair (1) Yean (1) Veas (M)
1.000000 | 0.000554 | 0.000554 | 0.000554
1.000000 | 0.006191 | 0.006191 | 0.006191
1.000000 | 0.032979 | 0.032979 | 0.032979
1.000000 | 0.112201 | 0.112201 | 0.112201
1.000000 | 0.275606 | 0.275606 | 0.275606
1.000000 | 0.524036 | 0.524036 | 0.524036
1.000000 | 0.807624 | 0.807624 | 0.807624
1.000000 | 1.043772 | 1.043772 | 1.043772
1.000000 | 1.164600 | 1.164600 | 1.164600
1.000000 | 1.157457 | 1.157457 | 1.157457

The outputs computed by dir, can, and cas are of course the same. Fig. P7.20 shows the full
output, plotted together with the input. The impulse response h (n), 0 < n < 50 can be computed
by running this program on a file x.dat containing 1 followed by 49 zeros. It is shown also in
Fig. P7.20. The first 10 impulse response samples computed by the three realizations are shown
below:

X(T’l) hdir(n) hcan(n) hcas(”)
1.000000 | 0.000554 0.000554 0.000554
0.000000 | 0.005637 0.005637 0.005637
0.000000 | 0.026788 0.026788 0.026788
0.000000 | 0.079222 0.079222 0.079222
0.000000 | 0.163405 0.163405 0.163405
0.000000 | 0.248430 0.248430 0.248430
0.000000 | 0.283588 0.283588 0.283588
0.000000 | 0.236148 0.236148 0.236148
0.000000 | 0.120828 0.120828 0.120828
0.000000 | —0.007142 | —0.007142 | —0.007142

The given filter is an example of a lowpass Butterworth filter and the normalization gains in each
section have been chosen to give unity gain at DC. Therefore, the steady-state DC response will
be

H(w)|w:0 :H(Z)|z:1 =1

This can be observed in the output which rises up to 1 before it dies out to zero. Calling cas2can
on the matrices A and B gives the direct form denominator and numerator coefficients:

a b
1.000000 | 0.000554
—3.166000 | 0.003881
4.873631 0.011644
—4.465987 | 0.019407
2.592519 | 0.019407
—0.941724 | 0.011644
0.196860 | 0.003881
—0.018165 | 0.000554
0.000000 | 0.000000
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Fig. P7.20 Input, output, and impulse response of Problem 7.13.

Problem 7.14

An example of such program is given below. It is patterned after firfilt.c of Problem 4.10.
The program reads and allocates the filter coefficient arrays. The last whiTe loop performs the

actual filtering:

/* canfilt.c - IIR filtering in canonical form */

#include <stdlib.h>
#include <stdio.h>

#define MAX 64 initial allocation size

double can();

void main(int argc, char **argv)

{

FILE *fpa, *fpb; coefficient files

double *a, *b, *w, x, y; coeffs., state, input, output
int L, M, K, 1i;

int max = MAX, dmax = MAX; initial allocation and increment

if (argc != 3) {
fprintf(stderr, "Usage: canfilt a.dat b.dat <x.dat >y.dat\n");
exit(0);
}

if ((fpa = fopen(argv[1l], "r")) == NULL) {
fprintf(stderr, "Can’t open filter file: %s\n", argv[1]);
exit(0);
}

if ((fpb = fopen(argv[2], "r")) == NULL) {
fprintf(stderr, "Can’t open filter file: %s\n", argv[2]);
exit(0);
}

a = (double *) calloc(max + 1, sizeof(double));

for (M=0;; M++) {
if (M == max) {
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max += dmax;

a = (double *) realloc((char *) a, (max + 1) * sizeof(double)); if ((fpa = fopen(argv[1l], "r")) == NULL) {
} fprintf(stderr, "Can’t open filter file: %s\n", argv[1]);
if (fscanf(fpa, "%1f", a + M) == EOF) break; exit(0);
} }
M--5
a = (double *) realloc((char *) a, (M + 1) * sizeof(double)); if ((fpb = fopen(argv[2], "r")) == NULL) {
fprintf(stderr, "Can’t open filter file: %s\n", argv[2]);
b = (double *) calloc(max + 1, sizeof(double)); exit(0);
for (L=0;; L++) { }
if (L == max) {
max += dmax; a = (double *) calloc(max + 1, sizeof(double));
b = (double *) realloc((char *) b, (max + 1) * sizeof(double)); for (M=0;; M++) {
} if (M == max) {
if (fscanf(fpb, "%1f", b + L) == EOF) break; max += dmax;
} a = (double *) realloc((char *) a, (max + 1) * sizeof(double));
L--; ¥
b = (double *) realloc((char *) b, (L + 1) * sizeof(double)); if (fscanf(fpa, "%1f", a + M) == EOF) break;
}
K=(L<=M)?M:L; a = (double *) realloc((char *) a, (M + 1) * sizeof(double));
w = (double *) calloc((K + 1), sizeof(double)); if (M%3 = 0) {
fprintf(stderr, "all rows of A must be 3-dimensional™);
while(scanf("%1f", &x) != EOF) { process input samples exit(0);
y = can(M, a, L, b, w, x); }
printf("%1f\n", y); else
} K=M/3;
}
A = (double **) calloc(K, sizeof(double *));
B = (double **) calloc(K, sizeof(double *));
Problem 7.15 W = (double **) calloc(K, sizeof(double *));
for (i=0; i<K; i++) {
An example of such program is given below. The program reads and allocates the filter coefficient A[i] = (double *) calloc(3, sizeof(double));
matrices A and B. To facilitate the initial allocation of A, a temporary array a is used to read the B[i] = (double *) calloc(3, sizeof(double));
rows of A.dat in a concatenated form, and then it reshapes it into the Kx3 matrix A. The last W[i] = (double *) calloc(3, sizeof(double));
while loop performs the actual filtering: }
/* casfilt.c - IIR filtering in cascade form */ for(i=0; i<K; i++)
for(j=0; j<3; j++)
#include <stdlib.h> ALI05T = a[3*i + j1;

#include <stdio.h>
for(i=0; i<K; i++)
#define MAX 64 initial allocation size for(3=0; j<3; j++)
fscanf(fpb, "%1f", B[i]l + j);
double casQ;

while(scanf("%1f", &x) != EOF) { process input samples
void main(int argc, char **argv) y = cas(K, A, B, W, x);
{ printf("%1f\n", y);
FILE *fpa, *fpb; coefficient files ¥
double **A, **B, **W, x, y; ¥
double *a; temporary coefficient array
int M, K, i, j, m; The MATLAB version casfilt.m is given below. It calls cas.m N times, where N is the input
int max = MAX, dmax = MAX; allocation and increment length:
if (argc != 3) { % casfilt.m - IIR filtering in cascade form
fprintf(stderr, "Usage: casfilt A.dat B.dat <x.dat >y.dat\n"); %
exit(0); %y = casfilt(B, A, x);
¥ %
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% B = Kx3 numerator matrix (K = number of sections)
% A = Kx3 denominator matrix

% X = row vector input

%y = row vector output

function y = casfilt(B, A, x)
[K, K1] = size(A);

[N1, N] = size(xX);

W = zeros(K,3);

for n = 1:N,

[y(n), W] = cas(K, B, A, W, x(n));
end

Problem 7.16
The two filters are:

1+2z8 1+2z°8 1-0.96z78
Tt ___ Hy(z)=0.98021 - :
1-0.06252-8 2(2) 1+0.94z8 1-0.982°8

H,(z)=0.70849 -

The scale factors, were chosen such that the magnitude responses are unity at w = wo = 0.577/8,
that is,

[Hy (wo) | = [Hz(wo) | =1

The following program implements this computer experiment. The sample processing algorithms
of Examples 7.4.3 and 7.4.4 remain the same, except the input sample x gets multiplied by the
corresponding normalization gains:

/* combex.c - comb filtering examples */

#include <stdio.h>
#include <stdlib.h>
#include <math.h>

#define AO
#define Al
#define A2
#define A3

o O O
(SN, i)

#define G1 0.70849
#define G2 0.98021

o

void delay(Q;

void main(Q)
{
int n, N;
double s, x, yl, x1, y2;
double *w, *v, *u;
double pi = 4*atan(1.0), w0, wl, w2, w3;

FILE *fps, *fpx, *fpyl, *fpy2;

fps = fopen("s.dat", "w");

128

wen

fpx fopen("x.dat", "w");
fpyl = fopen("yl.dat", "w");
fpy2 = fopen("y2.dat", "w");

(double *) calloc(9, sizeof(double));
(double *) calloc(9, sizeof(double));
(doubTle *) calloc(9, sizeof(double));

/* filter 1 */
/* filter 2, section 1 */
/* filter 2, section 2 */

u
A%

w0 = 0.50 * pi
wl =0.75 * pi
w2 = 1.00 * pi
w3 = 3.00 * pi

NN NN

8;
8;
8;
8;

printf("enter input length N = ");
scanf("%d", &N);

for (n=0; n<N; n++) {
s = A0 * cos(wO*n) + Al * cos(wl*n);
X =5s + A2 * cos(w2*n) + A3 * cos(w3*n);

w[0] = G1 * x + 0.0625 * w[8]; /* filter 1 */
yl = w[0] + w[8];
delay(8, w);

uf0] = G2 * x - 0.94 * u[8]; /* filter 2 */

x1 = u[0] + u[8]; /* section 1 output */
delay(8, uw;

v[0] = x1 + 0.98 * v[8];

y2 = v[0] - 0.96 * v[8]; /* section 2 output */
delay(8, v);

fprintf(fps, "%.81f\n", s);
fprintf(fpx, "%.81f\n", x);
fprintf(fpyl, "%.81f\n", y1);
fprintf(fpy2, "%.81f\n", y2);
}

}

Fig. P7.21 shows the desired, noise-free, signal s(n) and the noisy signal x (n), which serves as
the input to the comb filters. The corresponding output signals y, (n) and y, (n) from H, (z)
and H» (z) are shown in Fig. P7.22.

The first filter has a short time constant, but does not remove the noise component well. The
second filter has a longer time constant, but it removes the noise very well.

Problem 7.17

Performing a partial fraction expansion on H; (z) and H» (z), we find (where the PFE coefficients
are given with 5-digit accuracy):

12.04433
1-0.0625z-8

0.06191 + 0.02063
1+0.94z78  1-0.98z"8

H,(z) = -11.33584 +

H,(z) =1.02150 —

Expanding in powers of z~8 and extracting coefficients, we find the impulse responses, for 0 <
n < 16:
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Desired Signal Noisy Signal
3. 3.
1.5] 1.5]
0.0 0.0
-1.5 -1.5
-3.0 -3.
0 100 200 300 400 500 0 100 200 300 400
time samples n time samples n
Fig. P7.21 Desired and noisy inputs of Problem 7.16.
Filter 1 Output Filter 2 Output
3. 3,
1.5 1.5]
0.0 0.0
-1.5 -1.5
-3.0 -3,
0 100 200 300 400 500 0 100 200 300 400 500
time samples n time samples n

Fig. P7.22 Outputs of comb filters 1 and 2 of Problem 7.16.

hi(n) hy ()
0.70849 | 0.98021

[=NeleBeRcR-R=]
[=NeleBeNoR}

0.75277 0.07841

© 00N Ul bk WN = OIS

—_
N
[=NeleBeoReoR=R=]
[=NeleNeRcoR-R=]

16 | 0.04705 | —0.03489
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The impulse responses of the two filters can be computed by the same program as above, but
with changing the input x (1) into an impulse 6 (n). The computed impulse responses are shown
in Fig. P7.23

Impulse Response 1 Impulse Response 2
1.1 11
1.0 1.0
0.9 0.9
0.8 0.8
0.7 0.7
0.6 0.6
0.5 0.5
0.4 0.4
0.3 0.3
0.2 0.2
0.1 0.1
0.0 0.0
g 20 40 60 80 100 120 140 160 g 20 40 60 80 100 120 140 160
time samples n time samples n

Fig. P7.23 Impulse responses of comb filters 1 and 2 of Problem 7.17.

Problem 7.18

The following program replaces iirfilt.c of Problem 7.13. For comparison, dir.c is left in the
program as before.

/* iirfilt.c - IIR filtering experiments - circular buffer versions */

#include <stdio.h>
#include <stdlib.h>

void cas2can();
double dir(), ccan(), ccasQ;

void main()
{
int i, j, K, M;
double x, ydir, ycan, ycas;
double *vdir, *wdir, *wcan, **W;
double **A, **B, *a, *b;
double *p, **P; /* circular pointers */

FILE *fpx;
fpx = fopen("x.dat", "r");

printf("no. sections K = ");
scanf("%d", &K);

M=2*K;
wdir = (double *) calloc(M+1l, sizeof(double));
vdir = (double *) calloc(M+1, sizeof(double));

wcan = (double *) calloc(M+1, sizeof(double));
p = wcan; /* initialize */
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a = (double *) calloc(M+1l, sizeof(double)); . Y

b = (double *) calloc(M+1l, sizeof(double));

A = (double **) calloc(K, sizeof(double *));

B = (double **) calloc(K, sizeof(double *));

W = (double **) calloc(K, sizeof(double *));

P = (double **) calloc(K, sizeof(double *)); /* allocate */

for (i=0; i<K; i++) {

A[i] = (double *) calloc(3, sizeof(double)); Fig. P7.24 Canonical realization of Problem 7.19.
B[i] = (double *) calloc(3, sizeof(double));

W[i] = (double *) calloc(3, sizeof(double));

P[i] = W[i]l; /* initialize */

}

For(ic0; i<k; i4e) I . for each input x do:
printf("enter A[%d] = ", i); for each input x do: s3 = tap(3,w,p,3)
for(j=0; j<3; j++) wo =X+ 0.5w3 So =X+ 0.583

scanf("%1f", A[i1+3); Yy =6wo —2w; y =689 — 283
} delay (3, w) *p =S
cdelay (3, w, &p)
for(i=0; i<K; i++) {

printf("enter B[%d] = ", i);
for(j=0; j<3; j++)
scanf("%1f", B[i]l+j); 6—2z3 2

H(z)= =4+
¥ &)= 0523 1-05z3

The impulse response can be obtained by dividing out the numerator and writing

cas2can(K, A, a);

Expanding in powers of z~3, we have:
cas2can(K, B, b);

printEC"\mn") H(z)=4+2[1+(0.5)z7%+ (0.5)%°275 + (0.5)327% + - - - ]
1 H

. which gives the impulse response:

while(fscanf(fpx, "%1f", &) != EOF) {
ydir = dir(M, a, M, b, vdir, wdir, x);
ycan = ccan(M, a, b, wcan, &p, Xx);
ycas = ccas(K, A, B, W, P, x);

h = [6,0,0,2(0.5),0,0,2(0.5)%,0,0,2(0.5),0,0,...] = [6,0,0,1,0,0,0.5,... ]

printf("% .6f % .6f % .6f % .6f\n", x, ydir, ycan, ycas); n|lx|w w Wo Ws So 51 So S3 | y =680 —2s3
¥ 011 0o o0 o] 1 0 0 o0 6
printf("a, b = \n"); 1101 0 0 0 0 1 0 0 0
for (i=0;i<=M;i++) 21011 0 0 0 0 0 1 0 0
printf("% .61f % .61f\n", a[il, b[il); 310 1 05 0 0 0.5 0 0 1 1
} 40| 0 0.5 0 0 0 05 0 0 0
5/0( 0 0.5 0 0 0 0 05 0 0
One minor difference in ccan is that it assumes the same order M for both vectors a and b; 6lol o 05 052 0 (052 0 0 05 0.5
Therefore its usage is:
The states s; represent the delay-line outputs:
ycan = ccan(M, a, b, wcan, &, x);
so(n) w(n)
whereas the usage of can was: | s | wn-1)
s(n)= =
s2(n) w(n-2)
ycan = can(M, a, M, b, wcan, x); s3(n) w(n-3)

that is, they are the successively delayed versions of w(n), which is the intermediate signal
Problem 7.19 obtained at the output of the input adder. It has z-transform:

The canonical realization is shown in Fig. P7.24. 1 1
The linear and circular buffer versions of the sample processing algorithm are as follows: Wi(z)= D(z) X(z)= 1-0.52"3 X(2)
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For a delta-function input, we have X (z) = 1, giving:

W(z)= =14 (0523 +(05)2%2%+ (0.5)327%+ - - -

v
1-0.5z73
and in the time domain:

w(n)=[1,0,0,0.5,0,0,0.5%0,0,... ]

For the input x = [1, 2, 3], we have:

n|x|w w Wo w3 ) S1 8o S3 | Yy =68 — 283
0O|1] 1 0 0 0 1 0 0 0 6
1121 0 0 2 2 1 0 0 12
2131 0 3 2 3 2 1 0 18
310 1 0.5 3 2 0.5 3 2 1 1
4101 1 0.5 3 2 1 0.5 3 2 2
5/0] 1 0.5 3 1.5 | 1.5 1 05 3 3
610 1 0.5 0.25 1.5]0.25 1.5 1 0.5 0.5
Problem 7.20
The full precision direct form denominator is:
a=[1,a;,az,as,a4]= [1,-3.502,5.024, —3.464,0.979] (P7.1)

The full precision cascade coefficients are:

ap = [1,a01,a02]1= [1,-1.8955,0.9930]

(P7.2)
a; = [1,a11,a:2]= [1,-1.6065,0.9859]
The poles are at:
Po = Roe/@®, Ry =0.9965, wqy =0.17
) (P7.3)
p1 =R/, Ry =0.9929, w,=0.2m
If we round the direct form coefficient vector a to 2-digit accuracy, we obtain:
a=1[1,dy,42,4as,ds4]1=[1,-3.50,5.02,—3.46,0.98] (P7.4)
and the corresponding direct form transfer function:
Hai (2)= ! (P7.5)
A A ¥ @z 1 + A2z 2 + 4323 + Aazd ’
This filter is unstable. Indeed, its four poles, the roots of the denominator polynomial, are:
Po = Roe/®, Ry =1.0045, g = 0.10451
N (P7.6)

p1 =R/, R, =0.9860, ;= 0.19891

and their conjugates. Thus, the py pole has moved outside the unit circle, rendering the filter
unstable. The seemingly benign replacement of a by the rounded a has made the direct form
realization unusable. The impulse responses of the two filters (7.7.1) and (P7.5) are shown in
Fig. P7.25. The latter is blowing up exponentially.
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Fig. P7.25 Full and 2-digit precision filters.

The cascade realization, on the other hand, is more robust, in the sense that if we round its coeffi-
cients also to 2-digit accuracy, the filter will remain stable. Indeed, rounding the SOS coefficients
(P7.2) to 2-digits gives:

d = [1, 401, do21=[1,-1.90,0.99]

(P7.7)
a; = [1,d11,4121= [1,-1.61,0.99]
The roots of these sections are:
Po = Ree’®, Ry =0.9950 @, = 0.09617T
(P7.8)

pr =R/, Ry =0.9950, @ = 0.20001T
and their conjugates. They are both inside the unit circle, therefore, the filter remains stable. The

corresponding cascade transfer function will be:

N 1 1
Heas (2) = = = . = = P7.9
cas( ) 1+ a()lZ*l + a()zZ*Z 1+ a11271 + a12272 ( )

The filters Hgir (z) and Heas (z) are not equal. Rounding the cascade coefficients to 2-digit ac-
curacy is not equivalent to rounding the direct form coefficients, because rounding does not
preserve products—the rounded product of two numbers is not equal to the product of the two
rounded numbers. Therefore, rounding does not preserve convolution, that is,

a=agxa; #4a *xa

Indeed, carrying out the convolution of the two vectors in Eq. (P7.7) gives the following direct
form vector, which is not quite the same as that given by Eq. (P7.4):

ap xa; = [1, —3.5100, 5.0390, —3.4749, 0.9801]

The impulse response and the magnitude response of the cascaded filter (P7.9) are shown in
Fig. P7.26, together with the exact magnitude response. The magnitude responses are plotted in
dB, that is, 20log,, |H (w) |, over 0 < w < 0.577, which is the right half of the Nyquist interval.
Thus, in the cascade case the rounding operation changed the magnitude response somewhat,
but has not affected the stability of the filter.

The sensitivity of the direct form and the robustness of the cascade form can be understood ana-
lytically in the following way. The zeros of a polynomial are indirect functions of the coefficients
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Fig. P7.26 Impulse and magnitude responses of 2-digit-precision cascade form.

of the polynomial, therefore, small changes in the latter will induce changes in the former. For the
direct form, the induced changes in the zeros can be large, thus, causing them to move outside
the unit circle. In the cascade form, the induced changes remain small. For example, consider
the above fourth order denominator vector a. The relationship of the zeros to the coefficients is
established via the polynomial identity:

(1-pozHA-pizHA-przHA-pfzHY=1+az7 ' +axz? + a3z 3 + asz™*
A small change in the coefficients will induce a small change in the zeros py and p;, that is,
a—a+da = pi—pi+dp, i=0,1

To determine dp, and dp; in terms of da, we take differentials of both sides of the above poly-
nomial identity to get:

—dpoz ' 1 -piz ) Q1 -piz7H) (A - pfzh)
- (1-poz HYdpiz (1 -p1z7H) (A -pfzh)
- (1-poz YA -pizHYdpizt (1 -pfzh)
—(L-poz YA -piz ") A —-piz Hdp}z'
=da,z ' +darz? +dazz~® + dasz™*
which is still an identity in z. Setting z = p, will remove all but the first term in the left-hand-side,
giving the relationship:
—dpopy' (1= pspg") (1= pipg") (1= pipgh) = dawpg' + daxpy? + daspy® + daspy®
Multiplying by p§ and solving for dp,, we obtain
_ pdda, + pida, + podaz + day

(po = p3) (o — 1) (o — PY)
Similarly, setting z = p;, we find for dp;:

dpo = (P7.10)

3 2
pida, + piday + prdas + day
dp, = — (P7.11)
P (b1 —p§) (1 — po) (p1 — PT)
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Because, the denominator involves the differences between poles, that is, the distances from all
the other poles, it follows that if the poles are closely clustered, the induced changes in the poles
dp; will be large even if the coefficient changes da; are small. The above sensitivity formulas

generalize easily [2,3,246] to the case of an order-M filter a = [1,a;,dz,...,ady] with M zeros
P, P2,...,PMm:
opi opi opi
dpi = da; + da + -+ -+ da
bi oa, T da, ? day M

where the partial derivatives are:

o P (7.12)
Odm

In the cascade realization, py is associated with the first SOS and p; with the second. The depen-
dence of py on ap and p; on a; is established through the identities

(1-pozHA-piz") =1+apnz ! +apz?

(1-pizHA-pfzY) =1+anz ! +anz?

Using the above procedure of taking differentials of both sides and setting z = py in the first and

z = p; in the second, we obtain the induced changes in the poles due to small changes in the

coefficients of the sections:

_podao + faoz , dp, = - pidan + falz (7.13)
(po = p3) (p1 = pY)

The sensitivity of each pole depends only on the SOS it belongs to, not on the other sections. In

Egs. (P7.10) and (P7.11), the sensitivity of each pole is coupled to the other poles, through the

denominator factors of the form (po — p1); if po is near p;, such factors cause large shifts in the

pole locations.

dpo =

Even though the sensitivity formulas (P7.10) and (P7.11) involve differential changes, we may
actually apply them to the above example and estimate the pole shifts for the 2-digit case. Writing
the rounded a of Eq. (P7.4) in the form a = a + da, we obtain subtracting (P7.4) and (P7.1):

da=a-a=[0,da,day,das,das]= [0,0.002,—0.004,0.004,0.001]
Using the numerical values given in Eq. (P7.3), we have
Po = 0.9965¢/%1™ = 0.9477 + j0.3079
p1 = 0.9929¢/%2™ = 0.8033 +j0.5836

With these values of the poles and da;, we can calculate the pole shifts using (P7.10) and (P7.11).
We find:

dpy = 0.0023 + j0.0159, dp; = —0.0033 — j0.0066
Therefore, the new pole locations will be:
Po = po + dpo = 0.9501 + j0.3238 = 1.0037¢/0:10467
P1=p1 +dp, = 0.7999 + j0.5770 = 0.9863¢/0-1989T
which compare well with the actual values of Eq. (P7.6). A similar calculation can be made based
on Eq. (P7.13).
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Problem 7.21

The numerical values of a are shown in the first column of Table P7.1. The second and third
columns of this table show the quantized versions of a, rounded to 5- and 4-digit accuracy.

a 5-digit & 4-digit & Acas
1.00000000 1.00000000 1.00000000 1.00000000
—5.56573395 | —5.56573000 | —5.56570000 | —5.56570000

13.05062482
—16.49540451
11.84993647

13.05062000
—16.49540000
11.84994000

13.05060000
—16.49540000
11.84990000

13.05046030
—16.49508213
11.84961490

—4.58649943 —4.58650000 —4.58650000 —4.58633537
0.74713457 0.74713000 0.74710000 0.74710016
relative error 3.2580x10°7 1.6487x1076 1.9240x107°

Table P7.1 Exact, 5-digit, and 4-digit coefficients.

The fourth column of Table P7.1 shows the equivalent direct-form coefficient vector a.,s arising

from the cascade of the quantized second order section coefficients, rounded to 4-digit accuracy.

The rounded a; are:
a, = [1, —1.8671, 0.9623]
a; = [1, —1.8468, 0.8992] (P7.14)
a =[1, —1.8518, 0.8634]

The table also shows the relative error in each case, defined as the ratio

ldall _ |la—al

llall lall

relative error =

where ||a]| denotes the length of the vector a. As expected, the error in the 5-digit case is less than
that in the 4-digit case. But, the error of the cascade case is larger. However, as we see below, the
4-digit cascade form gives an adequate approximation of the exact filter, whereas both the 5- and
4-digit direct forms fail. This behavior can be traced to the pole sensitivity formula Eq. (P7.12)
which can cause large shifts in the poles even though da is small.

Table P7.2 shows the poles of the exact and approximate filters, that is, the roots of the denomi-
nator polynomials a, 5- and 4-digit a, and of the rounded SOS polynomials &y, a;, and a,.

For the 5-digit direct form, the filter remains stable. But, for the 4-digit direct form, one root of a
has moved outside the unit circle and the third conjugate pair of roots has been replaced by two
real-valued ones, one almost on the unit circle. Thus, the quantized coefficients a correspond
to an unstable filter. By contrast, the roots of the 4-digit quantized cascaded form a.,s remain
inside the unit circle, and in fact they are practically equal to the unquantized ones. Figure P7.27
shows the impulse responses of the exact filter based on a and the 4-digit-precision filter based
on a, which is unstable.

The impulse responses of the 5-digit case and the 4-digit cascade case based on ac,s are shown
in Fig. P7.28. The magnitude responses of the full precision, 5-digit direct, and 4-digit cascade
cases are shown in Fig. P7.29. Note that the 5-digit direct no longer meets the passband specs; it
has a passband ripple of almost 2 dB instead of the required 1 dB. The 4-digit cascade response,
on the other hand, meets the specifications.
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full precision magnitude
0.933557 + j0.301259 0.980962
0.923398 + j0.215739 0.948265
0.925911 + j0.078311 0.929217
5-digit direct magnitude
0.931610 + j0.300414 0.978849
0.927787 + j0.216576 0.952730
0.923469 + j0.079185 0.926857
4-digit direct magnitude
0.967208 + j0.284105 1.008071
0.888774 + j0.266869 0.927976
0.999999 0.999999
0.853736 0.853736
4-digit cascade magnitude
0.933552 +j0.301303 0.980971
0.923396 +j0.215719 0.948258
0.925902 + j0.078152 0.929194
Table P7.2 Filter poles.

full precision / direct

—0.05

0 50 100 150 200 250 300
time samples n

4—digit / direct

-0.25

0 50

100 150 200 250 300
time samples n

Fig. P7.27 Impulse responses of full-precision and 4-digit-precision filters. Problem 7.21.

Problem 7.22

See the solution of Problem 7.20.

Problem 7.23

See the solution of Problem 7.20.
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5—digit / direct 4-digit / cascade

0.1 0.1
0.05] 0.05
& 000 £ o000
< <
—0.05] -0.05
=0.1 =0.1:
0 50 100 150 200 250 300 0 50 100 160 200 250 300

time samples n time samples n
Fig. P7.28 Impulse responses of 5-digit direct and 4-digit cascade filters. Problem 7.21.
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Fig. P7.29 Magnitude responses of exact, 5-digit direct, and 4-digit cascade. Problem 7.21.

Problem 7.24

The transfer function is:

bo + b]Zi] + b2272 + 173Z73
1+aiz7' +axz? + azz—3
Transposed realizations of FIR filters are obtained by the four transposition rules of exchanging
input with output, reversing all flows, replacing nodes by adders, and adders by nodes. These
rules can be applied to the canonical or direct realizations of IIR filters.

H(z)=

(P7.15)

The 1/0 difference equations describing the time-domain operation of the realization and the
corresponding sample processing algorithm can be obtained by introducing as internal states the
contents of the three delay registers at time n: vy (n), v, (n), v3(n). For indexing convenience,
we also introduce the quantity vy (n) which is the overall output obtained at the top adder, that
is,

Vo (n)=y(n)=box(n)+v;(n)

The output of each delay is the delayed version of the output of the adder below it, for example,

vi(n)=bix(n—1)—a;vo(n—-1)+v,(n—-1)=bix(n—1)—a,;y(n—-1)+va(n—1)
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or, advancing it to the next time instant:
vi(n+1)=bix(n)—a,vo(n)+vs(n)= bix(n)—a,y(n)+v:(n)

Therefore, the overall I/0 system, which includes the updating of the internal states, will be:

y(n)=vo(n)= box(n)+vy(n)

vi(n+1)=bix(n)—a,y(n)+v:(n)
(P7.16)
Vo(n + 1) = box(n) —azy (n) +vs (n)

v3(n + 1) = bzx(n)—asy(n)

which leads to the sample processing algorithm:

for each input sample x do:
Y =Vo=box+W
vi=bix—a1y+v:
Vo = box —axy + v3
V3 = b3x — azy

Problem 7.25

In the case of a general transfer function of the type of Eq. (7.1.4), we have the sample processing
algorithm, where we assumed L = M for simplicity:

for each input sample x do:
Y =Vvy=box+ Vv,
for i=1,2,...,M—1do: (P7.17)
Vi = biX — aijvVo + Vi1
VM = bMX —dmVo

The following C function transp.c is an implementation.

/* transp.c - IIR filtering in transposed of canonical form */
double transp(M, a, b, v, x) usage: y = transp(M, a, b, v, X);
double *a, *b, *v, x; v = internal state vector
int M; a,b have same order M
{

int i;

v[0] = b[0] * x + v[1]; output y(n) = vg (n)

for (i=1; i<=M-1; i++) state updating
v[il = b[i] * x - a[i] * v[0] + v[i+1];

v[M] = b[M] * x - a[M] * v[0];

return v[0];

}

Its usage is the same as that of can or dir. The (M+1)-dimensional array v = [Vg, V1,...,Vum]
must be declared and allocated in the main program, for example, by
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double *v;
v = (double *) calloc(M+1, sizeof(double));

Transposed realizations are not intuitively obvious, but their overall implementation in terms of
Eq. (P7.17) has a certain simplicity and elegance. It corresponds to writing the transfer function
of the filter in a nested form, which is similar to Horner’s rule of evaluating a polynomial. For
example, the transfer function (P7.15) can be written as:

H(z)= —(mz ' +arz®> + a3z 3 )H(z)+by + b1z7' + bz + b3z73

which can be written in the nested form:
H = b[) + Zﬁlli(bl — alH) +Zﬁl[(b2 — azH) +271 (bg — a;;H)]]

Multiplying both sides by the z-transform X (z) of the input x(n), and using Y (z)= H(z) X (z),
we obtain the following nested form for the computation of the output, which is basically the
transposed form:

Y =boX + 2z} [(blx — a1 Y)+z [ (b2 X — axY)+z7 1 (b3 X — agy)]]
The transposed form can also be used in the cascade realization, where each second order section

will be realized in its transposed form. The sample processing algorithm of a 2nd order section
is simply:

for each input sample x do:
Y =V =Dbox+ vy
Vi=bix—a1y+v:
Vo = box — axy

which can replace Eq. (7.2.2).

Problem 7.26

The following program implements filtering in the transposed form, calling the routine transp.c
of Problem 7.25. It replaces canfilt.c of Problem 7.14. Because transp assumes that a and b
have the same length M, this program aborts if the lengths are unequal.

/* trspfilt.c - IIR filtering in transposed form */

#include <stdlib.h>
#include <stdio.h>

#define MAX 64 initial allocation size
double transp(Q);

void main(int argc, char **argv)

{
FILE *fpa, *fpb; coefficient files
double *a, *b, *v, X, y; coeffs., state, input, output
int M, L, i;

int max = MAX, dmax = MAX; initial allocation and increment

if (argc !'= 3) {
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fprintf(stderr, "Usage: trspfilt a.dat b.dat <x.dat >y.dat\n");
fprintf(stderr, "coefficient vectors a,b must have same length");
exit(0);

}

if ((fpa = fopen(argv[1l], "r")) == NULL) {
fprintf(stderr, "Can’t open filter file: %s\n", argv[1]);
exit(0);
}

if ((fpb = fopen(argv[2], "r")) == NULL) {
fprintf(stderr, "Can’t open filter file: %s\n", argv[2]);
exit(0);
}

a = (double *) calloc(max + 1, sizeof(double));
for (M=0;; M++) {
if (M == max) {
max += dmax;
a = (double *) realloc((char *) a, (max + 1) * sizeof(double));
}
if (fscanf(fpa, "%1f", a + M) == EOF) break;
}
M--;
a = (double *) realloc((char *) a, (M + 1) * sizeof(double));

b = (double *) calloc(max + 1, sizeof(double));
for (L=0;; L++) {
if (L == max) {
max += dmax;
b = (double *) realloc((char *) b, (max + 1) * sizeof(double));
}
if (fscanf(fpb, "%1f", b + L) == EOF) break;
}
L--3
b = (double *) realloc((char *) b, (L + 1) * sizeof(double));

if (M=) {
fprintf(stderr, "coefficient vectors a,b must have same length");
exit(0);
}

v = (double *) calloc(M + 1, sizeof(double));

while(scanf("%1f", &x) != EOF) { process input samples
y = transp(M, a, b, v, x);
printf("%1f\n", y);
}

Problem 7.27

The transfer function is:

9-4z%+4z%  3-4z142z72 3+4z 1 +227°
1+0.8422+0.25274  1-0.4z1+0.5272 1+0.4z1+0.52°2

H(z)=

The transpose of the canonical form is shown in Fig. P7.30. The I/0 difference equations are:
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y(n)=9x(n)+v(n)
vim+1)=vy(n)

Vo (n+1)= —4x(n)—0.84y(n) +v;(n)
vi(n+1)=v4(n)
vi(n+1)=4x(n)—-0.25y(n)

and the corresponding sample processing algorithm:

for each input sample x do:

y=9x+v

Vi=V2

vy, = —4x — 0.84y + v3
V3 = V4

vy = 4x — 0.25y

The cascade form with both 2nd order sections realized in their transposed form is shown in
Fig. P7.31. The I/0 difference equations are in this case:

x1 (n) = 3x(n)+vy (n)

Vo1 (N + 1) = —4x(n)+0.4x; (n) +ve2 (n)
Vor (n + 1) = 2x(n)—0.5x; (n)
y(n)=3x1(n)+vi1(n)

vii(n +1)=4x;(n)-0.4y (n) +vi2 (n)
viz (n +1)= 2x; (n)—0.5y(n)

The sample processing algorithm will be:

for each input sample x do:
X1 = 3X+ Vo1
Vo1 = —4x + 0.4x; + Vo2
Vo2 = 2X — 0.5x;
Yy =3x1 +vn1
Vi1 = 4x1 — 04)/ + V12
Vi» = 2x; — 0.5y

Problem 7.28

The overall, closed-loop, transfer function of the feedback system can be worked out easily using
z-transforms. The general approach to analyzing this, and any other, block diagram is to assign
names to all signal lines that do not already have names and then set up the various adder and
filtering equations.

Consider case A, with signal names assigned as in Fig. P7.32 Then, the adder and filtering equa-
tions are in the time and z domains:

144

y(n)

Fig. P7.30 Transposed of canonical form.

x(n) 3 Voom)  Xy(n) 3 vim Y

Fig. P7.31 Cascade form with transposed sections.

e(n) (n) (n)
: s

fn)

Fig. P7.32 Case A of Problem 7.28

e(n) =x(n)+f (n) E(z) = X(2)+F(2)
g(n) =e(n-1) G(z) =z 'E(2)

y(n) = hy(n)*g(n) - Y(2) = Hi1(2)G(2)
f(n) = hy(n) *xy(n) F(z) = H2(2)Y (2)
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Eliminating F (z) and E(z) in favor of X (z) and Y (z) gives:
Y(2)=z'H\(2)E(2)=z"'H,(2) (X(2)+F(2)) =z 'H, (2) (X (2) +H2(2) Y (2))
and
(1-z'H,(z2)H2(2))Y(2)=z"'H,(2) X (2)

Solving for the closed-loop transfer function H(z)= Y (z)/X (z), we find:

B z'H,(2)
B = o o, )

Case B has the same transfer function H (z). Cases C and D have:

_ H,(2)
H &)= S o )

Problem 7.29

The overall transfer function of this system can be computed using the results of Problem 7.28
and the individual transfer functions:

1+z7! ,04(01 -2z
M@= g5 M@=z
1+2z7!
H,(2) 1-0.5z"1
)= _ .
O TH W) . 14z 04—z Dz
1-05z1 1-04z"
which gives
1406271 —0.4272
H(z)= 0.6z 0.4z

1-132z71+0.2z72+0.4z3

In case A, we assign internal state variables as shown in Fig. P7.33.
The difference equations and sample processing algorithm, written in the right computational
order, are:

for each input sample x do:
e(n) =x(n)+f(n-1) e=x+f1

wo =0.5w; +e

Y =Wo+w

Vo = 0.4vy +y
fo=0.4(vo—v1)

w(n) =0.5wn-1)+e(n)

y(n) =wmn)+wn-1)

v{m) =04vin—1)+y(n) fi=fo (update delays)
f(n) =0.4v(n)-0.4v(n-1) Wi =W
Vi1 =Vo

Notice how the extra delay factor z~! in H; (z) delays the output f (n) and allows the start of the
computational cycle with e (n) = x(n)+f (n — 1). The output f (n) is computed last. If this delay
were not there, we would have e (n) = x(n) +f (n), which is not possible because f (n) is not yet
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-0.4 v(n-1) 0.4

Fig. P7.33 Case A of Problem 7.29.

computed.

In case B, shown in Fig. P7.34, the overall transfer function remains the same. The change causes
a re-ordering of the computational cycle. The difference equations and corresponding sample
processing algorithm are now:

for each input sample x do:
Vo = 0.4v) + )y
f=04(vo—vy)
e=x+f
wo =0.5w; + e
Y =Wo+ Wi
yi=Yy (update delays)
)/(n) =w(n)+w(n-1) W1 =Wy
Vi =V

v(n) =04v(n-1)+y(n—-1)
f(n) =0.4v(n)-0.4v(n-1)
e(n) = x(n)+f(n)

w(n) =0.5w(n—-1)+e(n)

y(n)

Fig. P7.34 Case B of Problem 7.29.

Now, the start of the computational cycle is v(n)= 0.4v(n—1)+y(n — 1), where both quantities
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v(n —1) and y(n — 1) are available from the previous time step. Note that y(n) is computed
last and then put into the feedback delay to be used in the next time step.

Problem 7.30

The filter G(z) can be implemented by the input/output sample processing algorithm of its
canonical form:

for each x do:
y =0.2x + 0.8w;
wir =Yy

where w; is its internal state, that is, w;(n)= y(n — 1) in the difference equation: y(n)=
0.2x(n)+0.8y(n — 1). Fig. P7.35 shows the three cases with explicitly assigned signal labels.
Identifying the proper input and output to the filter G (z) and using the above sample processing
algorithm, we obtain the implementation of the three cases:

for each x do: for each x do: for each x do:
u=0.2vy + 0.8w; Yy=X+Vy Yy=Uy=X+W
Wi =u Vo = 0.2y + 0.8w, Vo = 0.2u, + 0.8w,
Yy=Vo=X+Uu W1 = Vo W1 = Vo
delay (4,v) delay (4,Vv) delay(2,v), delay(2,u)

(b)

Fig. P7.35 Feedback systems of Problem 7.30.
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Chapter 8 Problems

Problem 8.1

The transfer function is obtained by the period-3 repetition of the sequence b (n) = [0, 1, 2], that
is, in the time- and z-domains:

h(n) =b(n)+b(n—-3)+b(n—6)+ - - -

-1 -2
H(2) = B(2)+7B(2)+2B(z)+ - = D& __Z_+22
1-2z73 1-2z3

The direct and canonical realizations are shown in Fig. P8.1. Their sample processing algorithms
are:

for e‘?di 1;117 utx do: for each input x do:
0= _
Y=Wo=V,+2vs+ws Wo_iwx:‘;‘i/
delay (2, V) y=m 2
delay (3,w) delay (3, w)

Fig. P8.1 Direct and canonical realizations of Problem 8.1.

For the direct form realization, if the input is a unit impulse so that x = 1 at the first iteration of
the algorithm and zero for all other iterations, then the first three iterations will fill the feedback
delay buffer w with the desired waveform samples. From then on, the feed-forward part of the
algorithm will be zero, giving rise to the following generation algorithm, expressed in its of the
linear and circular buffer versions:

repeat forever: repeat forever:
Wo = W3 *p =tap(3,w,p,3)
delay (3, w) cdelay (3, w, &p)

The following table shows the initialization and steady part of the linear buffer case. The columns
Vo, V1, V2 are the input impulse and its delays: 6 (n), 6 (n—1), 6 (n —2). At each iteration, wy is
replaced by the value of w3 and only then is the row of w’s shifted to the right to give the values
of wy, wy, ws of the next row. The w-columns are the successively delayed output signals y (n),
y(n-1),y(n-2),y(n-3):
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The circular version is given in the following table. The buffer entry that contains the current
output sample is shown with an up-arrow symbol and it corresponds to the entry w, defined by
the circulating value of g:

Fig. P8.2 Direct and canonical realizations of Problem 8.2.

njiq|w, w1 W, w3 |y njiq|w, wi W, w3 |y
0olo] 10 0 0 010 410 11 2 1 The following table shows the initialization and steady parts of the linear buffer case:
13 0 0 0o 1|1 5|3 1 0 2 12]2 nlve vi va v valwo wi wa ws wa ws y
212 0 0 12 2 6|2 1 0o 10 0
3[1] 0 10 2 10 7011 11 o 2|1 Opr -0 0 0 0y 1L 0 0 0 0 01
110 1 0 0 O 2 1 0 0 0 0 2
20 0 1 O O 3 2 1 0 0 0 3
niglw, wi w2 Ww3|y niqg|lws, wi wy wsl|y 3]0 0 O 1 0| -4 3 2 1 0 0| -4
80| 12 1 0 2|2 1210 10 2 1 00 4/0 0 0 O0 1 5 —4 3 2 1 0| -5
913 2 1 0 t0|0 13 |3 0 2 1 t1|1 510 0 0 0 O 1 - —4 3 2 1 1
10 | 2 2 1 11 01 14 | 2 0 2 12 1|2 6] 0 0 0 0 0 2 -5 -4 3 2 2
11 |1 2 12 1 0|2 15 |1 0o 10 2 10 710 O O 0 O 3 2 1 -5 -4 3 3
80 0O O O O0]|-4 3 2 1 -5 -4 | -4
The table entries circulate every D (D + 1) = 12 iterations. Thus, entry n = 3 and n = 15 will 9/0 0 O O O0|-5 -4 3 2 ~51| =5
be the same. We used 15 iterations because they contain one complete cycle of the table entries 1010 0 0 0 0 1 -5 —4 3 2 1 1
after the first 3 initializing iterations. 1110 o o o0 o0 2 -5 —4 3 2 2
120 0 0O O O 3 2 1 -5 -4 3 3
Problem 8.2 13/0 0 O O 0|4 3 2 1 -5 —-4| -4
40 0 O O O0]|-5 -4 3 2 1 -5|-5
Expanding the denominator in powers of z~>, will cause the period-5 replication of the numerator
sequenceb = [1,2,3, -4, —5]. The direct and canonical realizations are shown in Fig. P8.2. Their The circular version is given in the following table. The buffer entry that contains the current
sample processing algorithms are: output sample is shown with an up-arrow symbol and it corresponds to the entry w, defined by
the circulating value of g:
for each input x do:
Vo =X for each input x do: n | q | Wo Wi Wo W3 Wi Ws Y
Wo = Vg +2Vy + 3V —4Vv3 — 5V4 + Ws Wo =X+ Ws 010 u 0 0 0 0 0 1
Y =Wwy Y =Wy + 2w +3wWs — 4wz — 5wy Lys 1 0 0 0 0 2t 2
delay (4,v) delay (5, w) 214 1 0 0 0 31 2 3
delay (5, w) 313 1 0 0 —4t 3 2 | -4
412 1 0 -5t -4 3 2 | =5
The steady parts of the linear and circular buffer generation algorithms are: 51 1 =5 —4 3 2 1
repeat forever: repeat forever:
Wy = Ws *xp = tap(5,w,p,5)
delay (5, w) cdelay (5, w, &p)
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n|iqj| wo Wi w2 w3 Wy Ws y
6|0 21 1 -5 —4 3 2 2
715 2 1 -5 —4 3 31 3
714 2 1 -5 —4 —41 3 —4
913 2 1 -5 -5 —4 3 -5
10 | 2 2 1 11 =5 —4 3 1
11 |1 2 21 1 -5 —4 3 2
niqjl| wo w1 W2 W3 Wy Ws Y
120 3t 2 1 =5 —4 3 3
13 | 5 3 2 1 -5 —4 —41 | -4
14 | 4 3 2 1 -5 -5t -4 -5
15| 3 3 2 1 11 =5 —4 1
16 | 2 3 2 21 1 -5 —4 2
17 [ 1 3 31 2 1 -5 —4 3
njiq| wo w1 w2 w3 Wy Ws Y
18 | 0 | —41 3 2 1 -5 —4 -4
19 (5| -4 3 2 1 -5 -5t | =5
20 | 4 | -4 3 2 1 1t -5 1
21 |3 | -4 3 2 21 1 -5 2
22 | 2| -4 3 31 2 1 -5 3
23 | 1| -4 —41 3 2 1 -5 —4
niq| w Wi W2 w3 Wy Ws )4
24 | 0| =5t —4 3 2 1 -5 -5
25 | 5| =5 —4 3 2 1 11 1
26 | 4| -5 —4 3 2 21 1 2
27 | 3| -5 —4 3 31 2 1 3
28 | 2| =5 —4 —41 3 2 1 —4
29 | 1| -5 -5 —4 3 2 1 -5
niqjl| wo w1 w2 w3 Wy W5 y
30| 0 11 -5 —4 3 2 1 1
31 |5 1 -5 —4 3 2 21 2
32 | 4 1 -5 —4 3 31 2 3
33|13 1 -5 —4 —41 3 2 —4
34 | 2 1 -5 -51 —4 3 2 -5
351 1 11 =5 —4 3 2 1

The table entries circulate every D (D + 1) = 30 iterations. Thus, entry n = 5 and n = 35 will
be the same. We used 35 iterations because they contain one complete cycle of the table entries
after the first 5 initializing iterations.
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Problem 8.3

The shift is c = D/d = 8/5 = 1.6. The d = 5 possible values of the offset index g are obtained
by iterating Eq. (8.1.36):

qo=0

8 8 32
q1=q07C=7§287§=?=6*
QZ=Q1*C=¥7§=§=4A}

5 5 5 5
g 8161
’ 5 5 5 5
g 168 8 3

’ 5 5 5

Fig. P8.3 shows the relative locations of the g’s with respect to the circular buffer. The five
g-arrows are now at relative angles w = 277/5.

Fig. P8.3 Successive positions of g when d = 5.
Down-truncation gives the following integer values for the g’s and corresponding buffer entries:

[q0,41,42,43,941= [0,6,4,3,1]
[wl0]l,wl6],w[4],w[3],w[1]] = [bo, b2, ba, bs, b7]
Up-truncation gives:
[q0,d1,42,43,941=[0,7,5,4,2]
[wlol,w[7],w[5],w[4],w[2]] = [bo, b1, b3, bs, bs]
Rounding to the nearest integer gives:
[q0,41,42,43,941= [0,6,5,3,2]
[wlol,wl6],w[5],w[3],w[2]] = [bo, b2, b3, bs,bs]

For the linear interpolation case, we have the outputs:
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Go=0 = yo=w[0]=bo

6<ai<7 = yi=wl6l+@ -6 wl7l-wl6))= Sby + b,

4<a<5 =y =widl+@: -4 wIsl-wldl)= Shy + 1by
1 4
3<qg3<4 = y3=wl[3]+(g3—-3) (w[4]-w[3])= §b4 + gbs

1<qs<2 = ys=wlll+(@s -1 wl2l-wll])= >bs + >b,

Thus, depending on the output method, the following period-5 subsequences will be produced:

[(bo,b2,bs,bs,b7,bo, b2, ba, bs, b, ... ] (truncate down)
[by,by1,b3,by,bs, by, b1,b3,by, b, ... ] (truncate up)
[bo, b2, b3, bs,bg, by, b2, b3, bs, bg, ... ] (round)

(Y0, Y1, Y2, Y3, Y4, Y0, V1, Y2, V3, Vay - - - | (interpolation)

where the y’s were given above.

Problem 8.4

The shiftis c = D/d = 8/6 = 4/3. The d = 6 possible values of the offset index g are obtained
by iterating Eq. (8.1.36):

qo=0
4 4 20
41240—C=—§=8—§=§=6*
G=m-c=2_ 2 1051
3 3 3
G=q-c=2 -2 12y
3 3 3
q4243—C=E—é=§=2*
3 3 3
G=aqi-c=o-2-2_41
3 3 3

Fig. P8.4 shows the relative locations of the g’s with respect to the circular buffer. The six g-arrows
are now at relative angles w = 277/6.
Down-truncation gives the following integer values for the g’s and corresponding buffer entries:

[40,491,42,43,494,95]1= [0,6,5,4,2,1]

[wiol,wi6],w[5],w[4],w[2],w[1]] = [bo, b2, b3, ba, bs, b7]

Up-truncation gives:

[40,491,42,43,94,951= [0,7,6,4,3,2]

[wiol,w[7],w(6],w[4],w[3]1,w[2]] = [bo,b1,b2,ba, bs, bs]
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Fig. P8.4 Successive positions of g when d = 6.

Rounding to the nearest integer gives:

[g0,a1,92,43,494,q51= [0,7,5,4,3,1]

[wlol,w[7],w[5],w[4],w[3],w[1]] = [bo, b1, b3, b4, bs,b;]

For the linear interpolation case, we have the outputs:
=0 = yo=w[0]=bo

6<a <7 = yi=wl6l+(@ —6) (w7l-wl6])= =b) + ~b,

1 2
5<g2<6 = y»=w[5]+(g2~-5) (Ww[6]-w[5])= —b> + ~b3
G3=4 = y3;=wl4]l=by

2 1
2<q4<3 = ys=w[2]4+(qs—2)(W[3]-W[2])= §b5+§b6

1 2
1<gs<2 = ys=w[l]+(gs - 1) (w[2]-w[1])= §b6 + §b7

Thus, depending on the output method, the following period-5 subsequences will be produced:

[bo, b2, b3, bs,bg, b7,bo, by, b3, b, be, b7, ... ] (truncate down)
[bo,b1,b2,by,bs,bg, by, b1,b2,by4,bs, b, ... ] (truncate up)
[bo, b], b3, b4, hs, b7, bo, bl, b3, b4, hs, b7, . ] (round)

[0, Y1:Y2: Y3, Y4, V5, Y0, Y1, Y2, V3, Vs Vs - - ] (interpolate)

where the y’s are given above.

Problem 8.5

This problem is similar to Example 8.1.2. Referring to Fig. 8.1.14, we have for the cases of trun-
cating down, up, and rounding:

[bo, b3, bg, by, b3,bg,... 1=1[1,4,7,1,4,7,... ] (truncate down)
[by,b>,bs,by,bs,bs,... 1= [1,3,6,1,3,6,... ] (truncate up)
[bo,b3,bs, by, b3,bs, ... 1=[1,4,6,1,4,6,... ] (round)
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If we interpolate linearly, we get the sequence:
void main(int argc, char **argv)

Yo=bo=1 {
int i, n, D;
yi=—-by+=by==-3+-4= E = 3.667 double *wl, ql, *w2, g2, *w3, g3, c, A, F;
3 3 3 3 3 FILE *fpl, *fp2, *fp3;
1 2 1 2 20
Y2:§b5+§b6:§6+§ :?:6-667 if (argc != 4) {
fprintf(stderr, "usage: wavgenex A, c, D\n");
so that the period-3 sequence is: fprintf(stderr, "A = wavetable amplitude\n™);
fprintf(stderr, "c = no. of periods in D samples, F=c/D\n");
[1, 3.667, 6.667, 1, 3.667, 6.667, ... ] fprintf(stderr, "D = wavetable size\n");
exit(0);
}

Problem 8.6
A = atof(argv[1]);

This problem is similar to Problem 8.3. Inserting the numerical values for the wavetable contents: ¢ = atof(argv[2]);
D = atoi(argv[3]);
b = [bo,b1,b2,b4,bs,bs,b;1=[1,2,3,4,5,6,7,8]
F=c/D;
we find for the period-5 sequences:

fpl = fopen("yl.dat", "w");
[bo,bs, by, bs,b7,...1=11,3,4,5,7...] (truncate down) fp2 = fopen("y2.dat", "w");
[bo, b1, b3, by, bs,... 1= [1,2,3,5,7,... ] (truncate up) fp3 = fopen("y3.dat", "w");
[bo, b2, bs,bs, bg,... 1=[1,3,4,6,7,... ] (round) 1 = (double *) calloc(D, sizeof(double))
. . wl = (double *) calloc(D, sizeof(double));
[Yo,¥1,¥2,¥3,V4,... 1=[1,2.6,4.2,5.8,7.4,... ] (interpolation) W2 = (double *) calloc(D. sizeof(double)):
where w3 = (double *) calloc(D, sizeof(double));
Yo=bo=1 a1 = 0;
q2 = 0;
2 3 2 3 q3 = 0;
=_bi+_by=_2+_3=26 ’
V1 51T She 5 5
4 ) A . for (i=0; i<D; i++) { /* load wavetables */
Yo=—-b3+ —by=—-4+ -5=4.2 wl[gl] = sine(D, 1); /* might need the cast wl[(int)ql] */
5 5 5 5 w2[g2] = square(D/2, i);
1 4 1 1 w3[qg3] = trapez(D, 3*D/4, 0, 1);
ys=chitobs=:5+-6=58 gdelay2(D-1, 1.0, &q1);
” 5 gdelay2(D-1, 1.0, &q2);
y4:§b5+*h7:§7+*8:7.4 gdelay2(D-1, 1.0, &g3);
5 5 5 5 }

The case d = 6 is similar to Problem 8.4. for (n=0; n<D; n++) {

fprintf(fpl, "%1f\n", wavgen(D, wl, A, F, &ql));

Problem 8.7 fpr1:ntf(fp2, "%1f\n", wavgen(D, w2, A, F, &q2));
fprintf(fp3, "%1f\n", wavgen(D, w3, A, F, &q3));
An example program that exercises the wavetable routines is listed below. It generates three }
wavetables: sinusoidal, square wave, and trapezoidal. }
/* wavgenex.c - circular wavetable example */ Problem 8.8
#include <stdio.h> Partial C code for this problem was given in the text, just before Figs. 8.1.20 and 8.1.21.

#include <stdlib.h>
#include <math.h>

Problem 8.9
void gdelay2();

double wavgen(); The zero patterns and magnitude responses |H (w) | of the four filters are shown in Fig. 8.9. The
double sine(), square(), trapez(); first filter has H (z) = 1 + z~8. Therefore, its zeros are the solutions of:
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fprintf(fpy, "%1f\n", v); /* is not shown
‘ ) fprintf(fpd, "%1f\n", 2*¥d1/D);
N Zp = /I8 eI2TKIS k=0,1,...,7 fprintf(fpa, "%1f\n", al);
}

8

z8 = -1 = e/Te?mk

That is, the 8th roots of unity rotated by 11/8 == 22.5°. The second filter has H(z)=1 — z~8
and thus, its zeros are the 8th roots of unity. Typical output is shown in Fig. P8.6. For the recursive flanger, we have the code fragment:

Double Chorus

w

i T

Fig. P8.5 Comb filters of Problem 8.9.

Fig. P8.6 Double chorusing of sinusoidal signal.

T
\
fIa y AR
X
-3
0 100 200 300 400
time samples n
® [
2n

for (n=0; n<Ntot; n++) {
d =0.50 *D* (1 - cos(2 * pi * Fd * n));

The third and fourth filters can be written as follows, using the finite geometric series: X = cos(2 * pi * F * n);
_ yd = tapi(D, w, p, d);
. 1+z7 .
H(z)=1-z8+z10="—-"— y =a*yd+x; /* yd is y(n-d) */
1+2z8 *p = y;
1— g2 cdelay(D, w, &p);
H(z)=1+z%+7z1= 1=,
-z fprintf(fpx, "%1f\n", x);
The third has roots the 24th roots of unity shifted by 1w/24 = 7.5°, but among them the roots fPI"T:Ntf(fpyy "%1f\n", y);
of the denominator 1 + z~8 must be excluded. This results in 16 zeros. Similarly, the last filter’s fprintf(fpd, "%¥1f\n", d/D);
zeros are the 24th roots of unity with the 8th roots of unity excluded. ¥

Typical output for D = 100 and D = 10 is shown in Fig. P8.7.
Problem 8.10

Typical C code for generating Fig. 8.2.9 and 8.2.11 is given in the text. For the double chorus case, Problem 8.11

we have the code segment:
8 A typical program is as follows:

for (n=0; n<Ntot; n++) {

dl = D * (0.5 + ranl(Dran, ul, &ql, &iseedl)); /% ul is 2-dim */ /* reverb.c - plain, allpass, and Towpass reverb */
d2 = D * (0.5 + ran1(Dran, u2, &q2, &iseed2)); /* mean = D/2 */ ]
al =1 + ranl(Dran, u3, &q3, &iseed3); /* mean = 1 */ #1nc1ude <5td19-h>
a2 =1 + ranl(Dran, u4, &q4, &iseed4); #include <stdlib.h>
X =cos(2 * pi * F * n); /* dinput x(n) */ #include <math.h>
xdl = tapi(D, w, p, dl); /% delay x(n-d1) */
xd2 = tapi(D, w, p, d2); double plain(), allpass(), Towpass(Q);
y = (x+al * xdl + a2 * xd2) / 3; /* output */ . o
*p o= x; void main(int argc, char **argv)
cdelay(D, w, &p); /* update delay */ {
Y P P Y double *wl, *pl;
fprintf(fpx, "%1f\n", x); /* declaration of fpx */ doubTe *w2, *p2;
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Recursive Flanger, D=100

Recursive Flanger, D=10

50 100 150 200 0
time samples n

Fig. P8.7 Recursive flanger.

double *w3, *p3;

double v[2] = {0., 0.};
double a[2] = {1, -0.5};
double b[2] = {0.3, 0.15};

double a0 = 0.75;
double x, yl1, y2, y3, sD;
int D, Ntot, M=1, n;

FILE *fpl, *fp2, *fp3;
fpl = fopen("yl.dat", "w");

w
fp2 = fopen("y2.dat", "w");
fp3 = fopen("y3.dat", "w");

if (argc != 3) {
fprintf(stderr, "usage: reverb D Ntot");

exit(0);

}
D = atoi(argv[1l]);
Ntot = atoi(argv[2]);

wl = (double *) calloc(D+1, sizeof(double));

pl = wl;
w2 = (double *) calloc(D+1l, sizeof(double));
p2 = w2;

w3 = (double *) calloc(D+1, sizeof(double));
p3 = w3;

for (n=0; n<Ntot; n++) {
triangular pulse

if (n<=5)

X=n;
else if (n<=10)

x = 10-n;
else

x=0;
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100 150

time samples n

use D=20, Ntot=100

yl = plain(D, wl, &pl, a0, x);
y2 = allpass(D, w2, &p2, a0, x);
y3 = Towpass(D, w3, &3, M, a, b, v, x);

fprintf(fpl, "%1f\n", yl);
fprintf(fp2, "%1f\n", y2);
fprintf(fp3, "%1f\n", y3);
}

Problem 8.12

A typical program is as follows:

#define
#define
#define
#define
#define
#define

#define
#define
#define
#define
#define
#define

#includ
#includ

e
e

/* reverb.c - Schroeder’s plain/allpass reverb system
D1 29
D2 37
D3 44
D4 50
D5 27
D6 31
al .75
a2 .75
a3 .75
a4 .75
a5 .75
a6 .75
<stdio.h>
<stdTib.h>
<math.h>

#includ

e

double plain(), allpassQ;

void main()

{

double *wl, *pl;
double *w2, *p2;
double *w3, *p3;
double *w4, *p4;
double *w5, *p5;
double *w6, *p6;
double y1, y2, y3, v4, y5, vy, X;
int Ntot=500, n;

FILE *fpy;

fpy = fopen("y.dat”, "w");

wl
pl

w2

(double *) calloc(D1+1, sizeof(double));
wl;

(double *) calloc(D2+1, sizeof(double));
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p2 = w2;

w3 = (double *) calloc(D3+1, sizeof(double));
p3 = w3;
w4 = (double *) calloc(D4+1, sizeof(double));
p4 = w4;
w5 = (double *) calloc(D5+1, sizeof(double));
p5 = w5;
w6 = (double *) calloc(D6+1, sizeof(double));
p6 = w6;
for (n=0; n<Ntot; n++) {
if(n==0) impulse
x = 1;
else
x = 0;

yl = plain(D1,
y2 plain(D2,
y3 = plain(D3,
y4 = plain(D4,

wl, &pl, al, x);
w2, &p2, a2, x);
w3, &p3, a3, x);
w4, &p4, a4, x);

y =yl + 0.9%y2 + 0.8*%y3 + 0.7*%y4;

y5 = allpass(D5, w5, &p5, a5, y);

<
|

= allpass(D6, w6, &p6, a6, y5);

fprintf(fpy, "%1f\n", y);

}

Problem 8.13

The difference equations are:

The corresponding circular version of the sample processing algorithm is

v(n) =y(n-D)-a,vin-1)

u(n) = bgv(n)+b,v(n-1)

y(n) = x(n)+u(n)

for each input x do:
sp = tap(D,w, p,D)
Vo =Sp —d1V1
u = byvy+bivq

Vi =Vo
y=Xx+u
*p=y

cdelay (D, w, &p)
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Problem 8.14

The response to a causal sinusoid will be of the form:

D+1
"y (n) — H(w)e " u(n)+ > Bipfu(n)
i=1

where B; = A;p;/ (p; — e/*), as shown in Problem 6.29. It follows that the response to a delayed
sinusoid will be:

D+1
-y -L)— H(w)e® " Dum-L)+ > Bpftun-L)
i=1

Multiplying both sides by the factor e/“L and subtracting from the undelayed result, we find that
the response to the finite sinusoid:

x(n)= e un)-un-1)]
is
D+1

y(n)=H(w)e" [u(n)-u(n-L)] + > Bipf[u(n)—e/Lpilu(n-L)]

i=1

Problem 8.15

A typical C program that utilizes the routines plain and Towpass is given below:

/* reverbex.c - plain and lowpass reverberation of sinusoid */
*

* run with:

* D=300, L=150, N=300, w=0.2pi, w=pi

*/

#include <stdio.h>
#include <stdlib.h>
#include <math.h>

double plain(), Towpass(Q);

void main(int argc, char **argv)
{

double *wl, *pl;

double *w2, *p2;

double v[2] = {0., 0.};
double a[2] {1, -0.5};
double b[2] = {0.3, 0.15};

double a0 = 0.75;

double w, x, yl, y2, sD;
double pi = 4*atan(1.0);
int D, L, N, M=1, n;

FILE *fpl, *fp2;
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fpl = fopen("ypl.dat", "w"); end
fp2 = fopen("ylp.dat", "w"); end
if (argc !'= 5) { Then, the following MATLAB function calculates the residues B; and computes N samples of the

puts("usage: reverbex D L N w\n\n"
"D = delay period\n"
"L = time to turn off input\n"

output signal y (n):

function [y, p, Al = yon(N, L, w, b, a, D)

"N = total duration of input \n"
. w = n units of pi \n"); % calculate y(n) for a finite-duration sinusoidal input.

exit(0);

} [p, Al = Tprvb(b, a, D);
D = atoi(argv[1l]); 7 = exp(G * w);
L = atoi(argvi2]); H=1/ (- 2AD) * (b(D) + zAC-D*b(2)) / (1 + a@)*zA(-1)));
N = atoi(argv[3]1);
w = atof(argv[4]); in units of pi for i-1:D+l

B(1) = AG) * p( i) - 2);
wl = (double *) calloc(D+1l, sizeof(double)); end b ) () / (p(D) 2)
pl = wl;
w2 = (double *) calloc(D+1, sizeof(double)); for n=0:N-1
p2 = w2; if (n<L),
y(n+l) = H * zAn;
for i=1:D+1,
for (n=9; n<N; n+4) { ) ) y(n+1) = y(n+1) + B(i) * p(i)An;

if (n < L) sinusoid on for L samples end

X = cos(pi*w*n); else
else o y(n+1) = 0;

x=0; for i=1:D+1,

1) = 1 B(i) * i)An * (1 - zAL i)AL);
y1 = plain(D, wl, &1, 20, X); end y(n+l) = y(n+l) + B(i) * p(idAn * ( zAL / p(i)AL)
y2 = lowpass(D, w2, &p2, M, a, b, v, x); end

end

fprintf(fpl, "%.161f\n", yl1);
fprintf(fp2, "%.161f\n", y2);

} Problem 8.16

A typical C program is as follows:

}

The analytical expression for y(n) can be obtained as follows. Using the MATLAB function

Tprevb.m given below, we determine the poles p; and residues A; of the transfer function: /* karplus.c - Karplus-Strong String Algorithm */
¥*
function [p, A] = 1prvb(b, a, D) * run with:
* D=25, Ntot=500, iseed=1234567
% returns poles and residues of lowpass reverberator (delay D) * D=50, Ntot=500, iseed=1234567
% [p, Al = Iprvb(b, a, D) *
% /7':
% b=[b(1), b(2)]
%a=[1, a(2)] #include <stdio.h>
#include <stdlib.h>
c = [a, zeros(1,D-2), -b]; #include <math.h>
p=roots(c); double ran(), lowpassQ);
for i=1:D+1, void main(int argc, char **argv)
AG) =1+ a@) / pGi); {
for j=1:D+1, double *w, *p;
if § o~ i,
AG) = AGD) * p(d) / (PG) - p(3)); double v[2] = {0., 0.};
end double a[2] = {1, 0.0};

164 165



double b[2] = {0.5, 0.5};

double x, y; w(n) =aw((n—D)+x(n)
int D, Ntot, M=1, n; —
Tong iseed; y(n) = cx(n)+bw(n - D)
FILE *fpy;
N
fpy = fopen("y.dat", "w"); .
Y
if (argc 1= 4) { X - "o e W >b » ! -y
fprintf(stderr, "usage: karplus D Ntot iseed"); ‘{
exit(0);
3 %47
a
D = atoi(argv([1]);

Ntot = atoi(argv[2]);

Fig. P8.9 Prototypical delay effect.
iseed = atol(argv[2]);

Th 1 ing algorithm is in its li ircul ffer forms:
W = (double *) calloc(Dsl, sizeof(double)): e sample processing algorithm is in its linear and circular buffer forms

for each input x do:
sp = tap(D,w, p, D)
Yy =cx+bsp

for (n=0; n<=D; n++) initialize

for each input x do:
w[n] = ran(&iseed) - 0.5;

Yy =cx+bwp
Wo = awp + X

P = w; *p =asp +x
lay (D
delay (D, w) cdelay (D, w, &p)

for (n=0; n<Ntot; n++) {

y = Towpass(D, w, &, M, a, b, v, 0.0); x=0

fprintf(fpy, "%.161f\n", y); Problem 8.18

}
} The block diagrams and sample processing algorithms are essentially given in Section 8.2.4. The

The output signals corresponding to D = 25 and D = 50 are shown in Fig. P8.8. Note how C routines are:
the initial random numbers get smoothed at each D-cycle resulting in a decaying quasi-periodic /* plaindel.c - plain reverberating delay */
signal tuned to the frequency f = fs/D.

double tap(Q);

Karplus—Strong, D=25 Karplus—Strong, D=50 void cdelay(Q;
0 o
double plaindel(D, w, p, a, x) usage: y=plaindel(D,w,&p,a,x);
double *w, **p, a, x; p is passed by address
0.25 0.25 .
int D;
{
0.00 0.00] dOUb-le y;
y = tap(D, w, *p, D); D-th tap delay output
-0.25 -0.25 #Fp o= X + a *y; delay input
cdelay(D, w, p); update delay line
~050 30 100 150 200 250 300 350 400 450 500 “0%0 50 100 150 200 250 300 350 400 450 500 return y;
time samples n time samples n }
Fig. P8.8 Karplus-Strong string algorithm outputs. /* lpdel.c - Towpass reverberating delay */

double tap(), canQ);

void cdelay(Q);
Problem 8.17

double 1pdel(D, w, p, M, a, b, v, x)
A block diagram realization is given in Fig. P8.9. The difference equations are the system: double *w, **p, *a, *b, *v, x;
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int D;

{
doubTle y;
y = tap(D, w, *p, D); D-th tap delay output
**p = x + can(M, a, M, b, v, y); delay input
cdelay(D, w, p); update delay line
return y;

}

The routines differ from plain and Towpass in that the filter outputs are taken after the delay
77D instead of before.

Problem 8.19

Typical C code for this problem is:

for (n=0; n<Ntot; n++) {

if (n<L) /* use if (n<1) for impulse response */
X = 1;
else
x = 0;
x1 = plaindel(D1, wl, &pl, a0, x); /* plain */

x2 = plaindel(D2, w2, &p2, a0, x1);

/* x1 = 1pdel(D1, wl, &pl, 1, a, b, vi, x); */ /* Towpass */
/* X2 1pdel1(D2, w2, &p2, 1, a, b, v2, x1); */

y = b0 * x + bl * x1 + b2 * x2; /* output */
fprintf(fpx, "%.161f\n", x);

fprintf(fpy, "%.161f\n", y);

}

where the initializations are:

double x, x1, x2, y, *wl, *w2, *pl, *p2;

double vi[2] = {0., 0.}; /% state of LP filter 1 */
double v2[2] = {0., 0.}; * state of LP filter 2 */
double a[2] = {1, -0.5}; /* G(z) denominator */

double b[2] = {0.3, 0.15}; * G(z) numerator */

double b0=1, b1=0.8, b2=0.6 /* feed-forward coefficients */
double a0 = 0.75; * feedback for plain delay */

wl = (double *) calloc(D1l+1l, sizeof(double)); pl = wl;
w2 (double *) calloc(D2+1, sizeof(double)); p2 w2;

Typical output is as in Fig. P8.10.

Problem 8.20

The sample processing routine is as follows. It can easily be generalized to more than two multi-
tap delay segments:
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Plain Delay Lowpass Delay

0 500 1000 1500 2000 0 500 1000
time samples n time samples n

Fig. P8.10 Multi-delay effects processor outputs.

/* mlttap.c - multi-tap delay line */

double tapQ;
void cdelay(Q);

double mlttap(D1, D2, b, a, w, p, x)

int D1, D2;
double b[3], a[3], *w, **p, X;
{

double s[3], y;

s[1] = tap(D1+D2, w, *p, D1);

s[2] = tap(D1+D2, w, *p, D1+D2);

s[0] = x + a[l] * s[1] + a[2] * s[2];

y = b[0] * x + b[1] * s[1] + b[2] * s[2];
**p = s[0];

cdelay(D1+D2, w, p);

return y;

}
Typical output is shown in Fig. P8.11 and is obtained by the code segment:
for (n=0; n<Ntot; n++) {
if (n < L) /* use L=1 or L=200 */
X = 1;
else
x = 0;
y = mlttap(D1, D2, b, a, w, &p, X); /* p passed by reference
fprintf(fpx, "%.81f\n", x);

fprintf(fpy, "%.81f\n", y);
}

Problem 8.21

From the pole equation, we have:
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Impulse Response Response to a Pulse
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Fig. P8.11 Multi-Tap Delay Line.

PP = g,z v g, =
(P8.1)

|D1+D2 _

D D
|z la1z72 + az| < |a;l|z]7? + |a|

If a pole had |z| > 1, then using the inequality |a;| + |az| < 1, we would have:
[z[P1#P2 > |zP2 > ay||z|P? + |aq] 12172 = |ai]1z|1P2 + |az|

which contradicts Eq. (P8.1). Thus, all poles must have |z| < 1.

Problem 8.22

Working in the z-domain and denoting by W (z) and Wg(z) the inputs to the delays z~% and
z~R the outputs of these delays will be z~LW; (z) and z~®Wp (z). Thus, the I/O equations of
the block diagram will be:

Yi(2) = X1 (2)+z Wi (2)
Wi (z) = 27" GL(2) WL (2) +bL X1 (2) +drz R W (2)
Yr(2) = crXr (2) +2 X Wr(2)
Wr(z) = 2z RGL(2) W (2) +brXr (2) +d1z t W (2)
Solving the first and third for the W's, we get:
Wi(z)=2"(Yi(2) X1 (2)),  Wgr(2)=2z"(Yr(2)—crXRr(2))
Inserting them into the second and fourth, we get the system:
(1-z1G1(2) (Y (z2)—c1 X1 (2)) —drz L (Yr(2) —crXr(2)) = biz 7t X[ (2)
(1 -2z RGr(2)) (Yr(z)—CcrXr(2)) —drz R(Y[(2) —c1 X1 (2)) = brz RXR (2)
Solving for Yy (z), Yg (2) in terms of X (z), Xg (2), we get:
Y1 (z) = Hi (2) X (2) +Hir (2) XR (2)
Yr(2) = Hr(2) X1 (2) +Hgr (2) Xg (2)
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where

1
Hip(z) =c + D) (1-zRGr(z))brzt

1
Hir(z) = D2 drbrz~tz R

1
Hgp(z) = D2 dibyz Rzt

1
Hgr(z) = cg + D) (1-2z1GL(2))brz R

with
D(z)= (1-zRGr(2)) (1 -z7'GL(2)) —drdrztz R
For the special case when the cross couplings are d; # 0 and dg = 0, we have:
D(z)=(1-zRGr(2))(1-271GL(2))

and therefore, the transfer functions simplify to:

B bLZ_L

Hpp(z) =cp + 1-20G,(2)

Hir(z) =0
_ dLbszszR

Hri(2) = (1-2zRGr(2))(1-21Gr(2))
_ szfR

Hgp(z) =cg + 12 RGg(z)

The corresponding I/0 system is then:
Y1(z) = Hi1 (2) X1 (2)
Yr(z) = Hrr (2) X1 (2) +HRr (2) Xr (2)

which means that the left channel responds only to the left input (it does not receive any cross-
feedback from the right channel), but the right channel responds to both the right input and the
cross feedback from the left output. If both cross-feedbacks are zero, d; = dg = 0, then the left
and right channels decouple completely, responding independently to their respective inputs. For
the case Gy (z)= ar, Gr(z)= ag, the sample processing algorithm is straightforward. Denote
the left and right delay-line buffers by

wr = [Wro, Wr1,...,Wir]= (L+1)-dimensional
Wr = [Wro, WR1, .., Wrr]= (R+1)-dimensional

Let pr and pr be the circular pointers circulating over them, and let the corresponding delay
outputs be s; and sg. Then, the computational sample processing algorithm will be:
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Left Output Right Output

1 1
for each input pair {x;,xg} do: . e outat
s. = tap(L,wg,pr,L) voop g e left input voop e left input
sr = tap (R, wg, pr,R) : :
075 0.750
YL = CLXL + St ; 1
YR = CRXR + SR 0.50 3 0.50 3
xpr = brxp + arsy + drSg i 1
*PR ZbRXR + ARrSR +dLSL 0251‘ 0.253
cdelay (L, wi,&pr) | ” | ” H
cdelay (R, wg, &pR) ool 00 olnaf0.llna vonl 0 all oMonlln
’ ’ o 30 80 20 120 150 180 210 240 270 300 o 30 60 90 120 150 180 210 240 270 300

time samples n time samples n

Problem 8.23

The sample processing algorithm is implemented by the C code segment:

Fig. P8.12 Stereo delays, with d; = dg = 0.3.

. Left Output Right Output
int L = 30, R = 70;

double *wL, *wR, *pL, *pR;

left output right output
oo n |- left input B left input

wL = (double *) calloc(L+1l, sizeof(double)); pL = wL;
wR = (double *) calloc(R+1l, sizeof(double)); pR = wR;

for (n=0; n<Ntot; n++) {

if (n < P) 0.50] 0.503

xL = 1; 3
else 0.25 : 0.25 i H

xL = 0; ! ” | H H

wool: l oo . wool: UL ol anllann
0 30 60 90 120 150 180 210 240 270 300 0 30 60 90 120 150 180 210 240 270 300

sL = tap(L, wlL, p|_’ L); time samples n time samples n
sR = tap(R, wR, pR, R);

yL cL * xL + sL;

YR = cR * xR + sR; /* use xR = 0 */

*pL = bL * xL + aL * sL + dR * sR;

*pR = bR * xR + aR * sR + dL * sL;

cdelay(L, wL, &pL); }
cdelay(R, wR, &pR);

Fig. P8.13 Stereo delays, with d; = 0.3, dg = 0.

for (n=0; n<N; n++) { /* use N = 600 */
fprintf(fpl, "%.161F\n", yL); if (n < N/3) /* generate input */
fprintf(fp2, "%.161F\n", yR); x = Al * cos(w0 * n); /* use w0 = 0.15 * pi */
} else if (n < 2*N/3)
x = A2 * cos(wO0 * n);
Figures P8.12 and P8.13 show typical outputs. The left output does not start until n = L, there- else
. ¥ ¥* .
fore, the first right output will begin at n = L + R. That output will be fed back into the left and x = A3 ¥ cos(w0 * n);
will come out at n = 2L + R. Similarly, the second left pulse at n = 2L will appear on the right Coa*cl+ (1-a) * fabs(x); * control signal */
atn = 2L + R, and so on. cl=c; /% update delay */
Problem 8.24 g = f(rho, c/c0); /* gain function */
The sample processing algorithm is implemented by the C code segment: i d>D . . .
G = fir(L-1, h, v, 9); /* gain smoothing */
if (L>1) { /* L-point smoother */ else . o
h = (double *) calloc(L, sizeof(double)); C=9 /* no smoothing */
v = (double *) calloc(L, sizeof(double)); . )
for (n=0; n<L; n++) y =G * x; /* compressor output */

h[n] = 1.0 / L;
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fprintf(fpx, "%.161f\n", x); /* save input */

fprintf(fpy, "%.161f\n", y); /* save output */
fprintf(fpc, "%.161f\n", c); /* save control */
fprintf(fpg, "%.161f\n", G); /* save gain */

}

where the compressor function is defined by f (x) = x*~!, for x > 1:

/* compressor function with 1l:rho compressor ratio */
#include <math.h>

double f(rho, x)
double rho, x;

{
if (x >= 1)
return pow(x, rho-1);
else
return 1;
}

The compressing action takes place only above the threshold. For an expander, the gain function
is defined as follows, where now p > 1, but it takes effect only below the threshold:

/* expander gain function with 1l:rho expander ratio */
#include <math.h>

double f(rho, x)
double rho, x;

{
if (x <= 1)
return pow(x, rho-1);
else
return 1;
}

Problem 8.25

Increasing the threshold to ¢, will cause both A; and A3 to be attenuated. However, A3 because
it is further from ¢, than in the case of Fig. 8.2.38, it will be attenuated more. Fig. P8.14 shows
the results.

The noise gate with threshold ¢y = 1.5, will suppress both A; and Aj, but A3 by much more, for
the same reasons explained above. Fig. P8.15 shows the results.

Problem 8.26

Assuming the causal sequence {x(0),x(1),...} is zero-mean white, then the terms in the convo-
lutional sum will be mutually uncorrelated and zero-mean:

y(n)=hox(n)+hx(n—-1)+---+h(n)x(0)

Thus, the output will have zero mean and its variance will be the sum of the variances of the
successive terms:

03 =E[y(n)®]1= hjoi + hjo; +---hijoi=0; > h

2
m

B~
1M
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Fig. P8.14 Expander output and gain with increased threshold.
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Fig. P8.15 Noise gate output and gain with increased threshold.

Problem 8.27

Assuming a partial fraction expansion of the form:

M

H(z)=>

i=1

_ A
1-piz-!
we have for the impulse response:

M
hn = > Aiplu(n)

i=1

It follows that we have the bound:

M M M
[nl = 12 A < D 1AlIPI™ < D 1Ail Pmax]™ = ClPmax!"
i=1

i=1 i=1

where C = Z?ﬁl |A;| and we used the inequality |p;| < |Pmax|- The NRR inequality follows now
by squaring and summing the above inequality for |h,| and applying the geometric series on the
right-hand side.
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Problem 8.28

For ideal filter shapes, the NRR is computed most conveniently using its frequency response
definition:
(o m dw
NRR = =% :J |H(w) > ==
O ™ 27T

v

For a bandpass filter, H () is non-zero only over the interval w, < |w| < wjp, where it is unity.
Thus,

2

NRR = 2

o3

_ J’“’“ dw @b dw  wp—wg
—wp 21 wa 21 T

Problem 8.29
The following program is an implementation:
/* smoothl.c - 1lst-order exponential smoother */

#include <stdio.h>
#include <math.h>

void main(int argc, char **argv)
{
double a, x, y, wl = 0;

if (argc '= 2) {
fprintf(stderr, "usage: smoothl a <x.dat >y.dat\n");
exit(0);
}

a = atof(argv[1]);
fprintf(stderr, "%1f\n", a);

while(scanf("%1f", &) != EOF) {
y=a*wl+ (1-a) * x;
wl =y;
printf("%1f\n", y);
}

Problem 8.30

The mean of x(n) is my = s = 5. The mean of y(n) is the same because it is preserved through
the filter. Indeed, taking means of both sides of

y(m)=ay(n-1)+(1-a)x(n)
gives
my = amy + (1 —a)my = my = my
The mean-square values may be determine recursively as follows: If we define
2

S

n-1
Z (xx — my)?
k=0

S
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then we have the recursion:

2

2 2 2
Sh+1 =Sp t ((Xn - My) _Sn)

n+1

initialized with S(Z) = 0. The following program will calculate the input and output signals and
the experimental mean-square values. Any discrepancies are due to the filter transients and they
disappear with increasing L:

* smoothex.c - filtering with 1lst order smoother */

#include <stdio.h>
#include <math.h>

double gran(Q);

void main(int argc, char **argv)

{

int n, L;

Tong 1iseed;

double s=5, x, y, wl, a, m=0, sigma=1;

double sx2=0, sy2=0;

FILE *fpx, *fpy;

if (argc '= 4) {
puts("\nUsage: smoothex a iseed L");
exit(0);
}

a = atof(argv[1l]);

iseed = atol(argv[2]);

L = atoi(argv[3]1);

fpx = fopen("ttx", "w");

fpy = fopen("tty", "w");

for (wl=0, n=0; n<L; n++) {
X = s + gran(m, sigma, &iseed);
y=(@-2a) *x+a*wl;
wl =y;
fprintf(fpx, "%1f\n", x);
fprintf(fpy, "%1f\n", y);
sx2 += ((x-s)*(x-s) - sx2) / (n+l);
sy2 += ((y-s)*(y-s) - sy2) / (n+1);
}

printf("theoretical 1/NRR = %1f\n", (1+a)/(1-a));

printf("experimental 1/NRR = %1f\n", sx2/sy2);

}

Problem 8.31

The requirement that the high-frequency signal s(—1)" go through unchanged is that the filter
have unity gain at w = 1T or z = —1. This requires the value for the constant b:
b b

— = =1 = b=1+a
l—-azll,-—.1 1+a
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Thus the filter transfer function and impulse response will be:

1+a
H(z)= ————
(z) I —az 1’

h(n)= (1 +a)a"u(n)
The NRR is:

1 1+a
1-a2 1-a

NRR = > h(n)?= (1+a)?
n=0

Thus, the NRR is magnified if 0 < a < 1. This can be understood in the frequency domain by the
Fig. P8.16.

output noise spectrum

/

input noise spectrum

0 b
Fig. P8.16 Lowpass filter for extracting high-frequency signal.

The magnitude response is normalized to unity at high frequencies, and therefore it must be
larger at low frequencies because it is a lowpass filter. Indeed, its values at DC and AC are:

2
HOP = (159) e -1

Problem 8.32
For an FIR filter of length N, its frequency response will be:

N-1 )
H(w)= Y hpe "
n=0

The condition that the gain is unity at AC is:

N-1

H(m)= > hy(-1)"=1

n=0

where we used the fact /™ = (—1)". Thus, the NRR must be minimized subject to this AC
condition:

N-1 N-1
NRR= Y h%=min, subjectto > h,(-1)"=1
n=0 n=0

This can be solved by Lagrange multipliers or more simply by defining the quantities g, =
hy, (—1)". Because g2 = h?, the problem reduces to the following minimization problem:
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N-1 N-1
NRR= > g4 =min, subjectto > gn=1
n=0 n=0
whose solution was found in Example 8.3.4 tobe g, = 1/N,n = 0,1, ..., N—1. Thus, the solution

of the highpass problem will be:

n=(=1)"gy = Jiv(—l)", n=0,1,....,.N-1

The Lagrange multiplier method is as follows. Introducing a Lagrange multiplier, say A, that
enforces the constraint, we modify the NRR to be minimized into the effective performance index:

N-1 N-1
T=> h2+2A(1 - > ha(-1)")
n=0 n=0

The minimization condition with respect to the unknowns h,, are:

oJ
ohn

=2h, —2A(-1)"= 0, n=01,...,N—-1
This gives h,, = A(—1)", and the AC constraint then fixes A to be:

N-1 N-1 1
S hy(-D)"=A2 > (-D¥=AN=1 = A=
n=0 n=0 N

Problem 8.33

Expand the transfer function into partial fractions:

G _ A . A*
—pz~1) (1 —p*z1) - 1-pz-! 1-p*z1

H(z)= a
where

G Gp _ JjGel®o

:l—p*/p:p—p* 2 sin Wy
The corresponding impulse response and NRR will be then

hy, = Ap" + a*p*", nx=0

NRR = D" h% = > (A?p*" + A*p*2" + 2AA*|p|*")
n=0 n=0

which sums up to

/42 j4*2 Zlf;V

NRR = + =+ ,
1-p? 1-p* 1-|p?

Inserting p = Re/®0, and A as given above, and replacing G2 by its normalized value G2 =
(1-R)? (1-2Rcos(2wyg) +RZ) gives the desired expression for NRR after some tedious algebra.
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Problem 8.34
For the first filter, we find the transfer function:

0.0730(1 — z72)
1-1.7633z71 +0.8541z72
Its pole radius is R = ,/a; = /0.8541 = 0.9242, which gives the 5% time constant:

_In(0.05)
Neft = R 38

Its NRR can be computed by carrying out a partial fraction expansion of the form:

H(z)=

A A*
+
1-pz! 1-p*z1

H(z)=B +
which gives the impulse response:

hy = B6,, + Ap"uy, + A*p*'u,

from which we can calculate the NRR:

NRR = > h2 =B2+ > (Ap" + A*p*n)?

n=0 n=1

[Me

= B? + (AZpZn JrA=¢<2p>|<2n Jr2|A‘2‘p|2n)

n

1

_B2+ AZpZ +A*2p*2 N 2|A|2|p|2
- 1 - p2 1 — p*2 1-|p2
p p p

The parameters B and A are:

G G -p?)

Cpl? T p2-Ipl?

The numerical value of NRR is NRR = 1/13.4. For the second filter, we start with ne¢ from which

we may solve for

R = (0.05)Y/mif= 0.9901
where R is related to the 3-dB width by:
1-tan(Aw/2)

1+ tan(Aw/2)
which gives Aw = 0.006477. Then, the design equations give:

R’=a,=2b-1=

0.0099(1 — z72)
1—1.8833z"1 +0.9802z2
and NRR = 1/101.1. The required graphs are shown in Figs. P8.17 and P8.18.

H(z)=

Problem 8.35

For Q = 6, the transfer function is designed using Eqgs. (8.2.22) and (8.2.23):

1-1.85955z71 + 272
—1.80289z-1 + 0.9390622

Its 1% time constant is ne; = 146. For Q = 60, the filter is identical to that of Example 8.3.8.
Figures P8.19-P8.21 show the input signal, filter responses, and output signals.

H(z)=0.96953 1
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Fig. P8.17 Magnitude responses and noisy input of Problem 8.34.
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Fig. P8.18 Filter outputs of Problem 8.34.

Signal + 60 Hz Noise
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Fig. P8.19 Noisy input and desired signal of Problem 8.35.

Problem 8.36

The designed filter has the form:
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Notch Filter, Q=6 Notch Filter, =60

1. 1
1.00| 1.00
RE _ o
s S
= =
0.50 0.50
D.25 0.25
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f (Hz) f (Hz)
Fig. P8.20 Magnitude responses, for Q = 6 and Q = 60. Problem 8.35.
Filter Output, @=6 Filter Output, =60
1 1
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> >
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0 500 1000 1500 0 500 1000 1500
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Fig. P8.21 Filter outputs, for Q = 6 and Q = 60. Problem 8.35.

1—zD
H(z)=b———
(2) 1—azP
The time constant is computed as:
Ine
Nepf = D——
eff Ina

where € = 0.01 for the 1% time constant. The filter parameters are in the four cases:

Q | a | b | R

80 | 0.961481 | 0.980741 1172.4
200 | 0.984414 | 0.992207 2931.6
400 | 0.992177 | 0.996088 5863.7
800 | 0.996081 | 0.998040 | 11727.8

The relevant graphs are shown in Figs. P8.22-P8.26.
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Fig. P8.22 Desired signal and noisy input. Problem 8.36.

y(n), 9=80

0 300 600 900 1200 1500 1800
time samples n

Fig. P8.23 Filtered output y (n) when Q = 80. Problem 8.36.

Filtered s(n), Q=80 Filtered s(n), §=200

2 2
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_1 -1
2 -2
0 300 600 900 1200 1500 1800 0 300 800 900 1200 1500 1800
time samples n time samples n

Fig. P8.24 Filtered s(n) for Q = 80 and Q = 200. Problem 8.36.
Problem 8.37

The following MATLAB m-file designs the 60 Hz notch filter, generates the noisy ECG and filters
it, and computes the filter’'s magnitude response:
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Filtered s(n), Q=400 Filtered s(n), Q=800

2 2
1 1
0 0
1 -1
_2| -2
0 300 800 900 1200 1500 1800 0 300 600 900 1200 1500 1800
time samples n time samples n

Fig. P8.25 Filtered s(n) for Q = 400 and Q = 800. Problem 8.36.

Notch Filter, =80 Notch Filter, =800
1 1
10— v v v v v 1
_ 075 _ 07
s S
= =
0.50 0.50
0.25] 0.25]
[ 0
0 60 120 180 240 300 360 420 480 540 600 0 60 120 180 240 300 380 420 480 540 600
f (Hz) Hz

Fig. P8.26 Magnitude responses for Q = 80 and Q = 800. Problem 8.36.

% ecgexl.m - simulated ECG + 60Hz noise example

%

% assume 2 beats/sec => 0.5 sec/beat => 500 samples/beat => 1000 samples/sec
% £0=60; Q=60; df=f0/Q;

%

% compute notch filter coefficients

% generate length-500 ecg by calling x0=ecg(500); normalize it to 1.

% replicate three beats x=[x0,x0,x0] and smooth them with x=sgfilt(0, 5, x);
% add 80 percent 60-Hz noise

% and filter it yv=filter(B,A,xv)

% finally, compute filter’'s magnitude response.

f0 = 60/1000; Q = 60; df = 0/Q;
wo = 2 * pi * fO; dw = 2 * pi * df;

b =1/ (1+tan(dw/2));
B =b * [1, -2*cos(w0), 1];
A = [1, B(2), 2*b-1];

x0 = ecg(500);
x = [x0, x0, x0];
x = sgfilt(0, 5, x); m = max(x); x = x/m;
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n = 0:1499;

xv = x + 0.5 cos(w0 * n);
yv = filter(B, A, xv);

w
h

(0:499)*pi/500; z = exp(-i*w);
abs((B(1) + B(2)*z + B(3)*z.A2) ./ (1 + A(2)*z + A(3)*z.A2));

Problem 8.38

The following MATLAB m-file designs the 60 Hz comb filter, generates the noisy ECG and filters
it, and computes the filter’'s magnitude response:

% ecgex2.m - simulated ECG + 60Hz square-wave noise example
%

% assume 1 beats/sec => 1 sec/beat => 600 samples/beat => 600 samples/sec

%

% compute notch filter coefficients

% generate length-600 ecg by calling x0O=ecg(600); normalize it to 1.

% replicate three beats x=[x0,x0,x0] and smooth them with x=sgfilt(0, 9, x);

% add shifted square wave

% and filter it yv=filter(B,A,xv)

% finally, compute filter's magnitude response.

fs = 600; f0 = 60; df = 0.75;

wo =2 * pi* fo / fs;
dw = 2 * pi * df / fs;

beta = tan(dw * 10 / 4); % D=10 here
a = (1 - beta) / (1 + beta);
b =@+ a) /2

B=>b*T[1
[

000000000 -17; 9% numerator
A=[1000000000 -al;

-al; % denominator

x0 = ecg(600);
x = [x0, x0];
x = sgfilt(0, 9, x); m = max(x); x = x/m;

n = 0:1199;

v0=[11111-1-1-1-1-17; v = Vv0; % one noise period

for k=1:119, % 120 noise periods
v = [v, vOI;

end

vV =2+V; % noise baseline shift

Xv = x + 0.5 * v; % noisy ECG

yv = filter(B, A, xv);

w = (0:500)*pi/500; z = exp(-i*w);

h =abs(b * (1 - z.A10) ./ (1 - a * z.A10));
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Problem 8.39

Using partial fractions, we expand

-D
H(Z):b1+zf =A+ Bﬁ = (A+B)+Baz® +Bz?z7%P + ...
1-—azP 1-—azP
where
A=-P B:b(1+l), A+B=b
a a

Thus, the impulse response is
h=[b,0,0,...,0,Bq,0,0,...,0,Ba%0,0,...,0,Ba’,... ]
with the nonzero entries separated by D — 1 zeros. The sum of the squares is

aZ
1-—a?

NRR = Y h% =b*+B* > a*™ =b?+ B
n=0 m=1

_bPA-a)+b*a*(1+a?)  2h(Q+a) 2(1-a)*(1+a)

- - T 4l-a)Q+a)

1-a? 1 - a?
1—-a
2

In the filter design parameter = tan(AwD/4), the tangent has argument:

AwD Aw 21 _ mAw ™

4 4 w201 2Q

where we used w; = 21w/D, or D = 211/ ;.

Problem 8.40

The following program designs the comb filter, constructs 40 periods of length-50 of the noisy
triangular waveform, and filters them using the circular buffer implementation of the canonical
realization of the filter:

/* combex.c - IIR comb filter with noisy periodic input */

#include <stdio.h>
#include <stdlib.h>
#include <math.h>

double gran(), tapQ;
void cdelay(), triangQ;

void main(int argc, char **argv)
{
int n, i, N, D;
long iseed;
double a, b, pi=4*atan(1.0), dw = 0.0008 * pi;
double *s, *w, *p;
double x, y, sD;
FILE *fpy, *fps, *fpx;

if (argc !'= 4) {
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pu
ex

}

iseed

foy =
fps =
fpx =

a (
b =(

s =(d
triang

(d
p=w

for (i
fo

/% triang.

void trian
int D;
double *s;

{
int i;
double

for (i
s[i

for (i
s[i

for (i
s[i

ts("\nUsage: combex D N iseed");

it(0);

= atoi(argv[1]); period

= atoi(argv[2]); number of periods
= atol(argv[3]); initial seed

"

fopen("y.dat", "w"); filter output
fopen("s.dat", "w"); noise-free input
fopen("x.dat", "w"); noisy input

1 - tan(D*dw/4)) / (1 + tan(D*dw/4));
1-a /2

ouble *) calloc(D, sizeof(double));
D, s); one period of triangular wave

ouble *) calloc(D+1, sizeof(double));

=0; i<N; i++)

r (n=0; n<D; n++) {
X = s[n] + 0.5 * gran(0., 1., &iseed);
sD = tap(D, w, p, D);

*p=>b* x + a* sD;

y = (*p) + sD;

cdelay(D, w, &p);
fprintf(fps, "%1f\n", s[nl);
fprintf(fpx, "%1f\n", x);
fprintf(fpy, "%1f\n", y);

generate N periods

c - triangular wave */

g, s)

D4 = D/4.0;

= 0; i<D4; i++)

1 =1/ D4;
=D4; i<3*D4; i++)

1 =1+ (D4 - 1) / D4;

=3*D4; i<D; i++)
1=-1+ (i - 3*D4) / D4;
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Problem 8.41

The complementarity properties may be verified for each pair. For example, for filter 2, we have
half-order M = 8/2 = 4. Thus, we must verify:

1 1
Hip(z)+Hpgp(z)= Tﬁ (1+ Z—2)2(71 +6272— 274)+E 1- Z’Z)4= 74
which follows by expanding out the terms. Fig. P8.27 shows the frequency responses in the four
cases. The frequency scale is in MHz and extends only up to about 4.5 MHz. For reference, the
Nyquist frequency here is fs/2 = 2fsc = 7.159 MHz, so that the subcarrier frequency shown in
the figure is only one-quarter of the Nyquist interval.

void main(int argc, char **argv)

{
double x, *w, *p;
int D, N, 1, k;

if (argc !'= 3) {

fprintf(stderr, "usage: sigav D N

<

x.dat > y.dat\n");

fprintf(stderr, "x.dat must contain N periods of length D\n");

exit(0);
}

o
]

atoi(argv[1l]);
N = atoi(argv[2]);

p = w;

for (k=0; k<N; k++)

IHLp(f)! 1Hpp(f)!
1 1
filter 1 filter 1
LOO==== e filter 2 100 |- filter 2 S
— — filter 3 —— filter 3 7 BN
filter 4 - filter 4 7 AN
AN
0.75] 0.75] \
0.50] 0.50]
3 W /]
0.25 \ fsc=3.58 MHz |/ 0.25 fsc=3.58 MHz
X N 2
N /7
. LN P .
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 0.0 3.0 3.5 4.0 4.5
7 (MHz

Fig. P8.27 Lowpass/bandpass and highpass/bandstop responses. Problem 8.41.

Problem 8.42

See Table P8.1. Note that the circular pointer p points to the buffer entry w[q], whereas the D-th
tap output is the content of w[gp]. At each time instant, the content of w[g] is updated by
w[qgl= wlgp]+x, where the scaling by N is done afterwards. Table P8.1 shows the results. The
advantage of the circular implementation is that only one entry of w, namely, w[q], is changed
at each time instant. This is efficient in hardware implementations and for large values of D.

Problem 8.43

The following is a complete C program for performing signal averaging. The inputs to the program
are the period D and the number N of periods to be averaged. The input data are taken from
stdin and the averaged period is output to the stdout:

/* sigav.c - signal averaging */

#include <stdio.h>
#include <stdlib.h>

void cdelay(Q);
double tapQ;
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for (i=0; i<D; i++)
if (scanf("%1f", &x)

*p = tap(D, w, p, D) + x / N;

cdelay(D, w, &p);

= EOF) {

}

else {

fprintf(stderr, "Input must have %d periods of Tength %d\n", N, D);

exit(0);
}

for (i=0; i<D; i++)

printf("%.121f\n", tap(D, w, p, D-1));

(double *) calloc(D+1, sizeof(double));

/* keep reading input samples */

n X dap q Wwo w1 w> w3 Y =wg/4
0 So 3 0 So 0 0 0 80/4
1 S 2 3 So 0 0 S S1 /4
2 S 1 2 So 0 82 S1 So/4
3 ) 0 1 S0 28o S S1 280/4
4 S1 3 0 281 280 S2 S1 251/4
5 S» 2 3 281 280 82 28> 282/4
6 So 1 2 281 280 380 287 380/4
7 S1 0 1 281 381 350 282 3s1/4
8 | s 3 0| 3s2 351 3s0 2% 3s2/4
9 So 2 3 3s2 381 3so 4o So
10 S1 1 2 38, 381 458, 4580 S1
11 S» 0 1 387 4s, 48, 480 S»
12 - - - —  4s, 4s; 48 -

Table P8.1 Signal averager with circular delay for D = 3, N = 4.
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Problem 8.44

The following program generates N periods of length D of the noisy signal, and averages these
periods using the circular buffer form of the averager. After processing the ND input samples,
it writes out the contents of the delay line in reverse order, so that the files y.dat and s. dat will

contain the averaged periods and the noise-free period:
/* sigavex.c - signal averaging example */

#include <stdio.h>
#include <stdlib.h>
#include <math.h>

double gran(), tapQ;
void cdelay(Q);

void main(int argc, char **argv)
{

int n, i, N, D;

long iseed;

double *s, x, *w, *p;

double sD;

FILE *fpx, *fpy, *fps;

if (argc != 4) {
puts("\nUsage: sigavex D N iseed");

exit(0);
}
D = atoi(argv([l]); period
N = atoi(argv[2]);
iseed = atol(argv[3]); noise seed

fpx = fopen("x.dat", "w");
fpy = fopen("y.dat”, "w");
fps = fopen("s.dat", "w")

s = (double *) calloc(D, sizeof(double));

for (i=0; i<D; i++)

if (i < D/2)
s[i]l = 1;
else
s[i] = -1;

w = (double *) calloc(D+1, sizeof(double));
p=w;

for (i=0; i<N; i++)
for (n=0; n<D; n++) {
x = s[n] + gran(0., 1., &iseed);
sD = tap(D, w, p, D);
*p = sD + x;
cdelay(D, w, &p);
fprintf(fpx, "%.121f\n", x);
}

for (n=0; n<D; n++) {

190

number of periods

accumulate N periods
each of length D
noisy input

D-th tap of averager
accumulate X

update delay line
save input sample

write averaged period

fprintf(fps, "%1f\n", s[nl);
fprintf(fpy, "%.121f\n", tap(D, w, p, D-n)/N);
}

Problem 8.45

The following MATLAB function generates the noisy ECG and smoothes it once and twice by

Savitzky-Golay filter of length N and smoothing order d:
% sgecgex.m - SG filtering of noisy ECG
L=500;
x0 = ecg(L)’;

x = sgfilt(0, 15, x0);

mx = max(x);
X = X/mx;

% generate ECG

% unity max

rand(’normal’); rand(’seed’, 10033);
v = 0.3 * rand(L, 1);

% generate noise

XV = X + V; % generate noisy ECG
N=11; d=2;

yl = sgfilt(d, N, xv);
y2 = sgfilt(d, N, y2);

% first pass through SG
% second pass

The filtering twice through the SG filter improves the smoothing operation but introduces longer
transients in the filters. The following figures should be compared with the single-pass cases of

Figs. 8.3.33 and 8.3.34.

d=0, N=11, second pass d=0, N=41, second pass

smoothed
- noise—free

smoothed
-+ noise—free

0 100 200 300 400 500 o 100 200 300 400 500
time samples n time samples n

Fig. P8.28 Double SG filtering; N = 11,41 and d = 0.
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d=2, N=11, second pass d=2, N=41, second pass

smoothed smoothed
- noise—free . - noise—free

o 100 200 300 400 500 ) 100 200 300 400 500
time samples n time samples n

Fig. P8.29 Double SG filtering; N = 11,41 and d = 2.

d=4, N=11, second pass d=4, N=41, second pass

smoothed smoothed

- noise—free - noise—free

o 100 200 300 400 500 o 100 200 300 400 500
time samples n time samples n

Fig. P8.30 Double SG filtering; N = 11,41 and d = 4.
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Chapter 9 Problems

Problem 9.1

Use the formula Tg = LT = L/f; to solve for L = f;Tg, or in words

‘ no. of samples = (no. of samples per second) x (no. of seconds) ‘

Thus, L = 8 kHz X128 msec = 1024 samples. The frequency spacingis Af = fs/N = 8000/256 =
31.25 Hz. If the DFT is done directly, we would require L - N = 1024 - 256 = 262144 mul-
tiplications. If the signal is reduced mod-256, then the number of multiplications would be
N - N =256 - 256 = 65536. And if the FFT is used, Nlog, N/2 = 256 - 8/2 = 1024.

The cost of performing the mod-256 reduction is N(M — 1)= 256 - 3 = 768 additions, where
M = L/N = 1024/256 = 4 is the number of segments. This cost may be added to the costs of
FFT or reduced DFT.

Problem 9.2

The sinusoidal signal is something like x (t) = cos (27tft), where f = 10 kHz. Its spectrum will
have peaks at =f. Is there a DFT index k such that the kth DFT frequency fj equals +f?

if:szﬁk => k:tNFS:i64%:i8

Thus, we expect to see a peak at k = 8 and another one at k = —8. Because the DFT X (k) is
periodic in k with period N and because we always list the indices in the positive range k =
0,1,- -+ ,N — 1, we shift the negative index by one period N to get the positive index:

-k—-N-k=64-8=56

Thus, the second peak will be at k = 56.

Problem 9.3

The number of samples in one period is given by:

fs 40
D =~ = — = 8 samples
[ P
Therefore, if k periods are collected , the total signal length will be
N =kD = kl%

which gives for k = 16, N = 16 - 8 = 128 samples. If we perform an N-point DFT, then because
of the choice of N, the k-th DFT frequency will coincide with f, that is,

fo=kl = f

Thus, we expect to see a peak at the kth DFT bin. We will also get a peak at the negative index
—k, which translates mod-N to N — k. In summary, we expect to see peaks at the DFT indices:

k=16 and N-k=128-16=112
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Problem 9.4

The expected DFT index will be at

f 18
k=N_-=16-— =36
fi 8

Because k is greater than N — 1 = 15, it may be reduced mod-N down to:
k=36-2x16=4

It corresponds to the DFT frequency fx = kfs/N = 4 - 8/16 = 2 kHz. This is frequency within
the Nyquist interval that is aliased with f = 18 kHz; indeed, we have

faias = f mod fs = 18mod 8 = 18 — 2 X 8 = 2 kHz

The —2 kHz or —18 kHz component will be represented by the DFT index N —k = 16 —4 = 12.

Problem 9.5

To be able to resolve a peak, the width of the main lobe of the data window must be equal or
smaller than the width of the peak. This gives the condition

fs fs
= <A L>-—
L= 2 Af
or, in our case, L > 8000/20 = 400 samples. The duration of these 400 samples will be
L 1 1
TR=LT>=—-=-—=-—=50
R £ T af T 20 msec

To avoid wrap-around errors in the inverse FFT, the FFT length must be at least L, i.e.,, N > L =
400. The next power of two is N = 512. We must pad 112 zeros to the end of the length-400
signal before the FFT is taken.

Problem 9.6

The following MATLAB function generates the time data and computes the required DTFTs with
the help of the function dtft.m, included below, which replaces the C functions dtft.c and
dtftr.c:

% dtftexp.m - rectangular/hamming windowed sinsuoids

L = 200; N = 200;

w0 = 0.1%pi;

w = (0:N-1) * 0.2 * pi / N; % frequency range
n=0:(L-1);

wh = 0.54 - 0.46 * cos(2*pi*n/(L-1)); % Hamming window

xrec = cos(w0 * n);
xham = wh .* xrec; % windowed data
Xrec = abs(dtft(xrec, w));
Xham = abs(dtft(xham, w));

% DTFT of rectangular data
% DTFT of Hamming data

save xrec.dat xrec /ascii;
save xham.dat xham /ascii;
save frec.dat Xrec /ascii;
save fham.dat Xham /ascii;
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where

% dtft.m - DTFT of a signal at a frequency vector w
%

% X = dtft(x, w);

%

% x = row vector of time samples

% w =row vector of frequencies in rads/sample

% X = row vector of DTFT values

%

% based on and replaces both dtft.c and dtftr.c

function X = dtft(x, w)
[L1, L] = size(x);

z = exp(-j*w);

X = 0;
for n = L-1:-1:0,

X = x(n+l) + z .* X;
end

Problem 9.7

The following MATLAB function generates the time data and computes the required DTFTs:

% sinexp.m - 3 sinusoids of length L=10

L=10; N=256;
fl=0.2; f2 =0.25; f3 =0.3;
n=0:(L-1);

X = cos(2*pi*fl*n) + cos(2*pi*f2*n) + cos(2*pi*f3*n);
w = 0.54 - 0.46 * cos(2*pi*n/(L-1));
xham = w.*x;

X = abs(fft(x,N));
Xham = abs(fft(xham,N));

For the other cases, use L = 10,40, 100.

Problem 9.8

The following C program generates the length-L time signal and computes its N-point DFT, with
L = 10,20,100 and N = 256. Instead of the DFT routine dft.c, one could use fft.c. The
32-point DFT is extracted by keeping one out of every 256/32 = 8 points of the 256-point DFT.

/* dtftex.c - physical vs. computational resolution example */
#include <stdio.h>
#include <cmplx.h>

#include <stdlib.h>

void dtftr(Q;
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main()

{
int L, N, n, k;
double *x, pi = 4 * atan(1.0);
double f1 = 0.20, f2 = 0.25, f3 = 0.30;
complex *X;
FILE *fpdtft;
fpdtft= fopen("dtft.dat", "w"); DTFT file
printf("enter L, N: ");
scanf("%d %d", &L, &N);
x = (double *) calloc(L, sizeof(double));
X = (complex *) calloc(N, sizeof(complex));
for (n=0; n<L; n++)

x[n] = cosR*pi*fl*n) + cos(2*pi*f2*n) + cos(R*pi*f3*n);
dft(L, x, N, X); N-point DFT
for (k=0; k<N; k++)

fprintf(fpdtft, "%1f\n", cabs(X[k]));

}

Problem 9.9

See Example 9.2.1.

Problem 9.10
Using the relationship k = Nf/fs, we calculate the group-A and group-B DFT indices:
group A ka = 22.3, 24.6, 27.3, 30.1
group B kg = 38.7, 42.8, 47.3
and their rounded versions:
group A: ka =22, 25, 27, 30
group B: kg = 39, 43, 47

Because each keypress generates one tone from group A and one from group B, the DTFT will
have peaks at the corresponding pair of DFT indices (and their negatives, that is, N — k4 and
N - kg.)

Problem 9.11

The time signal and its DTFT are shown in Figs. P9.1 and P9.2, both for the rectangular and
Hamming windows.
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DTMF Sinusoids

Hamming Windowed Sinusoids
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Fig. P9.1 Rectangularly and Hamming windowed DTMF sinusoids.

Magnitude Spectrum

Magnitude Spectrum
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Fig. P9.2 Spectra of DTMF sinusoids.
Problem 9.12
Acting on x by the 4x8 DFT matrix, we obtain:
c 17
2
X(0) 1 1 1 1 1 1 1 1 2 12
X = X | |1 - -1 J 1 —j -1 J 1| 0
|l X(@) 1 -1 1 -1 1 -1 1 -1 2 - 0
X(3) 1 j -1 —-j 1 Jj -1 —j 1 0
1
L 2 ]

The mod-4 wrapped version of x is X = [3, 3, 3, 3]. Its 4-point DFT is

X(0) 11 1 1 3 12
x| X0 || v = -1 g3 ]_] o
X(2) 1 -1 1 -1 3 0
X(3) 1 Jj -1 —j 3 0

For the IDFT we use the formula IDFT (X) = [DFT (X*)]*/N:
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X(0) 11 1 1 12 3
s | RO |11 = -1 o | | 3
“lre |Ta|1 -1 1 -1 o |7 | 3
X(3) 1 j -1 —j 0 3
Problem 9.13
The 8-point FFT is:
SR - 01
-1 0
-3 16
-1 8—FFT _ 0
=1 s - X=1 3
-1 0
-3 16
L -1 | L 0 ]

It follows that the FFT spectrum will show peaks at the frequencies:

X(w2)= X (we)*= X (—w3) *= 16, X(wy)=8

Problem 9.14

The IFFT is obtained by conjugating X, computing its FFT, and dividing by 8. The required FFT of
X* is:

B 0 [ 16 T 2 ]
4 8 1
4j 0 0
% 4 8—FFT -8 -1
X = 0 - -16 | T *T| -2
4 8 1
—4j 0
B 4 | . -8 | L -1 |

Using the inverse DFT formula, we express x(n) as a sum of sinusoids:

x(n) = X (k)e/®kn = %[4er1" — 4jel®2M 4 40031 | 4I0SN 1 4jeiW6N 4 407N

@ | =
E

191'!»1" + leiwzn + lejwzﬂ + leiiwzﬂ _ le*jwzﬂ + le*jwm
2 2j 2 2j 2

= cos(w1n)+ sin(wszn)+ cos(wszhn) = cos(1rn/4) + sin(mwn/2) + cos(3mwn/4)

which agrees with the above IFFT values at n = 0,1,...,7. We used the values of the DFT fre-
quencies:

21T T 212 s 2113 31T
w;=—=—, Wy = —— = — w3 =——"=—

8 4 8 2’ 8 4

The DFT frequencies w7, wg, ws are the negatives (modulo-217) of w1, w», w3, respectively.
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Problem 9.15

Figure P9.3 shows the procedure. The (4N)-dimensional time data vector is shuffled once into
two (2N)-dimensional subvectors by putting every other one of its entries on top and the remain-
ing entries on the bottom. Then, each of the (2N)-dimensional vectors is shuffled again into two
N-dimensional subvectors.

f«— shuffling —+ \

> > N-FFT

N N

2N \ — 2N
N N

2N \ — 2N | WL

N-FFT L
N N |W,

2N

DFT merging ——

Fig. P9.3 Performing large FFTs.

The four N-dimensional vectors are then shipped over to the FFT processor, one at a time, and
their FFTs are returned into four N-dimensional DFT vectors. These are then merged first into
(2N)-point DFTs and then into the desired (4N)-point DFT. The first merging stage require mul-
tiplication by the twiddle factors W"ZN: k = 0,1,...,N — 1. The second stage uses the factors
W’j,\,, k =0,1,...,2N — 1. The butterfly operations can be done is small parts, for example, in
groups of N operations at a time so that they can be implemented by the DSP hardware.

The total cost is the cost of four N-point FFTs, the cost of two N-fold multiplications for the first
merging stage, and a (4N)-fold multiplication for the second stage:

cost = 4%N10g2N + 2N + 2N = 2Nlog, N + 4N
If the (4N)-point FFT could be done in one pass, we would have cost:
cost = %(4N)log2(4N): 2Nlog, (4N)
It is easily verified that the costs of the two methods are the same. The indirect method is of

course much slower because of all the I/O time for shipping data back and forth from secondary
storage to the FFT processor.

Problem 9.16

The ordinary convolution is

y=hx%xx=[1,3,4,6,7,6,4,3,1]
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Reducing this mod-4 gives: ¥ = [9,9,8,9]. The alternative method is to reduce first x and h
mod-4:

h=(2212], x=[21,1,1],
then, compute their ordinary convolution:

h*x=[4,6,6,9,5,3,2],

and, finally, reduce that modulo 4 to get y = [9,9, 8,9].

Problem 9.17

Carrying out the 8-point FFT gives:

© o4 _ g
2 0
4 ~16j
-6 8—FFT 0
X = — X = 24
2 0
4 16j

L —6 | L 0 |

Taking every other entry of the result gives the 4-point FFT, namely,

8
—16)
24
16/

X =

And, taking every other entry of that gives the 2-point FFT:

ol

Can we get these results directly? Yes. To do the 4-point FFT, first reduce the signal modulo 4 to
get

8 8

. 4 4=FFT _| —16j
x= 8 X5 u
-12 16j

Putting the above 8-point FFT into the 8-point inverse FFT formula gives

7
x(m) =+ > X (k) eIk =
8 k=0

[8eiwon — 16je/02n + 2474 + 1670/ " |

oo | =

Noting that for an 8-point FFT, wg = 0, w, = 11/2, w4 = 1, and wg = 311/2 = —717/2, and using
Euler’s formula we obtain: -
x(n)=1+ 4sin(7)+3 cos(1Tn)

which agrees with the given x, forn = 0,1, - - ,7.
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Problem 9.18
Consider the length-7 signal
[1-a,2-b,3,4,5,a, b]
It should be evident that, for any values of the parameters a and b, its mod-5 reduction is

[1,2,3,4,5].

Problem 9.19

Using the finite geometric series and the definition Wy = e 2™/N gives

i]\ilwknfllfwﬁk 1 1 — e-2mik
Nn:() N_NI—WK,_lee_ank/N

If k # 0, the numerator vanishes but not the denominator. Thus, in this case the answer is zero.
If k = 0, we have a ratio of 0/0, but in this case, we can just go back to the series definition and
set k = 0. All of the N terms in the sum become unity, giving N/N = 1.

In conclusion, the answer is zero if k # 0, and unity if k = 0. Note, that these arguments break
down if k is allowed to go beyond the range 0 < k < N — 1, because whenever it is a multiple of
N, we would get unity as an answer (and zero otherwise).
Problem 9.20
For a general power p, we have:
_ . p _ .
WzN _ (e zm/(nN)) = e 2N —

The DTFT of a length-L signal and its N-point and (pN)-point DFTs are:

L-1
X(w)= > x(n)eon
n=0
L-1
Xn (k)= > x(nywk
n=0
L-1

Xpn (K)= D x(mWhY

n=0

Replacing k by pk in the third and using part (a), we have:

L-1 L-1
Xon (pK)= > x(mWhH = > x(m W' = Xy (k)
n=0 n=0

Problem 9.21

This follows from the results of Problem 9.20 by setting N = 8 and p = 2, which implies:
X (k)= X16(2k), k=0,1,...,15

A geometrical way to understand this is to recognize that the 8th roots of unity are a subset of
the 16th roots of unity and are obtained by taking every other one of the latter.
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Problem 9.22

Using a trig identity to write the product of sines as a sum of sines, we get the equivalent expres-
sion:

X (t)= cos(24rrt) +2sin(1271t) cos(81rt) = cos(247rt) + sin(207tt) + sin (471Tt)

The frequencies of the three terms are 12, 10, and 2 kHz. Their aliased versions that lie inside
the Nyquist interval [—4,4] kHz are, respectively, 4, 2, and 2 kHz. Thus, the aliased signal that
would be reconstructed by an ideal reconstructor will be:

X (t)= cos(81rt) + sin(471rt) + sin(471rt) = cos (87rt) +2 sin (41rt)
Setting t = nT = n/8, we get the time samples:
x(n)= cos(mrn)+2sin(mrn/2)

Evaluating it at n = 0, 1,..., 7 gives the values, and their FFT:

8—FFT

x=1[1,1,1,-3,1,1,1,-3] X =10,0,-8j,0,8,0,8j,0]

The same DFT values can be determined without any computation by comparing x (n) with the
inverse DFT. Using Euler’s formula, setting w4 = 11, wy = 1/2, wg = —(11/2)mod (277), and
multiplying and dividing by 8, we get:

x(n): ejnn 7J-ejnn/2 +J-e—j11r1/2 — [*8‘]'9].“)2" + 8eju>4n + Sjengn]

1
8
Comparing with the 8-point IDFT, gives the above DFT vector:

1

x(n)= 3

7
Z X(k)ejwkn

k=0
Problem 9.23
Using Euler’s formula, we write:
x(n)=]xk2$n(2§)72ﬁn(%¥)+25m(igﬁ)+3(fly

=1 _J-ejrrn/él +J~e—jrm/4 +J-ejrrn/2 _je—jrm/z _J-ejisrrn/-’l +je—jlinn/4 + 3ej11n

g (B0 — BJeSNT + §jo 02 — 8IS - 240IU4N + §jeS — Bl e + 8jel "]

where we reordered the terms according to increasing DFT index. Comparing with the IDFT
formula, we get:

X = [8,-8/,8j,-8j,24,8j,-8j, 8]
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Problem 9.24
Using Euler’s formula, we write
x(n) = 0.5e™N/2 4 (.50 TIN2 4 pTUN/8 4 o-mjn/8

_ i [Senjn/z 1 8e3min/2 4 1gemin/8 4 16e15njn/8]
16

where, we shifted the negative frequency exponents by adding 27rn to them, e.g., replaced —1tn/8
by 21tn — 1tn/8 = 151Tn/8. Now, comparing with the 16-point IDFT formula

15

_1 jwrn
xun_lﬁg%xmm k

and noting that 11/2 = 871/16 = Wy, 31™/2 = 241/16 = wi2, /8 = 21/16 = w;, and
1571/8 = 301/16 = 0,5, we may identify the (non-zero) values of X (k) as follows:

X(1)=16, X(4)=8, X(12)=8, X(15)=16, or,
X =[o, 16, 0,0, 8,0,0,0,0,0,0,0, 8, 0, 0, 16]

Problem 9.25

Arguing in a similar fashion, we find the (non-zero) values of the 32-point DFT:

X(2)=32, X(8)=16, X(24)=16, X(30)=32

Problem 9.26

Write x(n) in its complex sinusoidal form:

X(n) = 0.5e/00M _ jel®an 4 jpiwizn 4 ] 5ejwsn (P9.1)

where wg = 0, w4 = 214/16 = 1T/2, W12 = —w4mod (277), wg = 278/16 = 7T are the signal
frequencies expressed as 16-point DFT frequencies. The DTFT of each complex sinusoid is given
by the shifted spectrum of the rectangular window W (w) of length-16:

X(w)=0.5W(w)—jW(w — wy) +jW (w — w12) +1.5W (w — wg)

where

W) - 1- e-@w _ s.in(8w) o-15iw/2
1—-eJ® sin(w/2)

The magnitude spectrum |X (w) | is plotted versus 0 < w < 277 in Fig. P9.4. The spectral peaks
at the signal frequencies are evident. Dividing the Nyquist interval into 16 equal bins, gives the
16-point DFT.

It so happens that the zeros of the sidelobes of the W (w — wj;) coincide with 16-point DFT fre-
quencies. Taking every other 16-DFT point gives the 8-point DFT. The peak values are correctly
identified by the 16- and 8-point DFTs because the peak frequencies coincide with DFT frequen-
cies.
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IX(w)l = DTFT ® = 16-point DFT
24 0= 8-point DFT

0 T 2

Fig. P9.4 DTFT, 16-point and 8-point DFTs.

The 16-point DFT can be determined from the expression of x (n) by comparing it with 16-point
IDFT formula. Multiplying and dividing Eq. (P9.1) by 16, we may extract the DFT coefficients:

X =18,0,0,0,-16/,0,0,0,24,0,0,0,164,0,0,0]
Every other entry is the 8-point DFT:

X = [8,0, —16J,0, 24,0, 16, 0]

Problem 9.27

We will show that the product AA* is proportional to the identity matrix. The ij-th matrix element
of the product is:

N-1 N-1 N1
(AA%) = 3 AwAy = X WRWY" = 3 wy "
n=0 n=0 n=0

where we used the fact that W, = Wx!. Using the results of Problem 9.19, we note that the above
sum will be zero if i # j. And, it will be equal to N if i = j. Thus, we can write compactly:

N-1
(AA)y= D Wy = N8 (i-))
n=0

which is equivalent to the matrix relationship

AA* = NI
where I is the N X N identity matrix.
Problem 9.28
Vectorially, the desired equation reads
1
ty — 7xfx
x'x N

where t denotes conjugate transpose. Using X = Ax and the property
AAT = ATA = N1y, (In = N X N identity matrix)
of the N X N DFT matrix, we obtain

xtx = xtAtAx = xTNIyx = Nxtx
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Problem 9.29
First, compute the ordinary linear convolution:
y=hxx=[2, -1, -2, 2, =2, -1, 2]

The mod-4 reduction of thisisy = [0, —2, 0, 2]. The mod-5 reductionisy = [1, 1, -2, 2, —2],
the mod-6 reductionisy = [4, —1, =2, 2, —2, —1]. Finally, the mod-7 and mod-8 reductions of
y leave it unchanged. One minor detail is that in the mod-8 case, the length should be N = 8, thus,
strictly speaking y is y with one zero padded at the end, thatis,y = [2, -1, -2, 2, -2, —1, 2, 0].
The minimal NisN =Ly =Ly+Lp—-1=4+4-1=7.

Problem 9.30
First, compute the linear convolution of the given signals:
v=hxx=12,1,1,1,2,1,1,1]%[2,1,2,-3,2,1,2,-3]
=[4,4,7,-1,8,7,11,-2,4,2,1,-1,0,-1,-3]
and wrap it mod-8 to get
v =18,6,8,-2,8,6,8,-2]

Then, compute the FFTs of the two signals:

2 [ 10 7] 2 4
1 0 1 0
1 2 2 —8j
1 8-FFT 0 -3 8—FFT 0
2 2 |’ 2 12
1 0 1 0
1 2 2 8j
L1 | | 0 | | -3 | .l o |
Multiply them point-wise:
[ 10 ] B 4 B 40
0 0 0
2 —8j ~16)
0 0 0
> | 12 |7 24
0 0 0
2 8j 16j
L o] | o] | o]

Divide by N = 8, conjugate every entry, and take an 8-point FFT:

S S
0 6
2j 8
0 8—FFT =2
3 - 8
0 6
—2j 8

L 0] L —2 |
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Problem 9.31
a. The 8-FFT algorithm gives

x=[6,1,0,1,6,1,0,1] = X =[16,0,12,0,8,0,12,0]

N-1
b. Using x(m)= — 3 X (k)elwn,
N k=0

m™mn

x(n)= - [16+ 12e/™/2 4 8e/™ 4 1207 /™/2| = 2 + 3eos(%,) + (=1)"

oo | =

c. With arbitrary values of a and b:

x=[6-a,1,01,6,1,0,1,a], x=[6-a,1-b,0,1,6,1,0,1,a,b]

d. Reduce x mod-4 to get X = [12,2,0,2]. Its 4-FFT is easily found to be X = [16,12,8,12].
It can also be obtained by picking every other entry of the 8-point DFT.

Problem 9.32

Start with
N-1
A= > whta(n)
n=0
and evaluate it at N — k
N-1

ANN-K)=> W "an)

n=0
Noting that Wﬁ = 1, it can be written as

N-1
AN -K)= > Wikra(n)
n=0

On the other hand, because a(n) is real

N-1
AR)*= > Wk *an)
n=0
But,
(W)™ = Wik
Thus,

AN -k)=A(k)*
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Problem 9.33

Using linearity, we have
X (k)= A(k)+jB (k) = X(N-k)*=A(N -k)*—jB(N —k)*

Using the results of Problem 9.32, A(N — k)*= A (k) and B(N — k) *= B(k), we obtain X (N —
k)*= A(k)—jB (k). Thus, we have the system of equations:

X (k) = A(k)+jB (k)
X(N-k)* = A(k)-jB (k)

which can be solved for A (k) and B (k).

Problem 9.34

The expressions for G (k) and H (k) follow from the results of Problem 9.33, except that the di-
mension of the FFTs is N/2. The final expressions that construct X (k) are the standard Butterfly
operations for merging G (k) and H (k).
The additional multiplications to build X (k) from Y (k) are 3N /2, (that is, the divisions by 2
and 2j, and multiplications by W,’{]). Thus the total number of multiplications using this method
compared to a direct N-point FFT will be

1N
22

N, 3N
loga () + 75 2.5

2 _ 1,
T2 logy N

1
ENlogZ N

If one takes into account the multiplications required for computing the W* powers, then the
total becomes

Nl N, 4N
£ 0g2(2;)*’i2* 1 . 1.5
Nlog, N 2 log, N

Typically, 65% of the standard cost for N = 1024.

Problem 9.35

/* fftreal.c - FFT of a real-valued signal */
#include <math.h>

#include <cmplx.h>

#include <stdlib.h>

void fftQ;

void fftreal(N, x, X)

int N;

double *x; time data
complex *X; FFT array
{

int n, k, Nhalf=N/2;
double pi=4*atan(1.0);
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complex one, half, halfj, W;
complex *Y, temp, Wk, Gk, Hk;

one = cmp1x(1.0, 0.0);
half = cmp1x(0.5, 0.0);
halfj = cmp1x(0.0, -0.5);

W

cexp(cmp1x(0.0, -2*pi/N));

Y

(complex *) calloc(Nhalf, sizeof(complex));

for (n=0; n<Nhalf; n++)
Y[n] = cmpIx(x[2*n], x[2*n+1]);

fft(Nhalf, Y);

for (Wk=one, k=0; k<Nhalf; k++) { Wk = wk
if (k==0)
temp = conjg(Y[0]1); note: Y (0) = Y(N/2)
else
temp = conjg(Y[Nhalf-k]1);
Gk = cmul(half, cadd(Y[k], temp)); G (k)
Hk = cmul(halfj, csub(Y[k], temp)); H (k)
temp = cmul(Wk, HKk); wk H (k)

next Wk = Wk+1
G(k) + WK H (k)
G(k) — WK H(k)

Wk = cmul(W, Wk);

X[k] = cadd(Ck, temp);
X[k+Nhalf] = csub(Gk, temp);
}

Problem 9.36

An example will demonstrate the result. For N = 4, we have:

x = [Xo,x1,X2,X3] = X(@2)=Xo+x127" + X2 % +x327°

Xg = [X3,X2,X1,X0] = Xp(2)=x3+x0z27' +x127% + X023
It follows that
Xr(2)=23[x32° + x0Z® + x12 + x01= 23X (z71)
In the time domain, the operation of reflection leads to the z-transform pairs:
X=Xz =  x(-n)= Xz
The operation of delay on the reflected signal then gives:
xg(M)=x(N=1-m=x(—(n=N+1))=2 zzN-Dx(z 1)

The N-point DFT of the reversed signal is obtained by setting z = z; = e2™k/N = WX, Using
the property W% = 1, we find:

Xr (k)= VX (zgh) = W VR X (k)= WRFX (N - k)

where in the last step, we used X(z,;l) = X (—wg)= X(—k)= X (N — k) by the periodicity of the
N-point DFT.
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Problem 9.37

In the definition of y, the reversed signal xr is delayed by N samples, that is, we have

x = [x,xg]= [%x,0,0,...,0]+[0,0,...,0,xg]
—— ——
N zeros N zeros

Thus, using linear superposition, the delay property of z-transforms, and the results of Problem
9.36, we have in the z-domain:

Y(2)=X(2)+z NXp(2)= X (2)+z72N*1X (z71)

where the factor z~V represents the delay of xz by N samples. Replacing z by z; = e/®k, and
using the result ZiN =1, we get

Yi = Y(wg) = X (wg) +&/Ck X (—wy) = e/Ok/2[e T2 X (wi) +e/k 2 X (—wy) |
= 2e/k2Re[e VK2 X (wy) ]

where we used the hermitian property X (—w)= X (w)*. The quantity under the real part is
now:

N-1 N-1
e—jwk/ZX(wk): e—jwk/z Z Xne—jwkn — Z xne—jwk(n+l/2)
n=0 n=0
Thus, its real part is the cosine transform:
N-1
Re[e /K2 X (wy)] = > xncos(wi(n+1/2)) = Ck
n=0

It follows that
Yk — Zejwk/ZCk — ZejTrk/ZNCk

Because Yy is the (2N)-point DFT of a real-valued signal, it will satisfy the hermitian property
Yon—k = Y. In terms of Cy, we have:

Yon_g = 20/TON-KNC o plMemiTkI2N )~ e iTKI2N
Y = 2e NGy
Equating the right-hand sides and canceling the common factors gives the symmetry property
Con-k = —Ck, k=0,1,...,2N -1

At k = N, it gives Coy-ny = —Cy or Cy = —Cy which implies Cy = 0. Next, considering the
inverse DFT for Yy, we have:

1 2N-1 )
Vo= > Yieln p=0,1,...,2N -1
2N &

But the first N samples of y, are precisely x,. Replacing Yy in terms of Ci gives for n =
0,1,...,N - 1:
2N-1 1 A

26"‘”"’/2("21[“"" - C eiwk(nﬂ/z)

1

Xn=oN
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Next, we split the summation into three terms:

N-1 2N-1
Xy = l[Co + 3 CRet D) ST plokinel2)]
N k=1 k=N+1

where the second summation starts at k = N + 1 because Cy = 0. If we change variables from k
to m = 2N — k, we can write

2N-1 N-1
Z Ckejwk(nH/Z) — Z CZmeej“)ZN’W’(”H/Z)
k=N+1 m=1

Using the symmetry property Con—m = —Cpy, and the trig identity

eju>2N,m(n+1/2) — ejn(ZN—m)(nJrl/Z)/N _ ern(n+1/2)e—jnm(n+1/2)/N _ 7e—jwm(n+1/2)

we have (with the two minus signs canceling):

N-1 N-1
Z CZN_merZN,m(nJrl/z) — Z Cme—me(nJrl/z)
m=1 m=1

Thus, the inverse DFT becomes (changing the summation from m back to k):

1 N-1 ) N-1 )
Xn = *[Co + Z Cke]wk(n+1/z) + Z Ckeﬁlwk(rwl/z)]
N k=1 k=1

The two summations now combine with Euler’s formula to give:

N-1
Xn = l[CO +2 > Creos(wi(n+1/2))]
N k=1
Problem 9.38
By definition, we have
L-1 L-1
Xon(K)= > x(mWE = Xon(2k)= > x(m) Wik
n=0 n=0

But, Wik = exp(—2mj2nk/2N) = exp(—2mjnk/N) = WiK. Thus,

L-1 L-1
Xon (2k)= > x(mW3T = > x(n) WK = Xy (k)
n=0 n=0

Problem 9.39

Observe that the five length-5 sequences are the mod-5 wrapped versions of the following “linearly
shifted” sequences:

Xo X1 X2 X3 x4« 0 0 O 0 O
0 Xo X1 X2 X3 X4 0 0 0 0
0 0 X0 X1 X2 X3 X4 0 0 0
0 0 0 Xo X1 X2 X3 X4 0 0
0 0 0 0 Xo X1 X2 X3 X4 O
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Their z-transforms differ by a simple delay factor, that is,
Xi(z)=2z"Xo(2), i=1,2,3,4
Setting z = z; = e/“k = W5¥, we obtain

Xi(zi) = zi ' Xo (z1) = WkXo(z), 1=1,2,3,4

Problem 9.40
Consider, for example, the first and the third. Their z-transforms are
X1(2) =x0+x1Z2 '+ %2 2 +x32 3 + X427 4 X527 + X620 + x7277
X3(z) = X0+ X127+ (Xo +x6) 272+ (X3 +X7)Z 3 + X927 + Xx527°
Subtracting, we have
X3(2)-X1(2)=x62 2 (1 =2 ) +x723 (1 =274 = Xz 2 +x7273) (1 = 27%)

Evaluating at the 4th roots of unity, z = zx = e2™*/4 we obtain

X3(zx) =X1(zx) =0, k=0,1,2,3

Problem 9.41

Using the convolution table, perform the ordinary linear convolution of the given signal and filter
to get
vy=hxx-=1[1,0,-1,0,2,0,-2,0,-2,0,2,1,0,-1,0,-1,0,1,0,-1,0,1]

The overlap-save method divides the input signal into segments of length N = 8 that are over-
lapping by M = 3 points, as shown below:

X = (1, 1,1,1,3, (3, 3,3), 1,1, (1,2,2),2,2, (1,1, 1), 1,0,0,0,0)
Convolving these segments with the filter gives:
Yo = [1,-1,-1,1]%[1,1,1,1,3,3,3,3] = [1,0,-1,0,2,0,-2,0,-3,0,3]
v, =1[1,-1,-1,11%[3,3,3,1,1,1,2,2] = [3,0,-3,-2,0,2,1,0,-3,0, 2]
y, =[1,-1,-1,11%[1,2,2,2,2,1,1,1] = [1,1,-1,-1,0,-1,0,1,~-1,0,1]
ys = [1,-1,-1,11%[1,1,1,1,0,0,0,0] = [1,0,-1,0,-1,0,1,0,0,0,0]
Reducing these mod-8 and ignoring their first M = 3 points (indicated by x), we obtain:
Vo = [x,x,%,0,2,0,-2,0]
Vi = [x,%,x,-2,0,2,1,0]
Vo = [Xx,%,x,-1,0,-1,0,1]
V3 = [x,x,%,0,-1,0,1,0]
Abutting the rest of the points, we get
y = [x,x,x,0,2,0,-2,0][-2,0,2,1,0][-1,0,-1,0,1][0,-1,0,1,0]

With the exception of the first M points, the answer is correct.
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Problem 9.42
At fs = 8 Hz, there are 8 samples per period. These samples can be evaluated by setting t =
nT = n/8 in the expression for x (t). We find:

1
x(n)= Z{O’O'S’ 1,0.5,0,-0.5,-1,-0.5}

According to Eq. (9.7.4), the aliased coefficients can be obtained by computing the 8-point DFT
of one period and dividing by 8. This DFT can be done quickly by an 8-point FFT by hand, which
gives:

0 0 0
0.5 —j(2+2) (2+2)/8j
1 0 0
1| o5 DET 1| j@-+v2) 1| —@2-v2)/8j
=4l o - X=q 0 » b=3 0
—-0.5 —j(2-42) (2-+2)/8j
-1 0 0
| —0.5 | L Jj(2++/2) L —(2++/2)/8) |

The coefficients b, and b7 correspond to frequencies =f; = +1 Hz, whereas b3 and b5 correspond
to +f, = +3 Hz. Thus, we find from Eq. (9.7.5) and after using Euler’s formula:

2t ﬁsin(ZTrt)—z - V2

Xal(t): Zjbl sin(27'rf1t)+2jb3 Sin(zﬂfzt): 16 16

sin (671tt)

It can be verified easily that x5 and x(t) agree at the sampling instants t = nT = n/8.

Problem 9.43

In the overlap-add method, the input blocks have length N — M and are non-overlapping. Thus,
if there are K blocks in the total length, we will have:

L=(N-MK (P9.2)

In Fig. 9.9.1, the input blocks overlap by M points, but again if there are K segments, the total
length will be (N — M)K plus an extra M points at the end. Thus, we have in the overlap-save
method:

L=(N-M)K+M=(N-M)K
which is essentially the same as in Eq. (P9.2) for large L. Thus, in both cases, the total number of
segments can be estimated to be:

L

K=
N-M

Per segment, we are doing two FFTs and N multiplications, namely,
Nlog, N+ N =N(1+1log, N) per segment

Thus, for K segments, we have cost:

LN (1 +1log, N)

KN (1 +1log, N)= N_-M
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This is to be compared with the cost of L (M + 1) of linear convolution of the entire input array
with the filter (here, we treat these MACs as complex-valued.) Thus, the relative cost of the fast
versus slow convolution will be:

LN (1 +1log, N)
fast N-M _ N( +1log, N)

slow  LM+1)  (N-M)(M+1)

Problem 9.44
An example of such a program is given below:
/* ovsave.c - FIR filtering by overlap-save method and FFT */

#include <stdio.h>
#include <cmplx.h>
#include <stdlib.h> calloc(), realloc()

#define MAX 64

initial allocation size

void circonv(), complexify(), fftQ), ifftQ;

void main(int argc, char **argv)

{
FILE *fph; filter file
double *h, *x, *xhead; x = length-N block
complex *H, *X, *Y; N-point DFTs
int M, N, n, 1i;
int max = MAX, dmax = MAX;

if (argc !'= 3) {
fprintf(stderr, "usage: fastconv hfile N < xfile > yfile\n");
exit(0);
}

if ((fph = fopen(argv[1l], "r")) == NULL) {
fprintf(stderr, "can’t open filter file: %s\n", argv[1]);
exit(0);
}

N = atoi(argv[2]);
h = (double *) calloc(max + 1, sizeof(double)); preliminary allocation
for (M=0;; M++) { read h
if (M == max) { reallocate h, if necessary
max += dmax;

h = (double *) realloc((char *) h, (max + 1) * sizeof(double));

}
if (fscanf(fph, "%1f", h + M) == EOF) break;
}

M--; M = filter order
if (N <= 2*M) {
fprintf(stderr, "must have N > 2M = %d", 2*M);

exit(0);
}
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else
h (double *) realloc((char *) h, (M+1) * sizeof(double)); x[i] = 0;
X = (double *) calloc(N, sizeof(double));
xhead = (double *) calloc(M, sizeof(double));

rest of block is zero

head/tail of input block complexify(N, x, X);

H = (complex *) calloc(N, sizeof(complex)); allocate DFT arrays circonv(N, H, X, Y);
X = (complex *) calloc(N, sizeof(complex));
Y = (complex *) calloc(N, sizeof(complex)); for (i=M; i<N; i++)

for (n=0; n<N; n++)
if (n <= M)

H[n] cmpIx(h[n], 0.0);

else
H[n] = cmp1x(0.0, 0.0);

fft(N, H);

for (n=0; n<M; n++)
xhead[n] = 0;

for (550 {

for (n=0; n<M; n++)
x[n] = xhead[n];

for (n=M; n<N; n++)

if (scanf("%1f", x + n) == EOF) g

for (n=0; n<M; n++)
xhead[n] = x[n + N - M];

complexify(N, x, X);
circonv(N, H, X, Y);

for (n=M; n<N; n++)

printf("%1f\n", real(Y[n]));

}
Tastblocks:

for (i=n; i<N; i++)
x[i] = 0;

complexify(N, x, X);
circonv(N, H, X, Y);

for (i=M; i<N; i++)
printf("%1f\n", real(Y[i]));

if (n <= N-M) exit(0);

for (i=0; i<M; i++)
xhead[i] = x[1 + N - M];

for (i=0; i<N; i++)

if G <M
x[i] = xhead[i];
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complexify/extend to length N

H = FFT(h), done once

pad M zeros in front of first block

keep reading input in blocks x
previous tail is head of present block x

read rest of x from input stream
oto lastblocks;

tail of present block x
will be head of next block

X = cmplx(x, 0)
done by fft

discard first M points, save the rest

n = index where EOF occurred

pad rest of x with zeros

if n <= N-M there is only

one last block to consider
otherwise, there are two last blocks

exit, if only one last block
otherwise, process very last block
if n > N-M, the tail of previous
block will be non-zero

head of very last block

printf("%1f\n", real(Y[i]));

void complexify(N, x, X)
int N;

double *x;

complex *X;

{

int n;

for (n=0; n<N; n++)
X[n] = cmpIx(x[n], 0.0);

void circonv(N, H, X, Y)

int N;
complex *H, *X, *Y;
{

int k;

fft(N, X);

for (k=0; k<N; k++)
Y[kl = ecmul(H[k], X[k1);

ifft(N, Y);
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circular convolution via FFT

H = FFT(h), must be done previously



Chapter 10 Problems

Problem 10.1
Start with
D(w)= > d(k)e @k
k=—co
and assume that d (k) is real and even in k. Taking conjugates and replacing w by —w, gives
D(-w)*=[ > dKe“K* = > d(k)e * = D(w)
k=—c0 k=—c

This result uses only the reality of d (k) and is the usual hermitian property for transfer functions
of real-valued impulse responses. Because d (k)= d (—k), we can change the summation from k
to —k to get:

D(w)= > d(k)e @k = %" d(-k)e @R = 3" d(k)e? "k = D(-w)
k=—c0 k=—oc0 k=—00

Thus, the reality and evenness conditions imply together:
D(w)=D(-w)*=D(-w)

which states that D (w) is both real and even in w. In the antisymmetric case, we have d (—k) =
—d (k), and therefore

D(w)= > d(k)e @ = % d(-k)e ®R =— 3" d(k)e "Wk = —D(-w)
k=—c0 k=—oc0 k=—o00

Together with the reality condition, we get
D(w)=D(-w)*= -D(-w)

which implies that D (w) is pure imaginary and odd in w. Separating the negative- and positive-k
terms, we can rewrite D (w) in the form:

0 -1 ) 0
D(w)=d(0)+ > d(k)e™ @k + 3 d(k)e K =d(0)+ > d(k)e kK + > d(—k)e/wk
k=1 k=—oc0 k=1 k=1

In the symmetric case, we set d (—k)= d (k) and combine the two sums with Euler’s formula to
get:

D(w)=d(0)+2 Z d (k) cos (wk) (symmetric case)
k=1

For the antisymmetric case, d (0) = 0 because it must satisfy d(—0)= —d (0). Setting d(—k)=
—d (k) in the sum, we obtain:

D(w)=-2j Z d (k) sin(wk) (antisymmetric case)
k=1
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Problem 10.2
For the bandpass example, we use the fact that D (w) = 1 over the passband w, < |w]| < wy to
get:

— W,

w . a . wp .
d(k) :J D (w)eiek 49 :J D (w) ek 49 o (" b () ek 49 _
- 27T 27T 21T

—wp wgq

[t [ gde [ o) ]
—wp 21 wa 21T 21k | Y 2mjk ©a

w,

e Jwak _ gmjwpk  gjwpk _ giwak gin(wpk) - sin(wak)

21tjk * 21jk Tk

Setting w, = 0, gives the lowpass case, and wj = 11 the highpass one. In the latter, we have:

sin (1k) — sin(wpk)

d k)= Tk

The first term is zero for all non-zero k, and its equal to unity for k = 0. Thus, we may replace it
by 6 (k):

sin(wgk)

d(k)=06(k)— Tk

For the differentiator and Hilbert transformer, see the more general cases of Problem 10.3.

Problem 10.3

For the lowpass differentiator, we have
" ) We o L pdw
dk)= [ Di@yerk 0 = [ jeweiok O
- 27T —we 27T
It can be evaluated either by parts, or by recognizing the integrand as the derivative with respect
to k (treating k initially as a real variable and at the end restricting it to integer values.)

400 i we ik diw _ 0 [Sin(wck) }
ok J_w, 21T ok Tk

where the w-integration gave the standard lowpass filter. Performing the differentiation, we get
the required expression for d (k):

W, cos (wck) B sin(wck)

dk)= Tk k?

Setting w, = 17 gives the full-band differentiator:

cos (1tk) _ sin (1tk)

ak=""3 Tk?

Because d (k) belongs to the antisymmetric class, it will have d (0) = 0. The second term vanishes
for nonzero integer ks. Thus, we have for k # 0:

cos(mk)  (=1)k
kK k

d(k)= (differentiator)

The Hilbert transformer case is similar.
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Problem 10.4

Using the differentiation argument, we have in this case:

b -wa dw wp dw
= jowk 22 Jwk 4%
dk) ok [Lwh ot Jwa € ZW]

The integrations give the bandpass filter case. Thus,

_ 0 [sin(wpk) —sin(wgk)
at= 7 | |

Tk
which becomes the difference of two lowpass differentiators:

wp, cos (wpk) B sin(wpk) _ Wa cos(wgk)  sin(wgk)

d (k)= Tk Tk? Tk k2

Problem 10.5

For the first-order differentiator, we have impulse response, transfer function, and frequency
response:

h=1[1, -1] > H(z)=1-2z" > H(w)=1-e7®
Thus, the NRR will be
NRR=hi+hi=1+1=2

Thus, the noise power doubles at the output. To see how closely it resembles the ideal differen-
tiator, we expand the frequency response at low frequencies:

Hw)=1-e7® ~1-(1-jw)=jw for small w

For the ideal lowpass differentiator case, the NRR can be computed as:

we . 3
|D<w>|2‘;—‘#=j ez 49 _ @e
N

we
NRR = J

—we
Thus, it increases rapidly with w.. Compared to the full-band maximum NRR obtained with
w. = T, we have NRRyax = 13/37 = 712/3 and therefore,

NRR (&)3
NRRmax T
Problem 10.6
Let E(w)=D(w)-D (w) be the error in the designed filter. Then, we have
E(w)=D(w)-D(w)= Y dk)e ™ - > dkje k= > d(k)e
k=—c0 k=-M |k|>M

because the coefficients d (k) cancel for |k| < M. Thus, the time-domain coefficients of the error
are:

w0 if |kl<M
eW=1 am it kl>M
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Parseval’s identity applied to e (k) gives then
m L dw hd . .
J E()? 5= X etk= > d*(k)
-n T e KI>M
or,
™ ~ dw
Eu=| ID@-Dl P~ ¥ &k
- T KoM
The right-hand side sum can be written with the help of Parseval’s identity applied to D (w) itself:
o - dew M
S dk= 3 0= 3 #®-[ D@k -3 dw?
KI>M k=—eo KI=M -m LI —

In the limit as M — oo, the second term in the right-hand side tends to the Parseval limit, thus
canceling the first term and resulting in £y — 0.

Problem 10.7

From Problem 10.3, we have d (k)= (=1)¥/k, k # 0, for the differentiator filter. Using Parseval’s
identity we have

* ™ ™ 2
S d?(k):J \D<w>|2d—w=J w2 de _ ™
KT - 21 — 21 3

But the left-hand side is twice the required sum:

o 1 o1
2 A k)= 15 =221

k=—co k40 k=1

Thus,

8

1 o1 T
2 — = = Z—.:—
klkZ 3 kzlkl 6

For the full-band Hilbert transformer, we have

1 —cos(mk) 1- (=D
Tk B Tk

d(k)= , k#0
Thus, d (k) is nonzero only for odd k, and is in this case d (k) = 2/1rk. Parseval’s identity applied
to this filter gives:

> ™ dw ™ dw T dw
E 2 = 22 - isi 22 - —_— =
a (k)= an ID(w)l 21T an sign ()| 27T Lnl 27T !

k=—o0
The left-hand side on the other hand becomes:

o © 4
Z a* (k)= 2 Z T2k

k=—o00 k=1
k=odd

Thus, we obtain
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> 4 G| T
2wl v YTy
d

I~
-2

k=1 Z
k=odd k=0
If the sum for all integers k is 772/6 and for odd ones 712/8, it follows by subtraction that the
sum over even integers will be:

i 1 _m m_m
. k2 6 8 24

even

Il >

k

Problem 10.8

The sinusoidal response of D (w) in its steady-state form is:
elon L. p(w)el®n = —jsign (w)eln
Replacing w by —w, and using the odd symmetry property of D (w), we have:
eon 2 p(—w)eon = jsign(w)eion

But cos(wn)= [e/®" + ¢=J®n]/2  Thus, forming the same linear combination of outputs, we
have:

1 . .
cos(wn)ﬂ— 5[—jsign(w)e1w" + jsign(w)e /"] = sign(w)sin(wn)
Similarly, because sin(wn) = [e/®" — ¢=/®n] /2 we have for the outputs:

sin (cwn) 2- zij[—jsign(w)e"“’" — jsign(w)eJ®"] = —sign(w)cos(wn)

Problem 10.9
From the definition of D (z), we have:
~ M ~ M M
D(z)= > dkz* = D@EhHh= > dkz= > d(-k)zk
k=-M k=-M k=—M

where in the last step we changed summation from k to —k. In the symmetric/antisymmetric
cases, we have d (k)= +d (k). Therefore,

M
Diz)=+ > dkz*==D(2)
k=—M

From the reality of d (k), it follows that the zeros will come in conjugate pairs if they are complex.
Thus, if zy is a complex zero, then z§ is also a zero. From the symmetry or antisymmetry
properties, it follows that if z, is a zero, then

D(z;")= +D(z0)=0

1 1
Thus, 1/zy and 1/z§ are both zeros. The four zeros {zo, z§, P 27} are shown in Fig. P10.1.
0 Zg

If zo lies on the unit circle then because 1/z§ = zo, the only other distinct zero is the complex
conjugate.

220

1/zg

2o

s

2

1/z,

Fig. P10.1 Pattern of zeros of linear phase filters.

In the antisymmetric case, we have in particular for z = +1,

M
D)= > d(k) (zDk=0
k=-M

This follows because d (k) is odd and summed over symmetric limits and because the factor
(1) is even in k. The same conclusion follows from the frequency response. Using the anti-
symmetry property and splitting the sum in two parts, we get:

M M M
D(w)= 3 dked® =% d(k)[e@k — k] = —2j 3" d(k)sin(wk)
k=—M k=1 k=1

Setting w = 0, 1T, corresponding to z = +1, we have sin(wk) = 0, and therefore, D (w) vanishes.
Finally, we note that if d (k) is windowed by a window w (k), that is, d' (k)= w(k)w(k), then
because the window w (k) is symmetric with respect to the origin, the symmetry/antisymmetry
properties of d (k) will be preserved and will imply similar results on the locations of the zeros.

Problem 10.10
For the symmetric case, the following must necessarily be zeros:
. | 1 )
zp=0.5+0.5), z5=05-05), —=1-j, =1+
Zoy Zy

Thus, the transfer function will be

H(z)= (1-(0.5+0.5j)z" 1) (1-(0.5-0.5))z7") (1-(1—j)z7") (1-(1+j)z7") =1-3z"'+4.5272 -3z 3 +z7*

In the time domain, we get the length-5 symmetric (about its middle) impulse response:
h=[1, -3,4.5, -3,1]

In the antisymmetric case, we have in addition two zeros at z = +1 contributing a factor (1 —z"2)
to the transfer function. Thus,

H(z)=(1-2z2%1-32"+4522%2-323+7z%)=1-32z"143522-3524+32z7°-26
and in the time domain:

h=[1, -3,3.5,0, -3.5, 3, —1]
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The frequency response in the symmetric case is obtained by factoring out a factor of z=2 and
using Euler’s formula:

H(z)=z?%[z2+2z%-3(z+z1)+4.5] =

H(w)=2e"%[cos(2w) -3 cos(w)+4.5]
For the antisymmetric case, we have:

H(2)=z3[(2-2z3)-3(2 -~z %) +3.5(z-z")] >
H(w)= —2je ¥ [sin(3w)—3sin(2w)+3.5 sin(w) ]

Problem 10.11

Proceeding as in the previous problem, we find the transfer function of the symmetric case:

H(z)= (1-0.5jz ") (1+0.5jz7') (1-2jz7') (1+2jz ') = 1+4.252 2 +z 7 > h=[1,0,4.25,0,1]

and for the antisymmetric case:

H(z)= (1-z7%) (1+4.252 % +2z7%)= 1+3.25272-3.2527 % -2z = h=1[1,0,3.25,0, -3.25, 0, —1]

Problem 10.12
We use the first-order Taylor series approximation:
In(l £x)~ +x

Changing to base-10, we have:

_ In(1 +x) _
log,p (1 £x)= 1n(10) = +0.4343x

It follows that

1 + Opass

7) = 2010g]0(1 + 5pass)*2010g10(1 - 6pass)
1- 5pass

Apass = ZOlOgIO <
= 20 - 0.4343 Opass + 20 - 0.4343 Opass = 17.372 Opass
Problem 10.13

First, we calculate Opass and Osop from Eq. (10.2.5):

100.1/20 -1 50/20
Opass = Jgor/z0 7 = 0-0058,  uop = 107520 = 0.0001

Therefore, § = min(Spass, Ostop) = Isiop = 0.0001, which in dBis A = —201log;y 6 = Asiop = 80.
The D and « parameters are computed by:

« =0.1102(A - 8.7)=0.1102(80 — 8.7)= 7.857, D = 141:1773695 =5.017
The transition width is Af = fsop — fpass = 2 — 1.5 = 0.5 kHz; therefore, the filter length will be:
. Dfy . 5.017-10 _ B
N—1+Af71+70.5 =101.34 => N =103
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Problem 10.14
The transition width is inversely related to the filter length N:

Dfs
N-1

Af =

As in the previous problem, we find D = 5.017. Thus,

Dfs _ 5.017-10

No1 2511 = 0.2007 kHz

Af =

Problem 10.15
The window’s width factor is D = 5.017 as in the previous problem. Thus,

Dfs _ 5.017-44.1

- — 1.729 kH
N-1 129 -1 9 kHz

Af =

Conversely, if Af = 2 kHz, then we may solve for the D-factor and attenuation A:

A
=(N-1) ar =5.805 = A =14.36D +7.95 =91.31 dB

14.36 fs

A-7.
b A=7.95

The corresponding ripple will be
6 - 107A/20 — 10791.31/2[) = 0.000027
which gives the passband attenuation:

Apass =17.372 6 = 0.000472 dB

In the 4-times oversampling case, the transition width is required to be:
Af =24.55-19.55 = 5 kHz

This gives the width factor and attenuation:

A —-17.95 Af
D= 1236~ (N-1) af. = 3.6281 > A =14.36D + 7.95 = 60.05 dB

Problem 10.16

Assuming that an N-tap filter requires approximately N instructions for processing each input
sample, the maximum filter length will correspond to the maximum number of instructions that
fit within the sampling interval T, that is,

T _ f instr
Tinslr f N

Inserting this into the Kaiser design formula, we find the minimum width (where we used N
instead of N — 1 in the denominator):

Nmax =

Dfs _ Df’

Af = =18 _ Zs

f N finstr
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Problem 10.17

Using N = finsee/fs for the maximum filter length, we obtain the maximum width parameter D
and attenuation A:

A-7. Af  fnssd
95 _ NAL _fiswdf _p AR o A = 14.36FnAF +7.95

b="436 =Ny © 2

Problem 10.18

The following MATLAB program segment computes the rectangularly and Hamming windowed
impulse responses with the help of the MATLAB function dTh.m, and then it computes the cor-
responding frequency responses over N equally spaced frequencies over the right half of the
Nyquist interval [0, 1r] with the help of the function dtft.m:

wc = 0.3 * pi; % cutoff frequency

N = 81; % filter length

w=0.54 - 0.46 * cos(2 * pi * (0:N-1) / (N-1)); % Hamming window

hrec = d1h(1, wc, N); % ideal lowpass filter

hham = w .* hrec; % windowed filter

NF = 200; % 200 frequencies in rads/sample
omega = (0:NF-1) * pi / NF; % over the interval [0, 7]

Hrec = dtft(hrec, omega); % frequency response

Hham = dtft(hham, omega);

Problem 10.19

As an example, the following MATLAB program segment computes the bandpass filter of Example
10.2.2 (alternative design):

fs = 20; in kHz

fpa = 4; fpb = 6; fsa = 3; fsb = 8;

Apass = 0.1; Astop = 80; in dB

h = kbp(fs, fpa, fpb, fsa, fsb, Apass, Astop, -1); % s = —1 for alternative design
NF = 200;

omega = (0:NF-1) * pi / NF;
H = dtft(h, omega);
Similarly, the highpass filter can be designed by:
fs = 20; in kHz

fpass = 5; fstop = 4;
Apass = 0.1; Astop = 80; in dB
h = k1h(-1, fs, fpass, fstop, Apass, Astop); % s = —1 for highpass

NF = 200;
omega = (0:NF-1) * pi / NF;

H = dtft(h, omega);
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Problem 10.20

Use the design MATLAB routine kdi ff, with f; =
the w’s in units of 7T. The filter lengths depend only on the values of Af and A, they are:

2 so that w = 271f/2 = 7f, that is, the f’s are

For example, in the case w, = 0.41, Aw = 0.0511, A = 60 dB, we have the MATLAB code:

h = kdiff(2, 0.4, 0.05, 60);

N

F = 200;

omega = (0:NF-1) * pi / NF;

H

= dtft(h, omega);

The magnitude responses are shown in Figs. P10.2 and P10.3.

1H(w)!

1H(w)!

Dw=0.1m, A=30 dB

0.4
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
@ in units of m

Dw=0.05m, A=30 dB

0.
0.00 0.10 0.20 030 040 0.50 0.60 0.70 0.80 0.90 1.00
@ in units of 7

1H(w)!

1H(w)!

Dw=0.1m, A=60 dB

0.5

0.
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
@ in units of m

Dw=0.057, A=60 dB

0.5

0.
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
 in units of m

Fig. P10.2 Lowpass differentiator with w, = 0.41r.
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Dw=0.1m, A=30 dB Dw=0.1m, A=60 dB N=75 N=147

3, 3, 0.1 0.1
2, 2, o o
N

2, 2, /
- \ - \ _ o 4 _ o
O O 6 \ ©
= ] = \ ]

0.04] 0.04 N
It 1. AN \ \
e N \ e
\ 0. N 0. \
0. o \ - , 28N Voo
N s ~ \ N
\\// N R NG - \ /’li{ - \\/,:\ NG N
OC 00 0.10 D20 03D 040 0560 D60 0.70 0.BO 0.90 1.00 OC 00 0.10 020 030 040 050 060 070 080 090 1.00 0 0.00 0.02 0.04 0.06 0.08 0.10 0 0.00 0.02 0.04 0.06 /D 08 0.10
@ in units of o w in units of o @ in units of m @ in units of m
Dw=0.05m, A=30 dB Dw=0.05m, A=60 dB

8 8 Fig. P10.4 Comparison of Kaiser and SG differentiators.

2 /—/\ 2.

X 2, same as in Problem 10.20. For example, the Hilbert transformer with w. = 0.81, Aw = 0.057T,
3 3 and A = 60 dB, can be designed by the MATLAB segment:
— 1 — 1
= =

. . h = khilb(2, 0.8, 0.05, 60);

0. 0. NF = 200;

omega = (0:NF-1) * pi / NF;
D’0.00 0.10 0.20 0.30 [_3.40 0,?0 0.60 0.70 0.80 0.0 1.00 D‘OvOO 0.10 0.20 0.30 9'40 0.5_'0 0.60 0.70 0.80 0.90 1.00
@ In units of m ® in units of m H = dtft(h, omega); % frequency responses

Fig. P10.3 Lowpass differentiator with . = 0.817. The magnitude responses are shown in Figs. P10.5 and P10.6.

Problem 10.23

The following MATLAB segment computes the Kaiser and Hamming spectra in dB. The Kaiser

Problem 10.21

For example, in the case w, = 0.41, Aw = 0.057T, A = 60 dB, we have the MATLAB segment that window parameters are determined by the function kparm2 .m:
computes the Kaiser differentiator and the Savitzky-Golay differentiators of polynomial order
d=3: F1 = 0.20; F2 = 0.25; F3 = 0.30; DF = (F2-F1)/3; % units of fs
Al = 1; A2 = 10A(-50/20); A3 = 1; % amplitudes
h = kdiff(2, 0.4, 0.05, 60); % Kaiser differentiator R = 70; % sidelobe level in dB
[B, S] = sg(3, N); % Savitzky-Golay smoothing filters [alpha, L] = kparm2(DF, R); % Kaiser parameters
F=S *5; % polynomial basis matrix
G =S * FA(-D); % Savitzky-Golay differentiator filters n = (0:L-1);
g G(:,2); % first-order derivative filter
x = Al * cos(2*pi*F1l*n) + A2 * cos(2*pi*F2*n) + A3 * cos(2*pi*F3*n);
NF = 500;
omega = (0:NF-1) * pi / NF; xk = kwind(alpha, L) .* x; % Kaiser windowed signal
H = dtft(h, omega); % frequency responses xh = (0.54 - 0.46 * cos(2*pi*n/(L-1))) .* x; % Hamming windowed signal
G = dtft(g, omega);
NF = 256;
The magnitude responses are shown in Fig. P10.4. omega = (0:NF-1) * pi / NF;
Xk = abs(dtft(xk, omega)); % DTFT spectrum
Problem 10.22 Xkmax = max(Xk);
Xk = 20 * ToglO(Xk / Xkmax); % normalized and in dB
Use the design MATLAB routine khi1b, with f; = 2 so that w = 27tf/2 = 1tf, that is, the f’s are
the w’s in units of 7r. The filter lengths depend only on the values of Af and A, they are the Xh = abs(dtft(xh, omega));
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Dw=0.1m, A=30 dB Dw=0.1m, A=60 dB
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Fig. P10.5 Lowpass Hilbert transformer with w. = 0.87. L L
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Fig. P10.6 Full-band Hilbert transformer.
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Chapter 11 Problems

Problem 11.1

Here, we assume that the parameter f = tan(Aw/2) remains positive and less than one, 0 <
B < 1. This is guaranteed if the bandwidth is 0 < Aw < 71/2 in rads/sample, or, 0 < Af < fs/4
in Hz. This range covers most practical applications. This condition implies that the poles are
complex conjugate and have radius

1-B 1-8

R =

R® =
1+8 = 1+8

(If B > 1, which happens when 11/2 < Aw < T, then there are two real poles.) It follows that the
€e-level time constant will be

Ine

Mefp = InR

Problem 11.2

For small values of Aw, we may use the first-order Taylor expansion tan(x) ~ X to write approx-
imately:

Aw

f=tan(20) = 20

Then, expanding R to first-order in 8 and thus to first-order in Aw, we have:

1- B~ 1 1o 1 oo, Aw
158 - ﬁ)(l B)—l B=1

2

where we used the Taylor expansions (1 ¥ x)*1/2~ 1 — x/2 and (1 — x/2)2=~ 1 — x. Solving for
Aw, we obtain the approximate expression Aw = 2(1 — R).

Problem 11.3

For the 3-dB case, the parameter b is the same for both filters. Adding the two transfer functions,
we recognize that the two numerators add up to become the denominator:

1-2coswoz ! +2z72 L (-b) 1-2z72
1-2bcoswoz '+ (2b—-1)z2 1-2bcoswgz '+ (2b—-1)z2

Hnutch (Z) +Hpeak (Z) =b

b(1-2coswoz '+z2)+(1-b)(1-2z%) 1-2bcoswoz '+ (2b -

1)z2

1-2bcoswoz !+ (2b—-1)z2
For the magnitude responses squared we may use the equivalent analog expressions to get:

(QZ _QZ)Z 0(2_()2
|Hnotch(w)|2+|Hpeak(w)‘2 .

(22— QF)2+020Q2 (22 — QF)2+02 Q2
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T 1-2bcoswozl+ 2b-1)z2 _

IHnolch(Q)|2+‘Hpeak(Q)‘2 + =1

Problem 11.4

The analog transfer function and magnitude response squared are in the general boost or cut

case:

Go (s> + Q3) +Gas
$2+ s+ Q3

G3(0Q% — 032+ G222
(22 — Q3)2+x20?

H(s)= [H@)* =

where

Aw\ |G% -G _ G2 - G}
0(—(1+_Q)B—(1+Q)tan< 5 )JGZGIZ;_y G -Gt

where the last step defines the parameter y, which does not depend on the gains. Normalizing
everything to the reference gain Go, we have

; , (22 - Q8)2+g% 202 g: -1 G Gp
HQ)]? =G}~ T = L h ==, =
[H(2)| 0 Q7 = 0F) i+ a2 x=y e where  g= -, g5 =

Then, we may express the magnitude squared response in the following form that explicitly shows
the gains:

G2 (2% - Q3)?+N(g,g5) y*Q*
(22 - Q})2+D(g,gp) y262?

[H(Q)|? =

where the numerator and denominator gain functions are defined by

g3 - gz -1
N( )=g° ., D(g,98)= =5 ——
PII=G g —gé PRIV g2 gy

For the arithmetic, geometric, and harmonic mean choices for glzg the functions N and D simplify
as follows:

» l+g° ) . '
95=—5 » Nlggs)=g", D(g,gp)=1, (arithmetic)
: 1
95=9, N(g,98)=9g, D(g,98)= 7’ (geometric)
2g° 1 ‘
g; = 1+g2° N(g,98)=1, D(g,98)= R (harmonic)

Now, if we consider an equal and opposite boost and cut by, say by A dB (with respect to the
reference), then the boost and cut gains will be g = 10¥4/20, Thus, the substitution g — g~
changes a boost into an equal and opposite cut, and vice versa. Even though the boost and
ut gains are equal and opposite, the bandwidth levels glz; may be defined arbitrarily in the two
cases. However, if we take them also to be related by the substitution g — g,}l, then we can
show that the boost and cut filters are inverses to each other. Indeed, under the substitutions
{9,958} — {g',g3"'}, the boost and cut magnitude responses are:

(Q% - Q3)%+N (g,gp) y?Q?
(22~ 2)2+D(g,98) y2Q2?’

» (22 —03)%+N (g™, g5") y*Q?

Houi (> =G ¢
Ha T =G0 oy~ 2)2 1D (g 1,0;") y2 22

|Hboost (-Q) |2 = GS

Under this substitution, the functions N and D interchange roles, that is, one can show easily
that

N(g',95")=D(g,98), D(g',95")=N(g,98)
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Therefore, the boost and cut filters will be:

(2% - Q§)?+N (g, gp) y*Q?

|Hboost(~Q) ‘2 = G%) ‘cht (-Q) ‘2 =G

» (22 - Q§)%+D(g,95) y*Q°

(22— Q5)2+D(g,95) y2 2%’

Hence, their product will be identically equal to Gé. The geometric-mean and weighted geometric-
mean choices for g% are special cases of the substitution {g,gz} — {g~!,g5'}, and therefore,
satisfy the desired property. But, any other choice of g will do, as long as one defines the boost
bandwidth to be gp and the cut bandwidth, gz', that is, equal and opposite bandwidth gains in
dB. Note, also that the transfer functions themselves are inverses to each other, not just their
magnitudes. Indeed, we can write them in the form:

0 (Q2 - 03)2+N(g,gp) y?Q2?

hl = filter(bl, al, x);
h2 = filter(b2, a2, x);
h3 = filter(b3, a3, x);
h4 = filter(b4, a4, x);

impulse responses

w = (0:199)*pi/200;

H1 = dtft(bl, w) ./ dtft(al, w); argHl = angle(H1) * 180 / pi;
dtft(b2, w) ./ dtft(a2, w); argH2 angle(H2) * 180 / pi;
dtft(b3, w) ./ dtft(a3, w); argH3 = angle(H3) * 180 / pi;
H4 = dtft(b4, w) ./ dtft(a4, w); argH4 = angle(H4) * 180 / pi;

T
N
[

T
w
]

I

Figure P11.1 shows the phase responses. Note the rapid variations in the vicinities of the center

52 + Q% + ysD (Gegysncies.

s2+ Q3+ ys/N(g,95) §2+ Q%+ ysyN (gL, g5
Hioost (5) = Heu (s) =
boost (S) G[J 82 T % +ys (g’gB) ’ cut (S) G()

which implies for the analog and the bilinearly transformed digital transfer functions:

2 2
GO = Hew (Z) = GO

Hai($)= — =
et ) Hbonst(s) Hboost(z)

Problem 11.5

The following MATLAB code segment designs the three filters (two peaking and one complemen-
tary notch), computes their impulse responses, and their magnitude responses:

w0 = 0.35%*pi; Dw = 0.1%pi; in rads/sample
[bl, al, betal] = parmeq(0, 1, 1/sqrt(2), w0, Dw);

[b2, a2, beta2] = parmeq(0, 1, sqrt(0.1), w0, Dw);
[b3, a3, beta3] parmeq(l, 0, 1/sqrt(2), w0, Dw);

peaking 3-dB width
peaking 10-dB width
notching 3-dB width

x = [1, zeros(1l, 99)]1; unit impulse

hl = filter(bl, al, x);
h2 filter(b2, a2, x);
h3 = filter(b3, a3, x);

impulse responses

w = (0:199)*pi/200; 200 frequencies over [0, 1T]

H1 = abs(dtft(bl, w) ./ dtft(al, w)).A2; magnitude responses
H2 = abs(dtft(b2, w) ./ dtft(a2, w)).A2;
H3 = abs(dtft(b3, w) ./ dtft(a3, w)).A2;

The 5-percent time constants can be calculated as in Problem 11.1, with € = 0.05.

Problem 11.6

For example, the following MATLAB code designs the first four filters of Example 11.4.1 and
computes their impulse response, frequency, and phase responses (in degrees):

[bl, al, betal] = parmeq(l, 10A(9/20), 10A(6/20), 0.35%*pi, 0.1*pi);
[b2, a2, beta2] = parmeq(l, 10A(9/20), 10A(3/20), 0.35*pi, 0.1*pi);
[b3, a3, beta3] parmeq(l, 10A(-9/20), 10A(-6/20), 0.60%*pi, 0.2%pi);
[b4, a4, betad4] = parmeq(l, 10A(-9/20), 10A(-3/20), 0.60%*pi, 0.2%pi);

x = [1, zeros(1, 49)]; length-50 unit impulse
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Fig. P11.1 Phase responses of Problem 11.6.

Problem 11.7

The following MATLAB function Theq.mimplements the design of both the lowpass and highpass
shelving filters (the parameter s = +1 selects the two cases):

% Theq.m - Towpass/highpass first-order shelving EQ filter design
%

% [b, a, beta] = lheq(s, GO, G, Gc, wc)

%

%s = 1, =1 = lowpass, highpass

%b = [bg, b1] = numerator coefficients

%a = [1, ay] = denominator coefficients

% Gg, G, G¢ = reference, boost/cut, and cutoff gains

% we = cutoff frequency in [rads/sample]

% beta = design parameter

function [b, a, betal] = Theq(s, GO, G, Gc, wc)
beta = (tan(wc/2))As * sqrt(abs(GcA2 - GOA2)) / sqrt(abs(GA2 - GcA2));
b = [(GO + G*beta), -s*(GO - G*beta)] / (1+beta);
a = [1, -s*(1-beta)/(1l+beta)];
The filters of Examples 11.2.1 and 11.2.2 may be designed by the following MATLAB code, which

also shows how to compute the magnitude responses of the two complementary cases:
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[bl, al, betal]
[b2, a2, beta2]
[b3, a3, beta3]
[b4, a4, beta4]
[b5, a5,

[b6, a6, =

omega = (0:199)*pi/200;

H1
H5

Problem 11.8

The following MATLAB code generates the first pair of comb and notch filters of Example 11.5.1,
that is, with unshifted peaks, and computes the corresponding magnitude and phase responses;
it also computes the impulse response of the first filter in two ways: (a) using MATLAB’s function

= lheq(1l, 0, 1, 1/sqrt(2), 0.2%pi);
= lheq(1, 0, 1, sqrt(0.9), 0.2%pi);

= Theq(1, 0, 1, 1/sqrt(2), 0.7*pi);
= lheq(1, 0, 1, sqrt(0.9), 0.7*pi);

beta5] = Theq(-1, 0, 1, 1/sqrt(2), 0.2%*pi);
beta6] = lheq(-1, 0, 1, sqrt(0.9), 0.2%pi);

abs(dtft(bl, omega)./dtft(al, omega)).A2;
abs(dtft(b5, omega)./dtft(a5, omega)).A2;

lowpass cases

highpass cases

200 frequencies in [0, 17]

magnitude response squared

filter and (b) the customized function combfilt.m that uses a circular buffer:

D = 10;
wc = 0.025 * pi;

[al, bl, cl, betal] = combeq(l, 10A(9/20),
combeq(l, 10A(-12/20), 10A(-3/20), D, wc, 1);

[a2, b2, c2, beta2]

omega = (0:399)*2*pi/ 400;

numl = [bl, zeros(l, D-1), -cl];
denl = [1, =zeros(l, D-1), -all;
H1 = dtft(numl, omega)

magHl = 20 * loglO(abs(H1));
angHl = angle(H1) * 180 / pi;

num2 = [b2, zeros(l, D-1), -c2];
den2 = [1, zeros(l, D-1), -a2];
H2 = dtft(num2, omega)

magH2 = 20 * Togl0(abs(H2));
angH2 = angle(H2) * 180 / pi;

X
hl

[1, zeros(1l, 199)];
filter(numl, denl, x);

w = zeros(1l, D+1);
q=0;

for n=0:199,

[yl(n+1), w, q] = combfilt(al, bl, cl, D, w, g, x(n+l));

end

The phase responses of the comb and notch filters and the impulse response of the comb are

shown in Fig. P11.2.

The canonical realization and the corresponding circular buffer version of the sample processing
b—
1-—

algorithm of the transfer function H (z) =

cz
azP
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10A(3/20),

./ dtft(denl, omega);

./ dtft(den2, omega);

are given below:

D, wc, 1);

400 frequencies in [0, 277]

numerator coefficients
denominator coefficients
frequency response
magnitude response
phase response in degrees

length-200 unit impulse
impulse response

(D+1)-dimensional state vector
circular pointer index

note: hl=yl

Phase Responses

comb (9 dB)

L N notch (—12 'dB)

04 06 08 10 12 14 16 18 20
@ in units of m

Impulse Response

0.8

h(n)

0.4

OIDMOMHMMMM R

40 60 B0 100 120 140 160 180 200
time samples n

Fig. P11.2 Phase responses and impulse response of Problem 11.8.

for each input sample x do:
sp = tap(D,w, p,D)
So =X+ asp
y =bsy—cSp
*p = So
cdelay (D, w, &p)

The following C function combfilt.c is an implementation:

void cdelay(Q);
double tap(Q);

double combfilt(a, b, c, D, w,
double a, b, c, *w, **p, x;
int D;
{

double s0O, sD, y;

sD = tap(D, w, *p, D);
sO = x + a * sD;

y =b *s0 - c * sD;
**p = s0;

cdelay(D, w, p);

return y;

p, x)

* combfilt.c - comb filtering with circular buffer */

p passed by address as in cfir.c

Dth tap output

input to D-fold delay
output sample

update circular delay line

The MATLARB version is the function combfi1t.m given below:

% combfilt.m - comb filtering with circular buffer

%
% [y, w, ql = combfilt(a, b, ¢, D, w, q, X);
%

% The filter parameters [a, b, c] can be obtained from combeq.m
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%
% It uses cdelay2.m, wrap2.m, tap2.m
% based on combfilt.c

function [y, w, q] = combfilt(a, b, c, D, w, g, X)

sD tap2(D, w, q, D);
sO = x + a * sD;

y =b *s0 - c* sD;
w(g+l) = s0;

q = cdelay2(D, o);

It uses the following routine tap2.m that helps extract the components of the circular internal
state vector:

% tap2.m - read ith tap of circular delay-line buffer
%

% si = tap2(D, w, q, i)

%

%w = (D + 1)-dimensional

% q = circular index into w

% delay amounti = 0, 1, ..., D

% based on tap2.c

function si = tap2(D, w, q, i)

si = w(rem(q+i, D+1)+1); % sj is delayed output s(n — i)

Problem 11.9

In the FIR case of designing a lowpass filter, the limits 1 * §pass and =0g0p represent the ripples
of the (real-valued) frequency response D (w). These translate to the limits for the magnitude
response 1 = Opags in the passband and [0, dsi0p] in the stopband.

In the IIR case, the definitions are motivated by the closed-form expressions of the magnitude
response squared in the Butterworth and Chebyshev cases.

Problem 11.10

Because Qgiop > Qpass, and N = Nexact, We have the inequality

2N 2Nexact ) 2N
Qg Qg Est Qg
(—S P > [ =5oe = Sop = 1+ &, | 552 >1+¢

stoy
-Qpass Qpass Sgass P

Thus, using Eq. (11.6.14) we have:

Q stop
Q pass

2N
A (Qg0p) = 1010gy [1 + Epass ( ) ] > 1010810 (1 + €40p) = Astop

Similarly, if we fix ( by the stopband specification, then we have:

2N 2Nexact 2 2N
-Qpass < -Qpass _ ‘Spass N 1+ 82 Qpass <14+ 82
2 sto] ass
Qstop -Qstop gstop i P

Then, using Eq. (11.6.15), we have:
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2N

Q

A(-Qpass) =10log;, |:1 + Egtop (QDaSS) :| < 10log;o (1 + SIZMSS) = Apass
stop

Thus, in either case, the specifications are more than satisfied.

Problem 11.11
The call to the MATLAB function Thbutt.m:

[A, B, P] = Thbutt(1, 40, 10, 15, 3, 35);

produces the following cascade matrices

0.5001 0.5001 O 1 0.0002 0
B=] 03821 2x0.3821 0.3821 |, A=| 1 0.0007 0.5279
0.2765 2x0.2765 0.2765 1 0.0005 0.1056

Thus, the designed transfer function will be:

_ 0.5001(1+2z7") 0.3821(1 +z71)?

-1y2
H(z)= 0.2765(1 +z71)

1+ 0.0002z-1 1+0.0007z1 +0.5279z2 1+ 0.0005z1 + 0.10562 2

The parameter vector P is:

P= [QpaSSyQS[()py Epass, ESIOvaCXaCthAStOp!QO!fO]
= [1, 2.4142, 0.9976, 56.2252, 4.57, 5, 38.26, 1.0005, 10.0030]

where Ay is the actual stopband attenuation realized by the designed filter, and f is the 3-
dB cutoff frequency. The apparent discrepancy between the computed 3-dB frequency and the
given 3-dB passband specification is accounted for from the fact that the 3-dB frequency Q or
fo is defined to be the frequency where the magnitude squared response drops to one-half its
DC value; this is almost a 3-dB drop, but not exactly. By hand, the design is as follows. First, we
prewarp the physical frequencies:

w T 10
Qpass = tan< ‘;SS> = tan( ];pass> = tan(%) = tan(0.251) =1

N

. ; 1
Qgop = tan (%) = tan (@) = tan (11—05) = tan(0.3757T) = 2.4142

S

Then, we compute the e-parameters:

Epass = \104pass/10 — 1 = /103/10 — 1 = 0.9976,  &srop = \/104500p/10 — 1 = +/1035/10 — | = 56.2252

and the exact and up-rounded value of N:

In (&s10p/ Epass) _ In(56.2252/0.9976)
In(Qsiop/ Ppass)  1n(2.4142/1.0000)

chact: :4.57, N =5

Then, we calculate the 3-dB Butterworth parameter 2, and invert it to get the 3-dB frequency fo:

Q
L S S 1.0005, fo= %arctan(()o): 1.0030 kHz

o) =
07 N T (0.9976)1/5
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The coefficients of the 2nd-order sections are computed by Eq. (11.6.24). Note that because of
the small discrepancy mentioned above, Q is not exactly equal to unity, and therefore, the a,
coefficients of all the sections will not be exactly zero. The Butterworth angles are computed by

0; = %(N—l+2i): %(4+2i>, i=1,2
which gives
0, = 0.6, 0, = 0.8
Problem 11.12
The call to Thbutt.m:
[A, B, P] = Tlhbutt(-1, 10, 3, 2, 0.5, 35);

produces the following cascade matrices

|

Thus, the designed transfer function will be:

:| ' A
0.3414(1 —z71)?
1+0.0817z71 +0.4471z2
The parameter vector P is:

P= [Qpasm Qstop; 5pass; Estop; Nexacty N, Astnpy QO; fO]

0.3414
0.2454

—-2x0.3414 0.3414
—2x0.2454 0.2454

0.0817
0.0587

E

0.2454(1 — z71)?
14 0.0587z"! + 0.0404z2

0.4471
0.0404

H(z)=

= [0.7265, 1.3764, 0.3493, 3.0000, 3.37, 4, 13.27, 0.9451, 2.5899]

where Agop is the actual stopband attenuation realized by the designed filter, and fj is the 3-dB
cutoff frequency in kHz. The required closed-form expression for part (c) is:
1
2N
1+ (cot(w/z) )
Qo

|H(w)|? =

Problem 11.13

The real part of s can be expressed as follows:

1 e Z2=2cz+1  z*?-2cz*+1 (22 -2cz+1)(2*? - 1)+ (2% - 2cz* +1) (22 - 1)
Res= —(s+s8%)= + =
2 2(z2-1) 2(z*%2 —1) 2(z2-1)(z2-1)*
Czf-1-cz+z*)(Iz1>-1) _ (1zI2-1)(1z]? —c(z + z*)+1)
N |22 — 1|2 N |22 — 112

where in the last step we factored |z|* — 1 = (|z|2 — 1) (|z|2 + 1). Because |c| < 1, the second

factor of the numerator is non-negative. Indeed, noting that (z + z*) is real-valued, we have:
lc(z+z¥)| < |z+z¥| < |z| + |z*¥| = 2|z| = 2|zl <c(z+2z*)< 2|z|

Adding |z|? + 1 to both sides we get the inequality:

zI*=2|z|+1 < |zI*~c(z+z") +1 < |z]P+2|z[+1 = 0= (lz|-1)°< [z]*~c(z+2%) +1 < (1z[+1)*

Therefore, the sign of Re s is the same as the sign of the factor (|z|2 — 1), and the desired result

follows.
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Problem 11.14

Using a trig identity, we obtain:
|'sin(w; + w>)| = | sin w; cos w; + sin w, cos w1 | < |sinw; || cos w3 | + | sinw»|| cos w; |
< |sinw;| + | sin w;| = sin w; + sin w»

where we used the inequalities | cos w;| < 1 and | cos w»| < 1 and the fact that sin ; and sin w>
are non-negative for values of their arguments in the range [0, 7r]. Thus, the above inequality
implies |c| < 1.

Problem 11.15

Here, the Butterworth filter order is given to be N = 3. Thus, there remains only the parameter
Q) to be fixed. The normalized passband frequencies are
21T, 27T 21T, 2718
fra _ 212 = fob = —— =0.8™

2
= = =0.2m,
Wrpa =", 20 T fs 20

Because they add up to 1, the bilinear transformation parameter ¢ will be zero, as follows from
the equation

Wpb

sin(wWpq + Wpp)
 SinWpa + SinwWpy
Thus, the bilinear transformation will be here:
. 1+2z72
1-2z72

The analog passband frequency will be:
C — COS Wpp

Q pass — .
sin Wpp

= —cotwyp = 1.3764

The &pass parameter is calculated to be:

Epass = '\ 104pass/10 — 1 = /100:5/10 — 1 = (0.3493

which implies for Q:

Qpass 13764
Qo= ks _ 22002 9543
07 eUN T 0.3493173

The coefficients of the second- and fourth-order digital filter sections are calculated from Egs. (11.6.43)
and (11.6.41), where the there is only one Butterworth angle, namely,

(91:%(N—1+2):27Tr = cos@, = —0.5
We find for the second-order section:
Go = 0.6615, ap =0, ap =-0.3230
and the fourth-order section:
G, =0.5639, a1 =0, app=-0.8325 ai3=0, ais=0.4230

resulting in the transfer function:

0.6615(1 - z"2) 0.5639(1 — z72)?
1-0.3230z-2 1-0.8325z"2 +0.4230z~4

The 3-dB frequencies are calculated from Eq. (11.6.44) with ¢ = 0. We find:

H(z)=

foa = 1.5054 kHz,  fop = 8.4946 kHz
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Problem 11.16

We have:
1 B 3 7 3

s s2 T 02— 2sQgcosO; +s2 _ 51 _,1\?
1-2—cos0;i+ — 0 0 ' 2_o(1=2 i -z

Q it 2 Q5 2<1+z4 Qp cos 0; + 150
3 Q51 +2z71)?2
T Q31 +z1)2-2(1-z")(1+2z1)QcosO; + (1 —z1)?
B Q31 +2771)2
TR +2z7 1 +272)—2(1 —z2)Qpcos 0 + (1 —2z71 + z72)

Q21+ 272712 Gi(1+271)2

T (1-20Q0cos0; + Q) +2(Q3 -1z + (1+2Qpcos 0; + Q) z2  1+anz! +apz2

where the final result was obtained by dividing numerator and denominator by the factor (1 —
20y cos 0; + QS) in order to make the constant coefficient of the denominator unity.

The highpass case is obtained by replacing z~! by —z~!, which effectively changes the sign of the
aj coefficient. The bandpass case can be done in a similar, but more tedious, fashion.

Problem 11.17

The right 3-dB frequency is obtained by solving the equation

C — COS Wop
sin wop

Using the trig identities

1 —tan? (wop/2)
1+ tanz(wgb/Z) !

2tan(wop/2)

COoS w = —
ob 1+ tan2 (wop/2)

sin wop =

The above equation reduces to the quadratic equation in the variable t = tan (wgp/2):

1-1t?

c—
1+t2
2t

1+1¢2

=Q = (1+0)t?=2Qut—(1-¢c)=0

which has positive solution:

. Qo+y23+ (1 -c)(1+c)

1+c

implying for the 3-dB frequency

2 2 2 2

Wop fop VOG+1—c2+Q fs VG +1—c2+ Qg

t —~ ) =t [ A S = == t B
an( ’ ) an( £ ) Tie fov arctan Tic

The left 3-dB frequency is obtained by replacing 2y by —Q in the above solution.

240

Problem 11.18

Matching the stopband specifications exactly means that the stopband frequencies wgg,, (0g, map
onto *+£y,p, and that at Qg the attenuation is exactly Agop. The first requirement implies

C — COS Wgq
~stop = sin w
sa
C — COS Wgp
-Qstop = :
sin wgp

which can be solve for ¢ and Qsqp:

sin(wgq + Wgp)
Cc=— - y Qgrop =
sin Wy, + Sin Wgp

C — COS Wgp
sin wgp

Given the value of ¢, we compute next the two candidates for Qpags:

C — Cos W C — Ccos w
Qpa = : m ’ -Qpb = : ob
Sin wWpq s Wpp
Ideally, we would like have Q,p = Qpass and Qp; = —pass. But this is impossible because ¢ has

already been fixed. Because the Butterworth magnitude response is a monotonically decreasing
function of , it is enough to choose the widest of the two passbands defined above. Thus, we
define:

-Qpass = max(l_()pal, ‘anl)

Once we have computed Qp,ss and Qs0p, We design our Butterworth analog filter; that is, compute
N and Qg from

ln(gslop/spass) -Qstop
N, =— N =[N , Qo =
exact ln(-Qstop/Qpass) [ exact] 0 5;1/(:{;])

where the equation for Qy matches the stopband specification exactly. The digital filter coef-
ficients are then computed in terms of N and Qg as usual. The following MATLAB function
bpbutt2.m implements the above procedure and is an alternative to bpsbutt.m:

% bpbutt2.m - bandpass Butterworth digital filter design
%

% A, B, P] = bpbutt2(fs, fpa, fpb, fsa, fsh, Apass, Astop)

%

% alternative to bpsbutt.m

% it matches stopbands and uses worst passband.

%

% design parameters:

% P = [Wpass, Wstop, Wpa, Wpb, ¢, fc, epass, estop, Nex, N, Apass, W0, fOa, fOb];
% A,B are Kx5 matrices of cascade of 4th/2nd order sections

function [A, B, P] = bpbutt2(fs, fpa, fpb, fsa, fsb, Apass, Astop)

c = sin*pi*(fsa + fsb) / fs) / (sin(2*pi*fsa / fs) + sin(2*pi*fsb / fs));
fc = 0.5 * (fs/pi) * acos(c);

Wstop = abs((c - cosR*pi*fsb / fs)) / sin(2*pi*fsb / fs));

Wpa = (c - cosR*pi*fpa / fs)) / sin(*pi*fpa / fs);
Wpb (c - cosR*pi*fpb / fs)) / sin(*pi*fpb / fs);
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Wpass = max(abs(Wpa), abs(Wpb)); c = sinR*pi*(fsa + fsb) / fs) / (sin(2*pi*fsa / fs) + sin(2*pi*fsb / fs));

epass = sqrt(10.0A(Apass/10) - 1); Wstop = abs((c - cos(2*pi*fsb / fs)) / sin(R*pi*fsb / fs));
estop = sqrt(10.0A(Astop/10) - 1);
Wpa = (c - cosR*pi*fpa / fs)) / sin(R*pi*fpa / fs);

Nex = log(estop/epass) / log(Wstop/Wpass); Wpb = (c - cos(2*pi*fpb / fs)) / sin(R¥*pi*fpb / fs);
N = ceil(Nex);
r = rem(N,2); Wpass = max(abs(Wpa), abs(Wpb));
K=WN-r)/2;
epass = sqrt(10.0A(Apass/10) - 1);
WO = Wstop * (estopA(-1/N)); estop = sqrt(10.0A(Astop/10) - 1);
Apass = 10 * 10gl0(1 + (Wpass/WO)A(2*N)); Nex = acosh(estop/epass) / acosh(Wstop/Wpass);
N = ceil(Nex);
f0a = (fs/pi) * atan((sqrt(WOA2 - cA2 + 1) - W0)/(c+1)); r = rem(N,2);
fob = (fs/pi) * atan((sqrt(WOA2 - cA2 + 1) + W0)/(c+1)); K=NN-r)/2;
P = [Wpass, Wstop, Wpa, Wpb, c, fc, epass, estop, Nex, N, Apass, WO, fOa, fOb]; a = asinh(estop) / N;
if r==1, W3 = Wstop / cosh(acosh(estop)/N);
G=W0/ (1 + W0); f3a = (fs/pi) * atan((sqrt(W3A2 - cA2 + 1) - W3)/(c+1));
al = -2 *c/ (1 +W0); f3b = (fs/pi) * atan((sqrt(W3A2 - cA2 + 1) + W3)/(c+1));
a2 = (1 - W0) / (1 + W0);
B(1,:) = G * [1, 0, -1, O, 0O]; P = [Wpass, Wstop, Wpa, Wpb, c, epass, estop, Nex, N, f3a, f3b, al;
AC1,:) = [1, al, a2, 0, 0];
else WO = sinh(a) / Wstop;
B(1,:) = [1, 0, 0, 0, O];
A(1,:) = [1, 0, 0, O, 0]; if r==1,
end G=1/ (1 + wW0);
al = -2 *c* W0/ (1+ W0);
for i=1:K, a2 = -(1 - Wo) / (1 + W0);
th=pi * (N-1+2%1) /(2 *N); B(1,:) = G * [1, 0, -1, O, O];
D=1-2%W0 * cos(th) + WOA2; A(1,:) = [1, al, a2, 0, 0];
G = WOA2 / D; else
al =4 * c* (WO * cos(th) - 1) / D; BCL,:) = I1, 0, 0, 0, 01;
a2 = 2 * (2%cA2 + 1 - WOA2) / D; A(1,:) = [1, 0, O, O, 0];
a3 =-4*c* (WO * cos(th) + 1) / D; end
a4 = (1 + 2 * WO * cos(th) + WOA2) / D;
B(i+l,:) = G * [1, 0, -2, 0, 1]; for i=1:K,
ACGi+1,:) = [1, al, a2, a3, a4]; th=pi * N-1+2*14) / @2 * N);
end Wi = sin(th) / Wstop; % reciprocal of text
D=1-2%*W0 * cos(th) + WOA2 + WiA2;
Similarly, the function bpcheb2a.m is an alternative to the bandpass Chebyshev type-2 design G = (1 + Wir2) / D;
bl = -4 % c * WiA2 / (1 + WiA2);

function bpcheb2.m

b2 = 2 * (WiA2 * (2%c*c+l) - 1) / (1 + WiA2);
% bpcheb2a.m - alternative bandpass Chebyshev type 2 digital filter design al =4 % c* (WO * cos(th) - WO?Z - Win2) / D;
% a2 = 2 * ((2*c*c + 1)*(WOA2 + WiA2) - 1) / D;

a3 = -4 * c* (WO * cos(th) + WOA2 + WiA2) / D;

% [A, B, P] = bpcheb2a(fs, fpa, fpb, fsa, fsb, Apass, Astop)

%

% alternative to bpcheb2.m

% matches stopbands instead of passbands

%

% design parameters:

% P = [Wpass, Wstop, Wpa, Wpb, c, epass, estop, Nex, N, f3a, f3b, aj;
% A, B are Kx5 matrices of cascade 4th/2nd order sections

ad = (L + 2 * WO * cos(th) + WOA2 + WiA2) / D;
B(i+l,:) = G * [1, bl, b2, bl, 1];
ACi+1,:) = [1, al, a2, a3, a4];

end

function [A, B, P] = bpcheb2a(fs, fpa, fpb, fsa, fsb, Apass, Astop)
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Problem 11.19

We work with the type-2 design since it has more complicated numerator. The transformation of
the analog second-order sections is as follows:

1+0Q;7%? A+z7H24+077(1-2z71)?

/* cas4.c - IIR filtering in cascade of fourth-order sections */
double so0s4(); single 4th-order section

double cas4(K, A, B, W, x)

1-20Q5 cos@is+ (52 +2:72)s2 (1+2z71)2-20Q5"cos0;(1 —z-1) (1 + 27 1)+ (5% + 2;72) (1 — z-1)2 double **A, **B, **W, x;

A+Q7)+2(1-Q7 Dz '+ A+ Q7222

(1 -2025%cos0; + Q5% + Qi ) +2(1 — Q252 — Q7 )zl + (1 +20Q5% cos 0; + Q52 + Q;7°) 272

_ Gi(1+ bi1271 + Zﬁz)
1+apz™!' +apz=?

where the final step follows by dividing the numerator by the factor (1 + ;) and the denomi-
nator by (1 — 2052 cos 0; + Q5% + Q;7%).
Problem 11.20
The s-domain poles are

Si = Qpass sinha cos 0; + jQpass cosha sin 0; = Qg cos 0; + jQ; cosha
It follows that

Isi]? = Q2 cos? 0; + Q;% cosh® a = Q3 (1 — sin® 8;) +02;* (1 + sinh’ a)
= Q% + Q7 + (Q3sin? 0; — Q;° sinh?® a) = QF + Q/°

where the last two terms canceled because

Qo sin 0; = Qpass sinhasin 0; = Q; sinha

Problem 11.21

The following C functions sos4.c and cas4.c implement the sample-by-sample processing al-
gorithm of the cascade of fourth-order sections:

/* sos4.c - IIR filtering by single (canonical) fourth-order section */

double sos4(a, b, w, x) a,b,w are 5-dimensional
double *a, *b, *w, x; al0]= 1 always
{

double y;

wl0] = x - a[11*w[1] - a[2]*w[2] - a[3]1*w[3] - a[4]*w[4];
y = b[01*w[0] + b[11*w[1] + b[2]*w[2] + b[31*w[3] + b[4]*w[4];

wl[4] = w[3]; could replace these updates by
wl3] = w[2]; the single call to
wl2] = w[1]; delay(4, w);
w[1] = w[0];
return y;
}
and
244

int K;
A, B, W are KXx5 matrices

{

int 1;

double y;

y = X; initial input to first SOS4

for (i=0; i<K; i++)

y = sos4(A[i], B[i], W[il, y); output of ith section

return y; final output from last SOS4

}

The K X 5 matrices A and B are generated by the filter design MATLAB functions, such as bps-
butt.m, bpcheb2.m, or bscheb2.m, and can be passed as inputs to the above C functions. This
can be done by saving the A and B outputs of the MATLAB functions into ASCII files and then
invoking the following filtering routine casfi1t4.c which is analogous to casfiTt. c of Problem
7.15 and which reads A and B dynamically from the command line:

/* casfilt4.c - IIR filtering in cascade of fourth-order sections */

#include <stdlib.h>
#include <stdio.h>

#define MAX 64 initial allocation size

double cas4();

void main(int argc, char **argv)

{
FILE *fpa, *fpb; coefficient files
double **A, **B, **W, x, y;
double *a; temporary coefficient array

int M, K, i, j, m;

int max = MAX, dmax = MAX; allocation and increment

if (argc !'= 3) {
fprintf(stderr, "Usage: casfilt4 A.dat B.dat <x.dat >y.dat\n");
exit(0);
}

if ((fpa = fopen(argv[1l], "r")) == NULL) {
fprintf(stderr, "Can’t open filter file: %s\n", argv[1]);
exit(0);
}

if ((fpb = fopen(argv[2], "r")) == NULL) {
fprintf(stderr, "Can’t open filter file: %s\n", argv[2]);
exit(0);
}

a = (double *) calloc(max + 1, sizeof(double));
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for (M=0;; M++) { % cas4.m - cascade of fourth order sections

if (M == max) { %
max += dmax; % [y, W] = cas4(K, B, A, W, x)
a = (double *) realloc((char *) a, (max + 1) * sizeof(double)); %
} % B = KX5 numerator matrix
if (fscanf(fpa, "%1f", a + M) == EOF) break; % A = Kx5 denominator matrix
} % W = Kx5 state matrix
a = (double *) realloc((char *) a, (M + 1) * sizeof(double)); % x = scalar input

%y = scalar output
if (M%5 1= 0) {

fprintf(stderr, "all rows of A must be 5-dimensional™); function [y, W] = cas4(K, B, A, W, x)
exit(0);
} y = X;
else
K=M/5; number of SOS4 for i = 1:K,
[y, W@E,:)] = sos4(B(i,:), AG,:D, WGE,D, y);
A = (double **) calloc(K, sizeof(double *)); allocate K rows end
B = (double **) calloc(K, sizeof(double *));
W = (double **) calloc(K, sizeof(double *)); states of each SOS4 The MATLAB version of casfi1t4 for filtering of a long input vector is as follows. It is analogous
for (i=0; <K i++) { . to casfilt.m of Problem 7.15:
A[i] = (double *) calloc(5, sizeof(double)); each row is 5-dim
B['!] = (double *) calloc(5, s‘lzeof(doub'le)); % casfilt4.m - cascade of fourth-order sections
W[i] = (double *) calloc(5, sizeof(double)); %
} % y = casfilt4(B, A, x)
%
for(i=0; i<K; i++) form A matrix 9% B = Kx5 numerator matrix
for(3=(_); :!<5; J++2_ o % A = Kx5 denominator matrix
A[iI[3] = al5*i + j1; % X = Tow vector input
%y = TOW vector output
for(i=0; i<K; i++) read B matrix
for(3=0; j<5; j++ ) ) function y = casfilt4(B, A, x)
fscanf(fpb, "%1f", B[i]l + j);
. [K, K1] = size(A);
while(scanf("%1f", &x) != EOF) { process input samples

[N1, N] = size(xX);

y = cas4(K, A, B, W, x); W = zeros(K,5);

printf("%1f\n", y);
}

for n = 1:N,
’ [y(n), W] = cas4(K, B, A, W, x(n));
end
The MATLAB version of sos4 is as follows:
% sos4.m - fourth order section Problem 11.22
%
% [y, w] = sosd(b, a, w, X) The following MATLAB code designs the pairs of lowpass, highpass, bandpass, and bandstop
% Butterworth filters, and shows how to compute the phase response and impulse response of one
% b = [b0, b, b2, b3, b4] = 5-dim numerator (row vector) of the filters (the first bandpass filter):
% a=[1, al, a2, a3, a4] = 5-dim denominator (row vector)
% w = [w0, wl, w2, w3, w4] = 5-dim filter state (row vector) Apass = -10%10g10(0.98); stringent case
% x = scalar input Astop = -10*10g10(0.02);
% y = scalar output
. [A1, B1, P1] = Thbutt(1, 20, 4, 5, 0.5, 10); lowpass
function [y, w] = sos4(b, a, w, x) [A2, B2, P2] = Thbutt(l, 20, 4, 5, Apass, Astop); lowpass
w(l) = x - a(2:5) * w(2:5)’; [A3, B3, P3] = lhbutt(-1, 20, 5, 4, 0.5, 10); highpass
y=b*w; [A4, B4, P4] = Thbutt(-1, 20, 5, 4, Apass, Astop); highpass
w = delay(4, w);
[A5, B5, P5] = bpsbutt(1, 20, 2, 4, 1.5, 4.5, 0.5, 10); bandpass
The MATLAB version of cas4: [A6, B6, P6] = bpsbutt(l, 20, 2, 4, 1.5, 4.5, Apass, Astop); bandpass
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[A7, B7, P7] = bpsbutt(-1, 20, 1.5, 4.5, 2, 4, 0.5, 10); bandstop [A9, B9, P9] = bscheb2(20, 1.5, 4.5, 2, 4, 0.5, 10); BS type 2
[A8, B8, P8] = bpsbutt(-1, 20, 1.5, 4.5, 2, 4, Apass, Astop); bandstop [A10, B10, P10] = bscheb2(20, 1.5, 4.5, 2, 4, Apass, Astop); BS type 2
om = (0:199) * pi / 200; 200 frequencies in [0, 77] om = (0:199) * pi / 200; 200 frequencies in [0, 7]
a5 = cas2can(A5); bandpass case a7 = cas2can(A7); bandpass case
b5 = cas2can(B5); b7 = cas2can(B7);
H5 = dtft(b5, om)./dtft(a5, om); frequency response H7 = dtft(b7, om) ./ dtft(a7, om); frequency response
argH5 = angle(H5) * 180 / pi; phase response (in degrees) argH7 = angle(H7) * 180 / pi; phase response (in degrees)
x = [1, zeros(1l, 99)]; length-100 unit impulse x = [1, zeros(1l, 99)]; length-100 unit impulse
h5 = casfilt4(B5, A5, x); impulse response h7 = casfilt4(B7, A7, x); impulse response
y5 = filter(b5, a5, x); conventional method. Note, y5=h5 y7 = filter(b7, a7, x); conventional method. Note, y7=h7
The computed phase and impulse responses are shown in Fig. P11.3. Notice how the phase The computed phase and impulse responses are shown in Fig. P11.4. Note that the Chebyshev
response is almost linear within its passband. phase response is not as linear within its passband.
Phase Response Impulse Response Phase Response Impulse Response
1i 0. 1 0.3
120 0.2 120 0.2
60 0.1 60 0.1
8 . 3 -
gﬂ 0 \i, 0.0 gﬂ 0 \i, 0.0
< s
-60 -0.1 -60) 0.1
-120 -0.2 —120 -0.2
- 0 1 P4 4 5 6 7 8 9 10 -0 0 10 20 30 40 50 60 70 B8O 90 100 ! 0 1 2 3 4 5 6 7 9 10 _0‘30 10 20 30 40 50 60 70 80 90 100
f (kHz) time samples n f (kHz) time samples n
Fig. P11.3 Phase and impulse responses of (the less stringent) bandpass filter of Problem 11.22. Fig.P11.4 Phase and impulse responses of (the less stringent) bandpass filter of Problem 11.23.

Problem 11.23

The following MATLAB code designs the pairs of lowpass, highpass, bandpass, and bandstop
Chebyshev filters, and shows how to compute the phase response and impulse response of one
of the filters (the first bandpass filter):

Apass = -10*%10g10(0.98); stringent case
Astop = -10*%109g10(0.02);

[Al, B1, P1] = lhchebl(1, 20, 4, 5, 0.5, 10); LP type 1
[A2, B2, P2] = lhchebl(l, 20, 4, 5, Apass, Astop); LP type 1
[A3, B3, P3] = lhchebl(-1, 20, 5, 4, 0.5, 10); HP type 1
[A4, B4, P4] = Thchebl(-1, 20, 5, 4, Apass, Astop); HP type 1
[A5, B5, P5] = Thcheb2(1, 20, 4, 5, 0.5, 10); LP type 2
[A6, B6, P6] = Thcheb2(1, 20, 4, 5, Apass, Astop); LP type 2
[A7, B7, P7] = bpcheb2(20, 2, 4, 1.5, 4.5, 0.5, 10); BP type 2
[A8, B8, P8] = bpcheb2(20, 2, 4, 1.5, 4.5, Apass, Astop); BP type 2
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Chapter 12 Problems
Problem 12.1
The low-rate transfer functions, D;(z) and H;(z)= z~?D;(z), corresponding to Eq. (12.4.2) will

be:
Do(z) =1
Dy (z) = —0.13z° + 0.30z + 0.90 — 0.18z"!
D, (z) = —0.212% + 0.64z + 0.64 — 0.21z"!
D3(z) = —0.182z° + 0.90z + 0.30 — 0.13z7!

Ho(z) =772
H,(z) = -0.13 +0.30z ! +0.90z % - 0.1823
H,(z) = —0.21 + 0.64z' + 0.64z7% - 0.21z3
H;3(z) = —0.18 + 0.90z7! + 0.30z 72 — 0.13z3
Setting z = C* and using Eq. (12.2.15), we obtain the transfer function D (Z), which is recognized
as the double-sided C-transform of the sequence d given in Eq. (12.4.1):
D(8)=Do(C*)+C ' D1 (C*)+C D2 (C*) +C D3 (C*)
=1+C'(-0.13C® + 0.30C* + 0.90 — 0.18C %)
+C7%(-0.21C% + 0.64C* + 0.64 — 0.21C™%)
+C73(-0.18C% + 0.90C* + 0.30 — 0.13C*)
=1+0.90(C +C1)+0.64(C% + C72)+0.30(C* + C3)
—0.18(2° +C7°)-0.21(C% + €7%)-0.13(C" + C77)

Problem 12.2
In this case, L = 2 and we choose M = 2, so that N = 2LM + 1 = 9. The ideal impulse response

is:
,,_ sin(rk’/2) B ,
d(k)—iwk,/2 , 4<k' <4

or, numerically,
h=d=1[0,-0.21,0,0.64,1,0.64,0,—-0.21,0 ]

It is depicted in Fig. P12.1.
The two polyphase subfilters are defined by Eq. (12.2.10), that is, for i = 0,1,
di(k)=d 2k + 1), -2<k=<1

They can be extracted from h by taking every second entry, starting with the ith entry:
hy =do = [0, 0, 1, 0]
h; =d; = [-0.21, 0.64, 0.64, —0.21]
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-0.21

-0.21
Fig. P12.1 Length-9 symmetric impulse response of 2-fold FIR interpolator.

The interpolated samples between x (1) = xup (2n) and X (n+1) = Xyp (21 +2) are calculated from
Egs. (12.2.18). The two subfilters act on the time-advanced (by M = 2) low-rate input samples

x(n+2), x(n+1),x(n), x(n—-1)}, or, {xup(2n + 4), Xup (21 + 2), xup (21), Xup (2n — 2)}.

Equations (12.2.18) can be cast in a compact matrix form:
Xup (21 + 4)
Yup (21) _ 0 0 1 0 Xup (21 + 2)
~| -0.21 0.64 0.64 -0.21 Xup (2n)
Xup (21 = 2)

Y (2N +1)
These filtering equations can also be obtained by superimposing the symmetric impulse response

of Fig. P12.1 on each of the contributing low-rate samples
{xXup (2N +4), Xup (2N +2), Xyp(2n), Xup (21 —2)}

and adding up their contributions at each of the intermediate sampling instants 2n +i,i = 0, 1,

as shown in Fig. P12.2.

Xp(2n-2)  Xyp(2m) Yup(2nH 1)
g xup(2n+2)

xup(Zn +4)

h 2O 2 2t

T n2
Fig. P12.2 Superposition of impulse responses.
The Hamming windowed version of the filter is obtained by multiplying the full length-9 filter
response h by a length-9 Hamming window. The resulting impulse response will be:
h=[0,-0.05,0,0.55,1,0.55,0,-0.05,0 ]
The corresponding polyphase subfilters are obtained by extracting every second entry:
hy = [0, 0, 1, 0]
h, = [-0.05, 0.55, 0.55, —0.05]
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The interpolation equations will be in this case:

Xup (21 + 4)

Yup(zn) _ 0 0 1 0 xup(2n +2)
Yop(2n+1) | | -0.05 0.55 0.55 -0.05 Xup (211)

Xup (21 = 2)

Problem 12.3

For the case of a 3-fold interpolator, we have L = 3 and choose again M = 2, corresponding to

filter length N = 2LM + 1 = 13. The ideal impulse response is:

sin(1tk’/3)
k' /3

dk’)= -6<k' <6

or, numerically,
h=d=1[0,-0.17,-0.21,0,0.41,0.83,1,0.83,0.41,0,—0.21,-0.17,0]

where h is the causal version, with time origin at the left of the vector, and d is the symmetric
one, with time origin at the middle of the vector. This impulse response is shown in Fig. P12.3.
The three polyphase subfilters are defined by Eq. (12.2.10), that is, for i = 0, 1, 2,

di(k)=d 3k + 1), -2<k<1
They can be extracted from h by taking every third entry, starting with the ith entry:
hy =dy = [0, 0, 1, 0]
h, =d, = [-0.17, 0.41, 0.83, —0.21]
h, =d, = [-0.21, 0.83, 0.41, —0.17]
The interpolated samples between x(n)= Xy (3n) and x(n + 1) = Xy (3n + 3) are calculated

from Egs. (12.2.18).

L=3, M=2, N=13

0177001 -0.21
Fig. P12.3 Length-13 symmetric impulse response of 3-fold FIR interpolator.

All three subfilters act on the time-advanced (by M = 2) low-rate input samples {x (n+2),x(n+1),
x(n),x(n—1)}, or, {Xyp(3n + 6), Xup (31 + 3), Xup (31), Xyp (31 — 3) }. Equations (12.2.18) can

be cast in a compact matrix form:

Yap (31) o o0 1 0 ipgz 1 g;
Yop(3n+1) | =| —0.17 041 0.83 -0.21 x“p(?m)

_ _ up
Yup (311 + 2) 0.21 0.83 0.41 -0.17 xon (31— 3)
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These filtering equations can also be obtained by superimposing the symmetric impulse response
of Fig. P12.3 on each of the contributing low-rate samples

{Xup (3N +6), Xup(3n +3), Xyp(3n), Xup(3n —3)}

and adding up their contributions at each of the intermediate sampling instants 3n+1i,i = 0,1, 2,
as shown in Fig. P12.4.
v,,(3n+1)
xup(3n-3) xup(?an) P
- x,,.(3n+3)

/ N up

? X, (3146)

\

3,3 3n O 30437 3046

Fig. P12.4 Superposition of impulse responses.

The Hamming windowed version of the filter is obtained by multiplying the full length-13 filter
response h by a length-13 Hamming window. The resulting impulse response will be:

h = [0,-0.02,-0.06,0,0.32,0.78,1,0.78,0.32,0, —0.06,0.02, 0]
The corresponding polyphase subfilters are obtained by extracting every third entry:

hy = [0, 0, 1, 0]
h; = [-0.02, 0.32, 0.78, —0.06]
h; = [-0.06, 0.78, 0.32, —0.02]

The interpolation equations will be in this case:

Yap (31) o o0 1 0 :“pgz : g;
yp@Bn+1) [=] -0.02 0.32 0.78 -0.06 X“p(3n)

_ _ up
Yup (31 + 2) 0.06 0.78 0.32 -0.02 xon (37— 3)

Problem 12.4
For interpolation factor L = 4 and filter length N = 25, we find:

N=2LM+1 = M=(N-1)/2L=(25-1)/8=3

Thus, we use 3 low-rate samples above and three below every interpolated value to be computed.
The length-25 ideal interpolation impulse response is calculated from:

sin (k' /4)
k' /4

for —12<k’ <12

dk’)= ,

This generates the numerical values:
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d= 1[0.000, 0.082, 0.127, 0.100, 0.000, -0.129, -0.212, -0.180,
0.000, 0.300, 0.637, 0.900, 1.000, 0.900, 0.637, 0.300,
0.000, -0.180, -0.212, -0.129, 0.000, 0.100, 0.127, 0.082, 0.000 ]

This impulse response is shown in Fig. P12.5 (where the values have been rounded to 2-digit

accuracy for convenience.) \\/%/13 >
) L=4, M=3, N=25 :
0.64 4
; 0.13
‘ N —
021
.0.21 -0.18 -0.18 021
E
. - . 0.90
Fig. P12.5 Length-25 symmetric impulse response of 4-fold FIR interpolator. F
Given 2M = 6 low-rate samples {A,B,C,D,E,F} as shown in Fig. 12.1.11, the three values 0 131'\
{X,Y,Z} interpolated between C and D are calculated by convolving d with the upsampled B ey
low-rate samples. Using the flip-and-slide form of convolution as in Fig. 12.4.3, we position the 018

impulse response d at the three successive positions, read off the values of d (k") where it inter-
sects with the low-rate samples, and add up the results. This procedure is shown in Fig. P12.6. Fig. P12.6 Interpolated values are calculated by the flip-and-slide form of convolution.
The corresponding linear combinations of low-rate samples are precisely those of Eq. (12.1.3).
They may be rewritten in the polyphase matrix form (with the low-rate samples listed from the

latest down to the earliest): /* interp.c - L-fold FIR interpolator (rectangular and Hamming window design)
F * Usage: interp hamm L M < xTow.dat > yhigh.dat
E %
X 0.082° =0.129 - 0.300 0.900 ~ —0.180 0.100 D * hamm = 0/1 for rectangular/Hamming window
Y |=| 0127 -0.212 0.637 0.637 -0.212 0.127 c - — interpolation factor
4 0.100 -0.180 0.900 0.300 -0.129 0.082 B *M = half-length of polyphase subfilters (length = 2M, order = P = 2M-
1
A * xlow.dat = file containing low-rate input samples
* yhigh.dat = file containing high-rate interpolated output samples
Problem 12.5 */
The ideal 3-fold interpolation case with M = 2, sothat N =2LM +1=2-3-2+1 = 13, was #include <stdio.h>
discussed in Problem 12.3. For the linear interpolator, using Eq. (12.3.7), we have: #include <math.h>
#include <stdlib.h>
x(n+2)
Yup (31) 00 L0 e 173 2/3 [ x(n+1) void delayQ);
YopBn+1) | =] 0 1/3 2/3 0 x(n) =1 2/3 1/3 x(n) double dot();
Yup (311 + 2) 0 2/3 1/3 0 x(n—1) double dQ); ideal interpolation filter
void main(int argc, char ** argv)
Problem 12.6 t
int i, n, L, M, P, hamm;
The following complete C program interp.c implements the polyphase sample-by-sample pro- double x, *y, *w, **h, pi = 4 * atan(1.0);

cessing algorithm of Eq. (12.2.20) and the initialization procedure of (12.2.19):
if (argc !'=4) {
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fprintf(stderr,"\nUsage: interp hamm L M < xlow.dat > yhigh.dat\n\n");

double d(L, k)

fprintf(stderr,"where: hamm = 0/1 for rectangular/hamm window\n"); int L, k;

fprintf(stderr,” L = interpolation factor\n"); {

fprintf(stderr," M = half-length of polyphase subfilters\n"); double t, pi = 4 * atan(1.0);

fprintf(stderr," xTow.dat = file for Tow-rate input samples\n");

fprintf(stderr,"” yhigh.dat = file for high-rate interpolated output samples\n"); if (k == 0) do) =1
exit(0); return (1.0);

} else {

hamm = atoi(argv[1]);

L = atoi(argv[2]);
M = atoi(argv[3]);
P =2%M - 1; polyphase filter order

h = (double **) calloc(L, sizeof(double *));
for (i=0; i<L; i++)
h[i] = (double *) calloc(2*M, sizeof(double));

allocate L subfilters
each of length 2M
y = (double *) calloc(L, sizeof(double));

w = (double *) calloc(2*M, sizeof(double)); allocate low-rate internal state
for (i=0; i<L; i++)
for (n=0; n<2*M; n++)
if (hamm == 0)
h[il[n] = d(L, L*n+i-L*M);
else Hamming window
h[i1[n] = d(L, L*n+i-L*M) * (0.54 - 0.46%cos((L*n+i)*pi/(L*M)));

construct polyphase subfilters

rectangular window

initialize by Eq. (12.2.19)
for (i=M; 1i>=1; i--) initialize state w by reading
scanf("%1f", w + i); first M low-rate input samples
process by Eq. (12.2.20)
while(scanf("%1f", &) != EOF) {

w[0] = x;

for (i=0; i<L; i++) {
y[i] = dot(P, h[il, w);
printf("%.121f\n", y[i1);
}

delay(P, w);

}

ith interpolated output sample
and write it into stdout

update low-rate delay line

for (n=0; n<M; n++) {
w[0] = 0.0;
for (i=0; i<L; i++) {
y[i] = dot(P, h[i], w);
printf("%.121f\n", y[i1);
}
delay(P, w);

input-off transients
zero input

ith interpolated output sample
and write it into stdout

update low-rate delay line

/* d(L, k) - ideal L-fold interpolation coefficients */
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allocate L polyphase outfprintf(stderr,

if (k%L == 0)
return (0.0);

else {
t=pi *k/L;
return (sin(t)/t);
}

d (k) vanishes at non-zero multiples of L

typical sin x/x impulse response

The program has usage:
interp hamm L M < xTow.dat > yhigh.dat

where the parameter hamm specifies a Hamming or rectangular window, L is the interpolation
factor, and M is the half-length of the polyphase subfilters, so that the total filter length is
N =2LM + 1.

The program designs the windowed length-N interpolation filter and then reads the low-rate in-
put samples sequentially from a file xTow.dat or stdin, computes the high-rate interpolated
samples, and writes them to the file yhigh.dat or to the stdout. Each low-rate input generates
L high-rate outputs. Inside the program, the rectangular and Hamming window design of the
impulse response may be replaced easily by a Kaiser design.

The program interp.c uses a linear-buffer version of the low-rate delay line used by all the
polyphase subfilters. The following program cinterp.c is the circular-buffer version of in-

keep reading low-rate samples till EOF terp.c:

* cinterp.c - circular-buffer version of interp.c */

#include <stdio.h>
#include <math.h>
#include <stdlib.h>

void cdelay(), wrap(Q);
double cdot();
double dQ;

circular version of dot.c
ideal interpolation filter
void main(int argc, char **

{

argv)

int i, n, L, M, P, hamm;
double x, *y, *w, *p, **h, pi = 4 * atan(1.0);

if (argc !'= 4) {
fprintf(stderr,"\nUsage: cinterp hamm L M < xlow.dat > yhigh.dat\n\n");

fprintf(stderr,"where: hamm = 0/1 for rectangular/hamm window\n");
fprintf(stderr," L = interpolation factor\n");
fprintf(stderr,"” M = half-length of polyphase subfilters\n");

xTow.dat

fprintf(stderr,” file for Tow-rate input samples\n");
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for

whil

for

/* ddL,

double d
int L, k

fprintf(stderr,"
exit(0);

= atoi(argv[1l]);
atoi(argv[2]);
atoi(argv[3]1);

2%M - 1;
(double **) calloc(L, sizeof(double *));
(i=0; i<L; i++)

h[i] = (double *) calloc(2*M, sizeof(double));

(double *) calloc(L, sizeof(double));

= (double *) calloc(2*M, sizeof(double));
= w;

(i=0; i<L; i++)
for (n=0; n<2*M; n++)
if (hamm == 0)
h[il[n] = d(L, L*n+i-L*M);
else

yhigh.dat = file for high-rate

interpolated output samples\n");

polyphase filter order

allocate L subfilters

each of length 2M

allocate L polyphase outfprintf(stderr,

allocate low-rate internal state
initialize circular pointer

construct polyphase subfilters

rectangular window

Hamming window

h[il[n] = d(L, L*n+i-L*M) * (0.54 - 0.46*cos((L*n+i)*pi/(L*M)));

Gi=M; i>=1; i--) {
scanf("%1f", p);
cdelay(P, w, &p);
}

e(scanf("%1f", &) != EOF) {

*p o= X;

for (i=0; di<L; i++) {
y[il = cdot(P, h[il, w, p);
printf("%.121f\n", y[i1);
}

cdelay(P, w, &p);

}

(n=0; n<M; n++) {

*p = 0.0;

for (i=0; i<L; i++) {
y[i] = cdot(P, h[il, w, p);
printf("%.121f\n", y[i]);
}

cdelay(P, w, &p);

k) - ideal L-fold interpolation coefficients *

L, k
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initialize by Eq. (P12.1)
initialize state w by reading
first M low-rate input samples

process by Eq. (P12.2)
keep reading low-rate samples till EOF
beginning of state vector

circular version of dot()
and write it into stdout

update low-rate delay line

input-off transients

zero input

circular version of dot()
and write it into stdout

update low-rate delay line

{
double t, pi = 4 * atan(1.0);
if (k == 0) do) =1
return (1.0);
else {
if (k%L == 0) d (k) vanishes at non-zero multiples of L
return (0.0);
else {
t=pi *k/L;
return (sin(t)/t); typical sin x/x impulse response
}
}
}
/* ________________________________________________________ */

/* cdot(P, h, w, p) - circular version of dot.

double tapQ;

double cdot(P, h, w, p)

double *h, *w, *p;
int P;
{
int 1;
double y;

for (y=0, i=0; i<=P; i++)
y += h[i] * tap(P, w, p, 1);

return y;

}

computes dot product of h with
current internal state vector
pointed to by pointer p

It uses a circular pointer p that circulates over the low-rate buffer w. The circular-buffer version
of Egs. (12.2.19) and (12.2.20), implemented by cinterp.c, can be stated as follows:

and

*p =X
cdelay (P, w, &p)

form = M down tom =1 do:
read low-rate input sample x

(P12.1)

for each low-rate input sample x do:
*xp =X

Sm = tap (P, w, p, m)

yi = dot(P, h;,s)
cdelay (P, w, &p)

form =0,1,...,P determine internal states:

for i=0,1,...,L — 1 compute output of ith filter:

(P12.2)

The length-17 rectangular and Hamming windowed filters for this problem were derived in Section
12.4.1. The given inputs were processed by interp.c. The upsampled versions of these inputs,
Xyup (n'), are shown in Fig. P12.7 together with the corresponding interpolated output signals
Yup (n’), computed by the length-17 Hamming windowed version of the interpolation filter.
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Low—Rate Input

Low—Rate Input
12, 1.2
0.6
8
g E ‘ ‘ ‘ |
< = 0.0 | ‘
5 &
] ]
4
‘ ‘ -0.6
\ ‘ ‘ \ .
0 B 16 24 32 40 48 56 64 72 B0 B8 96 0 8 18 24 82 40 48 56 64 72 BO B8 96
fast time scale n’ fast time scale n’
Hamming Window, N=17 Hamming Window, N=17
12, 1.2
0.6
8
B 2 ‘\\HHH HHH\M
< < |
2 = 0.0 “H U‘\
) )
= B
4
-0.8
0 . —1.
0 8 16 24 32 40 48 56 64 72 80 88 96

0 8 16 R4 32 40 48 56 64 72 80 88 06

fast time scale n’ fast time scale n’

Fig. P12.7 Interpolation of triangular and sinusoidal signals.

Problem 12.7

We start with fy = 40 kHz, Af = 5 kHz, and A = 80 for all the stages. The effective single stage
filter will have Kaiser length:

DL
N-1=-— =321.08
AF

which is rounded up to:
N=337=2LM+1=16M +1 = M =21

The 2x4 multistage filters, shown in Fig. P12.8, have Kaiser lengths:

LoD DF, 8D
No—-1==2-=8027, N;-1= =5 =40.14
0 AF ! Fo—1 2-1

and are rounded up to:
No=85=2LoMo+1=4My+1 > M, =21
Ny =49=2L M, +1=8M; +1 = M, =6
The relative computational rate will be

Rmui _ No + N1Fy
— = —" =054
Rsinglc N
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—— 42 | H, 44 > H ——>

Fig. P12.8 2x4=8-fold oversampling filter.

which compares well with the approximation:

Rumunii _ L

R single L L 0~

AF 0.50

Thus, the multistage realization requires only 54 percent the cost of the single-stage one. The
combined filter H (f)= Ho(f)H; (f) and the superimposed plots of the filters Hy (f), H; (f)
are shown in Fig. P12.9. Similarly, for the 42 case, shown in Fig. P12.10, we find the filter lengths:

No =169, N; =17

2x4 multi—stage, 54% cost No=85, N1=49
1

|
2]
)

— - \’\
90) 20 ‘},\‘ ‘;w,\ | \’/\’H“:\u
—100] —100] [ RTeS | Wy 1
11 ;};‘”‘HN\H i h
-110 -110 H‘m wu ‘H‘w‘r um
~1
0

)
il w i
P
320 (] 80 120 150 200 280 320
f (kHZ)

7 (kHz)

Fig. P12.9 Combined filter Hy (f)H; (f), and individual filters Hy (f), Hy (f).

I 41, 8/

—— 44 L H, 42 > H |——»

Fig. P12.10 4x2=8-fold oversampling filter.

The relative computational rate is in this case:

Rmui ~ No + N1Fy

= =0.70
Rsingle N

The combined filter Hyo: (f)= Ho(f)H; (f) and the superimposed plots of the filters Hy (f)
H; (f) are shown in Fig. P12.11. Initially, we designed the filters with stopband attenuations
Ao = A; = 80 dB. However, we found that in order to keep the overall stopband attenuation
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below 80 dB, the attenuation of the second filter had to be increased to A; = 84 dB. This did not
change the filter lengths, but it changed slightly the Kaiser parameters D, and «; for that factor.

Finally, in the 2X2X2 case, shown in Fig. P12.12, we find the filter lengths

4x2 multi—stage, 70% cost No=169, N1=17

1 1
0 0| e
-10 -10| AN
-20 -20 AN ,
\ ,
-30 -30 N K
—-40 40| N /
\ |
m -50 & -50 | :
-60 —60| \\ ”
70 70 \ i
. |
WU
. |
-90 -90 AR,
\ |
-100 -100 Py “3
|
-110 -110 | |
-1 -1
0 ( ) 320 0 40 80 120 (160 )200 240 280 820
f Kz f (kHz

Fig. P12.11 Combined filter Hy (f) H; (f), and individual filters Ho (f), H1 (f).

No=85 N; =25 N,=17
resulting in the relative computational rate

Rmui ~ No + N1Fo + N2 Fy

= = 0.60
Rsinglc N

I 2 4f; 8

— {2 > H, » 42 > H, > 42 > H, ——»

Fig. P12.12 2x2x2=8-fold oversampling filter.

The combined filter Hyo (f) = Ho (f) Hy (f) Ho (f) and individual filters Ho (), Hy (f), H2 (f) are
shown in Fig. P12.13. For reference, we also show in Fig. P12.14 the magnitude response of the
single stage 8-fold oversampling filter. Again, the nominal attenuation of the last factor H» had
to be increased to A, = 84 dB, whereas the first two were Ag = A; = 80 dB.

Problem 12.8

In units of fs = 44.1 kHz, the transition width from the edge of the passband to the edge of the
stopband will be:

Af _ 24.1-20

AF =
fs 44.1

=0.0930

The Kaiser window width parameter is D = (A — 7.95)/14.36 = (80 — 7.95)/14.36 = 5.0174.
Thus, for a single-stage design with oversampling ratio L = 4, we find the Kaiser length:
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2x2x2 multi—stage, 60% cost Individual Interpolators
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Fig. P12.13 Combined filter Hy (f) H, (f)H2 (f), and individual filters Hy (f), H1 (), H2 (f).

Single—Stage Filter, N=337

-100
-110)

_1 "
0 40 B0 120 160 200 240 280 320
f (kHz)

Fig. P12.14 Single-stage 8-fold oversampling filter.

DL 5.0174 -4
-1=—=——=215. =217, M= -1)/(2L)= 27
N AF 0.0930 5.803 = N , (N )/ (2L)

The corresponding computational rate of the polyphase realization is

Rgingle = Nfs = 217 - 44.1 = 9569.7 MAC/msec = 9.5697 MIPS

(assuming that each MAC is done with one instruction.) Thus, a 20-MIPS DSP chip can easily
handle it.

For the two-stage case, the design specifications are depicted in Fig. 12.2.9 of Section 12.2.5. Stage
H, operating at 2f; will have the narrow transition width Af = 4.1 kHz, or AF = 0.0930. This
gives the Kaiser length:
DL, 5.0174-2
—-1l=—=———"7""—=107. =1 My=(Ny—-1 2Ly) =27
No AF 0.0930 07.9 = No =109, My = (No—1)/(2Lo)

The second stage H; will have a wider transition width Af; = fs, or AF; = 1. Thus, the filter
length will be:
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DAF, _ 5.0174-4

Ni—1= =
! Fo—1 1.000

=20.07 => Ny =25 M;=(N;-1)/(2L)=6
The polyphase computational rate of the two sections combined will be
R = Nofs + N1 (2f5) = 159fs = 159 - 44.1 = 7011.9 MAC/msec = 7.0119 MIPS

Thus, the relative computational cost of the two-stage versus the single stage design will be:

Rmulti _ 159fs =0.73
Rsingle 217fs

Problem 12.9

The frequency responses can be computed by the MATLAB code:

f = (0:399) * 160 /400; 400 frequencies in [0,160] kHz

f1l = 28; normalization frequency for Butterworth
f2 = 16; normalization frequency for Bessel

H1 =1 ./ (O + 2%j*(f/f1) - 2*(f/fl).A2 - j*(f/f1).A3); Butterworth

H2 = 15 ./ (15 + 15%j*(f/f2) - 6*(f/f2).A2 - j*(f/f2).A3); Bessel

magHl = 20 * loglO(abs(H1));

magH2 = 20 * logl0(abs(H2));

argHl = angle(H1) * 180 / pi;

argH2 = angle(H2) * 180 / pi;

Magnitude Responses

0 . Bessel
***** Butterworth

60 B0 100 120 140 160
f (kHz)

Fig. P12.16 Magnitude responses of Bessel and Butterworth filters.

Problem 12.10

The filter Hy has a cutoff frequency f. = fs/2. The linear, hold, and DAC magnitude responses

(normalized to 0 dB at DC) are in the general and the particular case of Ly = 4,L; = L, = 2:

2

H,(f) | = sin(1tf /Lof’s) _ | sin(rf/4fy)
! Ly sin(tf /LoL:fs) 2 sin(7tf/8f5)
\Hy (F)| = sin(1tf/LoL1f5) _ sin(7tf /8f5s)
2 Ly sin(1tf /LoL1 Lofs) 2 sin (171 / 16f)
Hawe ()| = sin(1f/LoLyLofs) | _ | sin(rtf/16f)
dee T0f /LoLy Lofs f 116f;

The phase and magnitude responses are shown in Figs. P12.15 and P12.16. The Bessel phase
response is essentially linear over the 0-20 kHz passband. But its magnitude response is not as
flat as the Butterworth’s.
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Fig. P12.15 Phase responses of Bessel and Butterworth filters.
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The filter Hy operates at rate 4f; and cancels all the images at multiples of f; which are not
multiples of 4f5. The linear interpolator H; operates at rate 8fs and vanishes at multiples of 4f
which are not multiples of 8f;. The filter H, operates at rate 16fs and vanishes at multiples of 8’
which are not multiples of 16f;. Finally, Hg, vanishes at all non-zero multiples of 16f;. Thus, the
combined effect of Hy, Hy, H», and Hgac is to (partially) remove all spectral images at multiples
of fs.

We note that the combined effect of the two hold transfer functions is an effective DAC operating
at 8f:

sin(1rf/LoL\fs)
Lo sin(7tf /LoL1 Lof)

sin(1tf /LoL,Lof5)
Ttf /LoL1Lafs

sin(1tf/LoL1f5)
1f/LoL1fs

sin (1tf /8f5)
mtf /8f

|H2 (f)Hdac(f)l =

The reason for using H is that the higher the L, the more bits can be saved via the noise-shaping
requantizer.

Problem 12.11

The proof of the result may be seen graphically in Fig. P12.17 for the case L = 4. The ideal inter-
polator has cutoff f5/2 and is periodic in f with period Lfs = 4fs. Thus, the passband replicates
at multiples of 4f.
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Fig. P12.17 Sum of successive shifts of ideal lowpass interpolator with L = 4 in Problem 12.11.

The terms D (f — mfs) correspond to the right shifts of D (f) centered at mf;. It is evident from
the figure that the these shifted terms fill the gaps between the original replicas, resulting in a
constant spectrum. The 1/L factor is needed to make the value of passband equal to unity. Thus,
in the L = 4 case we have:

%[D<f)+D(fffs>+D(ff 2f)+D(f —=3fs)] =1, forallf

Problem 12.12

Writing kK = Lk" + m, m = 0,1,...,L — 1, corresponds to the quotient and remainder of the
division of k by L, and as such the integers {k’, m} are uniquely determined by k. Therefore, we
may change the summation over k into a double summation over k’ and m:

X(f) = Z Xa(f —kfs)= = Z Z Xa(f = (K'L+m)fs)

k——oo m 0k'=-00
1 L=
-7 Z::

where we replaced T = LT’ and Lf;s = f5 . If in the definition of X’ (f) we replace f by f — mfs,
we have:

Xa(f —mfs —K'fs)

\‘\ Mg
\‘\ Mg

S KL+ mfy) - i

XA(f-mfo= g 3 Xalf = mfo—Kf)

K=o

Thus the k” summation in the above double sum may be replaced by X’ (f — mf) resulting in the
desired result:
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L-1
1 '
X(H= 1 > X'(f - mfy)
m=0
If we use the variables w and w’, then X (f) and X' (f) are given by
X(w)= > x(ne", X (0')= Zx’(n’)e’f“"”'
n n
The shifted frequency f — mf is in units of w’:
2 (f —mfs) _ 2mf  2mmfs W - 2Tm
fs fs Lfs L

Thus, using w’ = w/L, we may write

X(w)=7 ZX / 27;’" ,%Z w - 2mrm) /L)

Problem 12.13

The discrete-time sampling function s’ (n") consists of a periodic train of unit impulses at mul-
tiples of L, that is, at n’ = nL, and separated by L — 1 zeros between. Thus, the product
of s’ (n") with X" (n") will insert such zeros. But at the sampling times n’ = nL we will have
Xup(n')=x"(n")=X'(nL)=x(n).

Because of its periodicity in n’ with period L, the sampling function admits a DFS expansion, that
is, and inverse DFT expansion of the form of Eq. (9.7.1):

s ()= 11‘ s S () el w), = 2m(mfy) _ 2m(mfs'/L) _ 2mm
m=0

£ £

where S’ (w},) is the L-point DFT of s’ (n’) calculated from one period of s’ (n" as follows:

L-1
Sl(w;,”)= Z Sr(n/)e—jwmn/
n’=0
But within the first period 0 < n’ < L — 1, the sampling function acts as a unit impulse, s’ (n’) =
6 (n’). Therefore, the n’-summation collapses to the term n’ = 0, which is unity:

S (wh)=1, m=0,1,...,L—1

which gives for the inverse DFT:
1 Ll ) 1 L-1
s'(n)= = ejaumn’ — eZnJmn /L
(=71 > 72
m=0 m=0
To transform the relationship xup (1) = 8" (n")x’ (n") to the frequency domain, we replace s’ (n")
by its IDFT expression and use the modulation theorem of DTFTs to get:

L-1

Xap(n)= 1 3 el X () = xupuo')—fzmw w!,)

m() m()

But we have seen in Eq. (12.2.21) that the upsampled spectrum is the same as the original low-rate
spectrum, that is, Xyp (f) = X (f), or in units of w and w’, Xyp (") = X (w). It follows that

L-1
X ()= Xop (@)= 7 3 X'(@ ~wp)= 7 Z X' (@ - 2T
m=0
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Problem 12.14

Starting with the filtering equation X' (f)= D(f) X (f), we form the sum of shifted high-rate
spectra:

L-1 L-1 L1
X' (f - mfy) = % S’ D(f - mf) X(f - mfs) = % S D(f - mf)X ()= X(F)
m=0 m=0 m=0

1
L

where we used the periodicity of X (f) with period fs to write X (f — mfs)= X (f), and then we
used the result of Problem 12.11 to replace the sum of shifted D (f)’s by unity.

Problem 12.15

The attenuation of an Nth order Butterworth filter in dB is given by

F 5
A(F)= 10logy, [1 + (—)ZN]
Fo
where we used the normalized frequencies F = f/fs and Fy = fo/fs. Given a required attenuation
of Apass dB over the passband Fpass = fpass/fs = (fs/2) /fs = 0.5, we obtain an equation for the
3-dB frequency Fy:
_ 0.5 )2 05
Apass = 10logyo [1 + (?0) } = ko= (104pass/10 _ 1) 1/2N
The prefilter’s stopband must begin at Fsiop = fswop/fs = (Lfs — fs/2)/fs = L — 0.5. Thus, the
stopband attenuation will be

1/2N

L = 0.5+ Fo(104st/10 — 1)

L-0.5
Asgop = 10log, [1 + ( ZN]

Fy )
For large Agop we may ignore the —1 to get
L = 0.5 + Fo10%stop/20N

With the values Apags = 0.1 and N = 3, we find Fy = 0.94. Fig. P12.18 shows a plot of L versus
Astop-

Apass=0.1 dB, N=3

R

20 30 40 50 60 70

80 90
stopband attenuation (dB)

Fig. P12.18 Decimation ratio versus stopband attenuation in Problem 12.15.
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Problem 12.16

Using the expression of the attenuation of Problem 12.15, we get at the passband and stopband
normalized frequencies Fpags = 0.5, Fsop = L — 0.5:

0.5 ZN]
Apass = 101 [1 + (=2
pass 0810 (Fo ) (L—O.S)ZN ~ 104st0p/10 _ 1
L-0.5 0.5 T 10Apass/10 _ ]
Agiop = 1010g) [1 + ( A )ZN]

which may be solved for N, giving:

10Asmp/10 -1
In Apass/10
104pass/10 1

N=mer-1n

Let Ny = ceil(N). In order for the filter order to remain fixed at N, the computed quantity N
must be in the range
10Astop/10 _ 1
In({ —F—F—+—
10Apass/10 -1

No—-1<
0 2In(2L — 1)

Solving this inequality for L, we find the limits on L:

/2N 1/2(No—1)
104s100/10 — 1\ 10Astop/10 _ |
0.5+ 0.5 (W <L <0.5+4+0.5 W < Ny

For the given numerical values, we find Ny = 3 and the range 9.86 < L < 40.97, which gives the
integer range 10 < L < 40.

Problem 12.17

The normalized transition width is AF = Af/fs = (24.41 — 20)/44.1 = 0.1. Using a Kaiser
design, the transition width parameter D and filter length N will be:

_A-795 95-7.95

D= DL  6.062 - 160

1436~ 1436 = 6.0620, N_IZE_T:%%'Z = N =9920
where the final N is of the form N = 2LK + 1 = 320K + 1 with K = 31. Thus, the interpola-
tion/decimation filter operating at rate ;" = 160fs = 147f;’ = 7.056 MHz can be implemented
with 160 polyphase subfilters, each of length 2K = 62 and operating at a rate fs = 44.1 kHz. The
overall sample rate conversion cost in MAC/sec can be calculated from Eq. (12.6.9):

R = 2Kfs' = 61f;" = 61 - 48 = 2928 kMAC/sec = 2.928 MIPS

The computational speed is easily handled by today’s DSP chips. Memory, however, to store the
N FIR coefficients is high—of the order of 10k words.
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Problem 12.18

/ 2 2
Here, we have the conversion ratio fy = 32 = % - 48 = gfs, so that L = 2, M = 3. Because

fs' < fs, the filter’s cutoff frequency will be f. = fi'/2 = 16 kHz. Assuming a +1 kHz transition
width about f¢, that is, Af = 2 kHz, and a A = 60 dB stopband attenuation, we find the Kaiser
parameter D and filter length N:

A-795 60-7.95 ~ 3.6247, N-1l-— DLfs _ 3.6247 - 2 - 48 —173.98 = N=177

D= =
14.36 14.36 Af 2

where we rounded N to the next odd integer of the form N = 2LK + 1. Thus, K = 44, and there
will be L = 2 polyphase subfilters of length 2K = 88. Fig. P12.19 shows the ideal specifications
of such a filter. The filter operates at the fast rate f;" = 3f;' = 2fs; = 96 kHz and acts as an
antialiasing filter for the downsampler, that is, it removes the high frequencies from the input
in the range [fs'2,fs/2]1= [16,24] kHz, so that the downshifted replicas—caused by the 3-fold
downsampling operation—will not overlap.

x, %
S O v
> T e
polyphase i
selectorg‘ | ‘ ‘ ‘ ‘ ‘ t i
i=0 1 e TR=T"
‘ ‘ t ‘ ‘ - f
v T 0 : o 3=
Y
. | Iy oy Ty T !
~ T 0 7! o 3/

> 6T"=3T=2T" = Jmin(f,, £)

Fig. P12.19 Ideal SRC filter with conversion ratio 2/3.

Because T = T"'/2 and T’ = T"'/3, it follows that the basic block interval will be Tpjpex = 6T =
3T = 2T’, containing 3 input-rate samples {Xo, X1, X2} and 2 output-rate samples {y,y1}. The
interpolated output y; that lies halfway between x; and x; is obtained by the polyphase filter h;.
Indeed, the polyphase selector indices can be precomputed by

im=3m%2 = [0,1], form=0,1

The sample processing algorithm of the 2/3 sample rate converter will be then:

for each input block {X¢,X1,X2} do:
Wo = Xo
Yo = dot(P,hy,w) = xo
delay (P, w)
Wo = X1
Y1 = dOt(P,hl,W)
delay (P, w)
Wo = X2
delay (P, w)
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where P = 2K — 1 is the order of the polyphase subfilters hy, h;, and w is the length-(P + 1)
input-rate delay-line buffer. Note that there is no interpolated output after x, (the next two out-
puts come from the next group of three inputs), and therefore, x; is simply read into the buffer
w and the delay line is updated.

For reference, we also show in Fig. P12.20 the reverse converter by a ratio 3/2, converting from
32 kHz up to 48 kHz. Here, the SRC filter acts as an anti-image filter for the upsampler.

X

.

L

T
polyphase ‘ ‘

selector ¥ | ‘ t

i=0 2 1 > T/3=T"
\ t

oy, M oeTR=T
i
L

> T e
- 6T"=2T=3T"

J-min(f,, £.')

Fig. P12.20 Ideal SRC filter with conversion ratio 3/2.

In this case, we have [’ = 3fs/2 = 3-32/2 = 48. The fast rate is f; = 2f;’ = 3fs; = 96 kHz. The
input- and output-rate sampling intervals are T = 3T" and T’ = 2T", and the basic time block
Thiock = 6T = 2T = 3T'. Thus, every group of two input samples {Xo, X1} generates a group of
three output samples {yo,1,Y2}. As can be seen in the figure, the polyphase selector sequence
isim =2m%3 = [0,2,1], for m = 0, 1, 2. Therefore, the three interpolated outputs {yo, 1,2}
will be computed by the subfilters {hy,hy,h;}. The corresponding sample processing algorithm
will be:

for each input block {xo,x;} do:
Wo = Xo
Yo = dOt(P,h(),W): X0
y1 = dot(P,hy,w)
delay (P, w)
Wo = X3
V> = dot(P,hy,w)
delay (P, w)

Problem 12.19

For the case L/M = 7/4, we have f;' = 7fs/4 and "' = 4fs = 7fs, T” = T'/4 = T/7, Tooex =
28T" = 7T' = 4T. Fig. P12.21 depicts the operation of the converter both in the time and
frequency domains.

In the time domain, each input block of 4 input-rate samples {Xq, X1, X2, X3} generates 28 fast-rate
interpolated samples, out of which 7 output-rate samples {yo, Y1,Y2,V3, V4, V4, Vs} are selected
and computed according to their polyphase indices:
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X, 2 X3 - filter Inthe L/M = 4/7 case, we have fy' = 4fs/7 and f;” = 7fs' = 4fs, T = T'/7 = T/4, Toioek =
fo ’ ’ ‘ ‘ ¢ k“j/ Yy [ v [ v T 7 T 1] \f*‘w ~ﬁ8T” = 4T" = 7T. Fig. P12.22 depicts the operation of the converter both in the time and
P — 0 ’ ! ; 2‘ ; 3‘ ; 4‘ : 5‘ ’ 6} ’ 7‘ *frequency domains.
polyphase - =T 1 f s H 7 7 s
selector ’ / h P 5 x
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Fig. P12.21 Ideal SRC filter with conversion ratio 7/4. ‘ ‘ — 77— : 0 T !, T !, T !, T !, T !, T !, - ]:
A 2f; 3f; 4f, S of; A
o 2BT"=TT=4T" —™ ;min(f;,f\")
im=4m%7 =[0,4,1,5,2,6,3], form=0,1,...,6 Fig. P12.22 Ideal SRC filter with conversion ratio 4/7.
Mm = (4m —im)/7 =10,0,1,1,2,2,3] In the time domain, each input block of 7 input-rate samples {xq, X1, X2, X3, X4, X5, X} generates
whenever the index n,, is repeated, the input-rate polyphase delay line is not updated. The 28 fastrate interpolated samples, out of which 4 output-rate samples {yo,1,Y2,¥3} are selected
sample processing conversion algorithm is as follows: and computed according to their polyphase indices:
for each input block {xo, X1, X2,Xx3} do: im=7m%4=1[0,3,2,1], form=0,1,...,3
Wo = Xo Nm = (7Tm—ipy)/4=10,1,3,5]
Yo = dot(P,hg,w) = X¢
y1 = dot(P,hy,w) so that only the input samples x(, X1, X3, X5 will produce output samples. However, for the
delay (P, w) remaining input samples the delay line must be updated. Thus, the sample processing conversion
Wo = X1 algorithm will be as follows:
Yo = dOt(P,hl,W)
y3 = dot(P,hs,w) for each input block {Xxo, X1, X2, X3, X4, X5, X6} do:
delay (P, w) Wy = Xo
Wo = Xp Yo = dot(P,hy,w) = Xo
v4 = dot(P,hy,w) delay (P, w)
ys = dot(P,hg, w) Wo = X1
delay (P, w) y1 = dot(P,h3,w)
Wo = X3 delay (P, w)
Y6 = dot(P,h3, w) Wo = X2
delay (P, w) delay (P, w)
Wo = X3
For example, the two output samples y4, ys lie between the input samples x;, X3 and correspond > = dot(P,hy,w)
to thei = 2 and i = 6 interpolated samples. The delay line is updated after both outputs are delay (P, w) Wo = X4
computed, and then the next input sample x3 is read into the delay line, and so on. delay (P, w)
Wo = X5
In the frequency domain, the SRC filter acts as an anti-image postfilter for the upsampler, remov- y3 = dot(P,h;,w)
ing the L — 1 = 6 replicas between multiples of the fast rate f;. The downshifting of the replicas delay (P, w)
caused by the downsampling operation will position replicas at the 3 multiples of the output rate Wo = Xg
fs', 2fs’, and 3f;". delay (P, w)
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In the frequency domain, the SRC filter acts as an antialiasing prefilter for the downsampler, re-
moving the 3 replicas between multiples of the fast rate ;. The downshifting of the replicas
caused by the downsampling operation will position replicas at the 6 multiples of the output rate
fs', 2fs, ..., 6fs’, without overlapping.

As a design example, consider the 4/7 case and assume a Kaiser design with a stopband attenu-

ation of 80 dB and normalized transition width AF = Af/fs = 0.1. The width parameter D and
filter length N will be:

A-7.95 80-7.95 DL  5.0174-4
1436~ 1436 o074 Nol=om= o

where N the smallest odd integer of the form N = 2LK + 1; here, K = 26.

Problem 12.20

A typical window depends on the time variable k through the ratio k/ (N —1). The effective length
of the stretched impulse response is N, — 1 = 2LK, = 2LK/p. A symmetric window of such
length will depend on the variable k" / (2LK,) = pk’’/ (2LK). Thus, the window of length 2LK,
can be expressed in terms of the same window of length 2LK, via the stretching relationship
wp (K”)=w(pk’). It follows that the corresponding windowed impulse responses will be

wp (K" d, (k") = pw(pk’")d (pk’")

Problem 12.21
The polyphase Kaiser filter can be designed by the code fragment:
double *hd, **h, *w, *x, *y, wind, pi = 4 * atan(1.0);
D= (A - 7.95) / 14.36;
if (A > 50)
alpha = 0.1102 * (A - 8.7);

else if (A > 21)
alpha = 0.5842 * pow(A-21, 0.4) + 0.07886 * (A-21);

else
alpha = 0;
N =1+ ceil(D*L / DF); Kaiser length
K= ceil((N - 1) / (2.0*L)); round up
N = 2*%L*K + 1; final length
P = 2%K - 1; polyphase filter order
LK = L*K; filter delay

hd = (double *) calloc(N, sizeof(double)); allocate direct form

wc = pi / max(L, M);
I0alpha = I0(alpha);

cutoff frequency
window normalization

for (n=0; n<N; n++) compute filter
if (n==LK) middle value
hd[n] = L /(double) max(L, M);
else {

wind = I0(alpha * sqrt(n*(2.0*LK-n)) / LK) / IO0alpha;

274

= 200.70 = N =209

hd[n] = wind * L * (sin(wc*(n-LK))) / (pi*(n-LK));
}

h = (double **) calloc(L, sizeof(double *));
for (i =0; i <L; i++)
h[i] = (double *) calloc(P+1, sizeof(double)); i-th polyphase

allocate polyphase

for (i=0; i<L; i++)
for (n=0; n<=P; n++)
h[i1[n] = hd[L*n+i];

define polyphase filters

Assuming the input data are being read from stdin, we allocate and initialize the polyphase
delay-line buffer w as follows:

w = (double *) calloc(P+1, sizeof(double)); allocate w

for (i=K; i>=1; i--)
if (scanf("%1f", w+i) == EOF) {
printf("must have at Teast K = %d input samples\n", K);
exit(0);
}

read K input samples

Then, allocate the input/output blocks for the algorithm Eq. (12.6.13) and keep processing input
samples in groups of M. The computed outputs go into stdout. Upon encountering the end-
of-file of the inputs, we jump out of the for-ever loop and call Eq. (12.6.13) K/M more times
with zero input samples. Because each call generates M zero inputs, the K/M calls will generate
approximately M (K/M)= K zero inputs:

x = (double *) calloc(M, sizeof(double));
y = (double *) calloc(L, sizeof(double));
for GG;) { for-ever do:
for (n=0; n<M; n++) read M inputs
if (scanf("%1f", x+n) == EOF)
goto transients;
src(L, M, P, h, w, x, ¥); compute L outputs
for (m=0; m<L; m++) write L outputs
printf("%.121f\n", y[ml);
}
transients:
for (i=0; i <= K/M; i++) { last K inputs
for (n=0; n<M; n++)

x[n] = 0;
src(L, M, P, h, w, x, ¥);
for (m=0; m<L; m++)
printf("%.121f\n", y[m]);
}

The sample processing algorithm (12.6.13) is implemented by the routine:
/* src.c - sample rate converter processing algorithm */
#include <math.h>

double dot(Q);
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void delay(Q);

void src(L, M, P, h, w, x, y) his Lx(P+1) polyphase filter matrix
double **h, *w, *x, *y; w is (P+1)-dimensional delay buffer
{ X,y are M- and L-dimensional vectors
int n, m, 1i;
double R = L / (double) M; conversion ratio
for (n =0; n < M; n++) {
w[0] = x[n];
for (m = ceil(R*n); m <= floor(R*(n+1)); m++) {
i=M*m % L; polyphase selector
y[m] = dot(P, h[il, w);
}
delay(P, w);
}
}

With the values A = 30 dB, AF = 0.1, the 5/3 filter has D = 1.536, « = 2.117, N = 81, K = 8,
P = 2K — 1 = 15. The reverse 3/5 filter has the same D, «, K, and P, but its length is N = 49,
because N = 2LK + 1, where now L = 3. The filter responses are shown in Fig. P12.23 both
in absolute and dB scales. The dc gains are 5 and 3, respectively. The dB responses have been
normalized to 0 dB at DC.

SRC Filters SRC Filters
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Fig. P12.23 Frequency responses of SRC filters.

Both filters have a cutoff frequency of f, = min(fs/2,fs'/2)=3/2 = 1.5 kHz, or, w/ = 71/5. The
passband ripple is § = 10-4/20 = 0.032. Their transition widths are different: the first filter has
Af = 0.1x3 = 0.3 kHz, and the second Af = 0.1x5 = 0.5 kHz. Were they to be redesigned to
have the same Af, say 0.3 kHz, then for the 3/5 filter we would have AF = 0.06, resulting in the
lengths N = 79, K = 13, P = 25. In that case, the filters would be virtually identical (except for
the gain and the delay by 1 sample).

The impulse responses are obtained from Eq. (12.6.5), with LK = 5X8 =40 and LK =3x8 =24
in the two cases, that is,
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_s Ip(cx+/n"" (80 — n’") /80) sin(1(n” —40)/5)

hs;3(n”) To (@) T = 40) , n'=0,1,...,80
" Io(x+/n" (48 — n'") /48) sin(mr(n" —24)/5 s
hys(n”)=3"2 I(o((x) ) ('IT((I’I”—24)) ) , n’"=0,1,...,48

The frequency responses were computed by direct evaluation of:

N-1
H(f)= > hn")e ™M/ with £ =15 kHz
n’’ =0

Figure P12.24 shows the output y (n’) of the 5/3 filter and compares it with the signal X" (n") that
would have been obtained had the analog signal been sampled at 3 kHz. On the right, it shows
the effect of the reverse 3/5 filter on y (n’), and compares it with the original x (n).

Digital & Analog Resampling 5/3 followed by 3/5

original z(n)
77777 reconverted y(n)

"0 5 10 15 20 2 30 35 40 45 50 0 5 10 15 20 25 30
output time scale n’ input time scale n

Fig. P12.24 Comparison of y(n’) and X’ (n’), and of x(n) and reconverted y (n’).

Problem 12.22

Replacing the quantizer Q by its equivalent noise model, we can write the {-domain input/output
equations:

V(@) =X'(©)-C'Y' (D)
Wo(0) =V (D) +T ' Wi (D)
Y'(T) = E'(©) +W( (D)
Eliminating V' (€) and W{ (), we obtain:
Y'(©)=X Q)+ -THE Q)
Therefore, Hy (€)= 1, and Hys (€)= 1 — C~'. The main advantage of this form is that the input

signal X’ () appears unchanged at the output (as opposed to being delayed as in the conventional
case).
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Problem 12.23

Using the signal labels indicated on the block diagram, we have the sample processing algorithm:

for each input x do:
v=Xx-—-1U
Wo=V+ W
Y =Q(wy)
w1 =W
u=y

Iterating this algorithm 10 times, we get for x = 0.4 and x = —0.2:

X y X y
040 | 1 —0.20 | -1
0.40 | -1 —020| 1
040 | 1 —0.20 | -1
040 | 1 -020| 1
040 | 1 -0.20 | -1
0.40 | -1 —0.20 | -1
040 | 1 —020| 1
040 | 1 -0.20 | -1
0.40 | -1 —020| 1
040 | 1 —0.20 | -1

The averages of the y values are 0.4 and —0.2, respectively.

Problem 12.24
Working in the C-domain, we note that the input and output of the filter H, () will be:
X (©)-CT'Y'(€) and Hi(Q) (X (D)-T'Y' (D))

Similarly, the input and output of H» (3) are:
Hi (D) (X' (©-T'Y(0)-C'Y' (@) and  H:(Q)[H (D) (X' (0)-C 'Y (D)-T 'Y (D)]
Adding E’ () to this output will generate Y’ (C). Thus,

Y'(C = E(Q)+H2(0) [H1 (D) (X' (©)-C'Y' (D)) - T 'Y'(D)]
Moving the Y’ (C) to the left-hand side and solving for Y’ (C) gives the transfer relationship:

H,(C)H, (T) , 1 ,
L+ T @ Om© Y O T @ OH© ¢

Thus, we identify:

Y (©)=

@)

H,(C)H, (T) Hys (€)= 1
1+ C'Hy(Q)+C"H, (O HL (D)’ s 1+ C-1H, (©) +C-'H, (§) H2 ()

The requirement that Hy(£)= 1 and Hys (£) = (1 — C~1)? is satisfied by the choices:

Hx(g) =

1

H (€)= H2 (0=
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A block diagram realization is shown in Fig. P12.25. The corresponding sample processing algo-
rithm can be stated as follows:

for each input X' do:
wo=w; + (X' —u)
Vo=Vvi+ (Wo—u)

Y =Q ()

W1 = Wy

Vi =Vo

u=y

H(©) Hy(©)
X+ W, + vy y
r - 0
- B uantizer
W W 4

!F\
u [5]

Fig. P12.25 Discrete-time model of second-order delta-sigma quantizer.

Problem 12.25

Without the feedback delay, we get a similar transfer relationship as in the previous problem, but
without the C~! delays in the denominators, that is,

H,(Q)H:(T) X0+ 1
1+ H(C)+H,(C)H,(T) 1+ H>(C)+H,(C)H,(T)

Y (€)= E' (D)

Thus, we identify:

H,(C)H»(C) Hys (0) = 1
1+ Hy(Q)+ (O H2(C)’ NS 1+ Hy(C)+H, (§)H2 (L)

The requirement that Hy (£)= €~ ! and Hys(Z) = (1 — ~1)? is satisfied by the choices:

!
1-¢!

HX(C):

H,(0)= H>(C)=

_1
1-C

(This problem is similar to Problem 7.2.)

Problem 12.26

Once the decimation filters are designed, the 2-level quantization of the input by the delta-sigma
quantizer, and the subsequent filtering by the decimation filter can be carried out by the following
for-loop (which does not discard the interpolated outputs, as discussed in Example 12.7.2):

wl = 0; initialize delay

for (n=0; n<Ntot; n++) {

x = 0.5 * sin(2 * pi * fO * n); high-rate input sample
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y = Qwl); A3 quantizer output
v

=X -Y; delta part
w0 = wl + v; sigma part
wl = w0; update quantizer’s delay
yup[n] = fir(N-1, h, w, y); (upsampled) decimator output

}

where h and w are the N-dimensional impulse response and internal state arrays for the decima-
tor. In the Kaiser and the rectangular window designs, the filter length is N = 2LM + 1. In the
first-order comb case, it is N = 10, and the impulse response and transfer function are:
1 1 1-¢10
h=—[1,1,1,1,1,1,1,1,1,1], H = ———
10! ] ©=10 1-¢-1
For the second-order comb case, we obtain the impulse response by convolving the first-order
comb’s impulse response with itself. This gives a length N = 19 response and transfer function:

h—i[l2345678910987654321] H(C)= iﬂz
- 100 y ’ b y ’ ’ y ’ ’ ’ ’ y ’ ’ y b ’ ’ b - 10 1 _ C71
The magnitude response of the second-order comb case is the square of that of the first-order
case:

sin(mf/fs) |°

IH(f)| = ‘m

It is plotted in dB in Fig. P12.26 together with the first-order comb case and the rectangular
window design. The upsampled output y, (n") of the second-order comb decimator is plotted
in the right graph of Fig. P12.26.

Decimation Filters 2nd—order comb, L=10

2nd—order Comb P

decimator output

1st—order Comb - analog input
Rectangular :

20 logiolH(f)l dB

0 1 2 3 8 7 8 il 10 0 20 40 60 80 100 120 140 160 1BO 200

4 5
f/fs fast time m

Fig. P12.26 Length-19 second-order comb magnitude response and filter output.

Problem 12.27

The filter designs are the same as in the previous problems. The implementation of the second-
order delta-sigma quantizer is given by the sample processing algorithm discussed in Problem
12.24. The following for-loop generates the high-rate input, quantizes it by the 2nd-order quan-
tizer, and filters the quantized output with the decimation filter:

280

wl=vl=u-=0; initialize delays

for (n=0; n<Ntot; n++) {

x = 0.5 * sin(2 * pi * f0 * n); high-rate input sample

wo = wl + X - u; output of Hy

vO = vl + w0 - u; output of Ho

y = Q(v0); A3 quantizer output

wl = wO0; update quantizer’s delays

vl = v0; update quantizer’s delays
u=y; update quantizer’s delays
yup[n] = fir(N-1, h, w, y); (upsampled) decimator output

}

Figure P12.27 shows the signal X" (n") and the 2-level quantized output )’ (n") of the second-order
quantizer.

Input & Output of AZ-ADC

FD
0

0 20 40 60 B0 100 120 140 160 180 200
fast time n”

y'(n’)
S e e .
5 S &

Fig. P12.27 High-rate input and output signals of second-order AX quantizer.

The upsampled outputs yyp, (n’) of the averaging, second-order comb, rectangular, and Kaiser
window decimators are shown in Fig. P12.28.

Problem 12.28

Working in the C-domain, we obtain the I/0 equation of the first stage. The input to H(Q) is
X' (€)-C'Y; (¥), Thus, adding the noise component, we have:

Y1 (©)=E (O+H@ [X' (O -C'Y (D]
which can be rearranged as:

H(T)

M@= e

X' @)+ E1 (D)

1
1+C1H(Q)
Inserting H ()= 1/(1 — 1), we obtain the transfer relationship of one stage:

Y (D)= X (0)+(1-CHE ()= X' ()+D(0)E| () (P12.3)

where D (Z)=1-C"'. The input to the second stage is obtained by forming the difference of the
signals around the first quantizer, that is, (Y’ — E}) =Y’ = —E}. Applying the basic I/0 equation
(P12.3) to this input and corresponding noise E5, we obtain
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Decimator Averager, L=10

decimator output
- analog input

20 40 60 BO 100 120 140 160 1BO 200

fast time n’

N=21, Rectangular

decimator output
- analog input

20 40 60 80 100 120 140 160 180 200

fast time n’

2nd—order comb, L=10

decimator output
- analog input

Y'(©) =Y (D) +D (@) [Y2 (D) +D (D) Y5 (D) ]
=X (©)+D(Q)E1 (T)+D (D) [-E1 (T) +D (D) E3 (T) +D(T) (-E2 (©) +D (D) E5 (7)) ]

20

40 60 80 100 120 140 160 180 200

fast time n’

Fig. P12.28 First- and second-order comb, and rectangular- and Kaiser-window decimator out-

puts.

Y5 (€)= —E1(C)+D () E5(T)

The overall output is obtained by the linear combination:

Y () = Y1 (©)+D(Q) Y3 (€)= X" (Q)+D () E (§) +D(C) [-E; (C) +D (D) E3(T) ]

(P12.4)

= X' (©)+D(C)E} (§) -D (D) E; () +D* (D) E5 (L) = X' (§) +D* (L) E3 (€)

Thus, the quantization error from the first stage is canceled, whereas the error of the second
stage gets filtered by the second-order highpass filter D?(Z)= (1 — C~1)2.

Problem 12.29

Such an arrangement is shown in Fig. P12.29. The outputs of the three stages are:

Y1(©) =

The overall output is obtained by the linear combination:
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X' (€)+D(D)EL (D)
Y3(0) = —E1 (D) +D (D) E; (T)
Y3(0) = —E3 (D) +D (D) E3 (D)

=X (D) +D* (D E; (D)
€
Ist stage
Vi y
H
0 20 40 80 faﬁst tfgj;?}z) 140 160 180 =200 ((_y) H
€,
N=201, Kaiser ¢! 2nd stage - E(@
ccimator outpu N Y
S gnalog Linput teut 3 H(Q :
+Lle, TN

€3

3d stage

V3

D(©)

T

+

=l
o

o 3

Fig. P12.29 MASH architecture of third-order delta-sigma quantizer.

Problem 12.30
Such an architecture is depicted in Fig. P12.30. The I/0O relationship of the first stage is
Y1 (€)= X' (C)+D(T)E| (D)

The input to the second-order quantizer is —E] (5). Therefore, its /O relationship is (from
Problem 12.8.3):

Y5 (L) = —E1 () +D* (L) E5 (T)
The overall output is obtained by the linear combination:

Y'(T) = Y1 (©)+D (D) Y5(Z) = X' () +D () E} (C) +D(T) [-E; () +D* () E5 (D) ]
=X (©)+D*(Q)E5(T)

Problem 12.31

The delay of (N — 1)/2 = LM introduced by the decimation filter must be taken into account in
both multiplexing and control applications. In feedback control applications, such a delay may
render the closed-loop system unstable. See [294] for further discussion.
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Ist stage

Y1

rHE)

i
1

2nd stage 12
) Y2
- K}Q H© D HO ]
!C—-l\
[

Fig. P12.30 MASH architecture of third-order delta-sigma quantizer.
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D(©)

Appendix B Problems

Problem B.1

The input sequence is
x(n)= > uis(n—iD - d)
i
Its autocorrelation function is

D-1
Ru(k)=E[x(n+k)x(n)] =>> > Eluuld(n+k-iD-d)s(n-jD-d)p(d)
i j d=0

where the expectation values were taken with respect to both u; and d. Because the u; are mutually
independent and zero mean and d is uniform, we have E[u;u;]= 0%6(i—j) and p(d)=1/D. Tt
follows that:

2 D-1
Ry (k) = %Z S S(n+k—iD—d)5(n-iD - d)
i d=0

Changing variables to m = n —iD —d and noting that m runs over all the integers, we can replace
the double summation over i and d by the summation over m:

2 2
Ructk)= T2 6 (k + m) & (m) = 725 (k)

Thus, x(n) is stationary and has a delta-function autocorrelation. Sending this sequence into the
interpolation filter will generate a stationary output sequence y (n) with a noise reduction ratio:

0-2
NRR = =% = > h(n)?
ox 45

For the particular case of a hold interpolator, h (n) consists of D ones:

O’f, bt , , o3 ,
NRR=P=21=D = 0y=Doi=D' =0
S n=0

For the linear interpolator, we have h(n)= 1 — |n|/D, for |n| < D. This gives:

0.2 D ‘n| 2 D n 2 1 D-1
Y 2
=2 = 17—) =1+2 (17—) =1+2— > m
0% nzzo( D n; D DZZ

m=1

NRR =

_ . 1
Using the identity Zﬁzll m? = éD(D —1)(2D — 1), we obtain:

o2 bz DD -1)(2D - 1) (D-1)(2D—-1) 2D2+1
NRR= 3% =1+2> m?>=1+ , =1+ =
o2 mzzl 3D? 3D 3D

Thus,

> 2D*+1 , 2D*+1
9% = "3p %7 3pz “u
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Problem B.2

The power spectral density of the output sequence will be related to that of the input by:
2
Sy (2)=H(2)H(z ") Sw(z)=H(z2)H(z ")o2=H(z)H(z") %

For the hold interpolator, we have:

1-2z7D 1-z0 1-zP
H(z)= ———, H(z )= —" == 7P
2 1-2z1 ) 1-2z 1-2z1
Thus, the output psd becomes:
2
.02 1[1-2zP _
Syy(z)=H(z2)H(z 1)3” =D [?] zP 10'124

Taking inverse z-transforms with the help of Problem 5.11, we find:

Ry, (k)= (1 - %‘) o2

Problem B.3

The generation of the held signal and the computation of its autocorrelation is illustrated by the
following C program segment:

double *u, *y, *R;

Tong 1iseed;

y = (double *) calloc(N, sizeof(double)); N-dimensional

R = (double *) calloc(M+1, sizeof(double)); (M+1)-dimensional
ul[0] = ran(&iseed)-0.5; initialize u

g =D * ran(&iseed); initialize g

for (n=0; n<N; n++)
y[n] = ranh(D, u, &q, &iseed); Zero mean
corr(N, y, y, M, R); sample autocorrelation

A typical sample autocorrelation is shown in Fig. P14.1

Problem B.4

As was mentioned in the end of Section B.3, the averaged periodogram spectrum can be calculated
by the following loop:

Sample Autocorrelation

—— N=100 block
0.75 -+ D=5 theoretical

R(k)/R(0)

oo W

0 5

10 15 20
lag k

Fig. P14.1 Sample autocorrelation of length-100 hold noise.

Power Spectra

S(f)/5(0)

N

o . i 3
0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
s

Fig. P14.2 Averaged periodogram spectrum of held noise.

Problem B.5

The random number generator C routine is:
/* rani.c - low-frequency random number generator using interpolation */

double ran(), dot(Q;
void delay(), cdelay2();

for (k=0; k<K; k++) {
ul[0] = ran(&iseed);
q =D * ran(&iseed);

for (n=0; n<N; n++)

X[n] = cmpIx(ranh(D, u, &g, &iseed), 0.0);

fft(N, X);

for(n=0; n<N; n++)

generate K = 200 blocks
initialize kth block

generate kth block

compute its FFT

accumulate its periodogram

double rani(L, P, h, w, g, iseed)

int L, P, *q;
double **h, *w;
long *iseed;

usage: y=rani(L, P, h, w, & q, & iseed);
q and iseed passed by reference

h = polyphase filter matrix

required long by ran()

S[i] += cabs(X[i]) * cabs(X[i]);
}

A typical averaged spectrum is shown in Fig. P14.2, for the case D = 5.
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{
int i;
double y;
if (*g==0) every L calls get new random number
w[0] = ran(iseed) - 0.5; zero mean
i= (- *q %L; current polyphase index
y = dot(P, h[i], w); compute interpolated value
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cdelay2(L-1, q);

if (*q==0)
delay (P, w);

return y;

decrement q for next call

every L calls update delay line

For the hold and linear interpolators, it generates the same output as ranh.c and ranl.c.

The following program raniex.c is an example C program that invokes rani. Most of it is
concerned with designing and allocating the polyphase filters. The very last for-loop generates
the desired numbers. The for-loop before the last one, initializes the delay line w in accordance

with Eq. (12.2.19):

/* raniex.c - interpolated random number generator example */

run with:

k = 0,1,2 = hold, linear, Kaiser interpolators
L = 10, Nyor = 150, iseed = 1234567

A = 30dB,AF = 0.3

#include <stdio.h>
#include <math.h>
#include <stdlib.h>

double ran(), rani(, I00;

void main(int argc, char

{

argv)

double pi = 4 * atan(1.0);

double **h, *w, *hd;

double IOal, wind, A, D, wc, DF, al;
int L, P, K, N, LK;

int q, i, k, n, Ntot;

Tong iseed;

if (argc !'=5) {

puts("\nUsage: raniex k L Ntot iseed > y.dat\n"

" k = 0,1,2 for hold,linear,general
" L upsampling ratio\n"

" Ntot = total random numbers\n"
" iseed = initial seed\n");
exit(0);
}
k = atoi(argv[l]);
L = atoi(argv[2]);

Ntot = atoi(argv[3]);
iseed = atol(argv[4]);

if (k >=2) {
fprintf(stderr, "enter A, DF (in units of fs):
scanf("%1f %1f", &A, &DF);

D=(A-7.95 / 14.36;
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10.c was given in Ch.10

interpolator\n"

Kaiser interpolator

")

if (A > 50)

al = 0.1102 * (A - 8.7);
else if (A > 21)

al = 0.5842 * pow(A-21, 0.4) + 0.07886
else

al = 0;

N=1+ ceil(D *L / DF);

K= ceil((N - 1) / (2.0%L));
N=2*L=*K+1;

P=2%K-1;

LK = L * K;

hd = (double *) calloc(N, sizeof(double));
wc = pi / L;

I0al = I0(Cal);

for (n=0; n<N; n++)

if (n==LK)
hd[n] = 1;
else {

= (A-21);

filter length
filter order
filter delay

direct form filter

ideal cutoff frequency

windowed filter

wind = I0(al * sqrt(n*(2.0*LK-n)) / LK) / IOal;
hd[n] = wind * L * (sin(wc*(n-LK)))/(pi*(n-LK));

}
}
if (k == 0) {
N =L;
K = 0;
P = 0;
for (n=0; n<N; n++)
hd[n] = 1;
}
if (k== 1) {
P=1;
K =1;
N = 2%L+1;

for (n=0; n<N; n++)
hd[n] = 1 - abs(n - L) / (double) L;
}

h = (double **) calloc(L, sizeof(double *));
for (i = 0; i < L; i++)
h[i] = (double *) calloc(P+1, sizeof(double));

for (i=0; i<L; i++)
for (n=0; n<=P; n++)
h[i1[n] = hd[L*n+i];
w = (double *) calloc(P+1, sizeof(double));
for (i=K; i>=1; i--)
w[i] = ran(&iseed) - 0.5;
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hold interpolator

linear interpolator

polyphase subfilters
allocate L subfilters

ith subfilter

low-rate delay-line buffer

initialize w



q=0;

for (n=0; n<Ntot; n++)
printf("%.121f\n", rani(L, P, h, w, &q, &iseed));

generate interpolated noise

}

With the choices A = 30 dB, AF = 0.3, the Kaiser parameters become D = 1.536, « = 2.117.
The generated sequences are shown in Fig. P14.3.

Interpolated Generators Interpolated Generators

Kaiser

***** Linear

-1.0
0 10 20 30 40 50 60 70 B0 90 100110120130140150
time samples n

-1
0 10 20 30 40 50 60 70 BO 90 100110120130140150
time samples n

Fig. P14.3 Kaiser, hold, and linearly interpolated random sequences.

Problem B.6

Noting that the autocorrelation of a hold-interpolated sequence of period D is R(k)= (1 —
|k|/D)o2, =D < k < D, we have:

B-1 B-1
LT

1 1 '«
Ry, (k)= 7 > Ry,y, (k)= 7 > ?)u(zb — |k|) o2 (P14.1)
b=0 b=0

where the unit-step u (22— |k|) restricts the duration of the b-th term tobe |k| < 2%, or |k| < 2/ -1
for non-zero values of Ry, (k). The resulting autocorrelation function is piece-wise linear, where
the linear segments have geometrically increasing slopes. This is shown in Fig. P14.4 for the case
B = 4. Atlag k = 0, Eq. (P14.1) gives the expected result:

; 1 , O3
2 _ _ L 2 _ Yy
oy =Ry, (0)= B2 Boy, = B
The increasing linear slopes in Ry, (k) cause it to have long-range correlations. Indeed, because
of the restriction |k| < 2% — 1, the maximum lag will be:
Kmax = 2871 =1 (P14.2)

Given a lag k in the range |k| < Kmax, the expression of Eq. (P14.1) can be summed in closed form
as follows. The restriction |k| < 2 —1 can be turned around into a restriction for the summation
index b > log, (|k| + 1). Denoting the ceiling of this quantity by

b (k)= [log, (k| + 1)1
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R(k)/R(0)

1.00
0.75
0.50
0.25

Fig. P14.4 Theoretical autocorrelation of 1/f-noise model.

we find

B-1
1 _
Ryy(k)zﬁ > (1-kl27) o
b=b (k)

and using the finite geometric series formula (e.g., Eq. (6.3.13)), we get the expression of Eq. (B.25).

Problem B.7

Figure P14.5 shows the theoretical autocorrelation (P14.1) or (B.25), together with the sample
autocorrelation of a (zero-mean) block of 1/f-noise samples of length N = 2000 for B = 8.
The maximum correlation length is in this case ks = 2571 — 1 = 27 — 1 = 127. The sample
autocorrelation was computed by the program segment:

double *y, *R;
y = (double *) calloc(N, sizeof(double));
R = (double *) calloc(M+1, sizeof(double));

N-dimensional
(M+1)-dimensional

for (n=0; n<N; n++)
y[n] = ranlf(B, u, g, &iseed);

use N=2000
zero-mean y's

corr(N, y, y, M, R); use M=150

1/t—noise autocorrelation

0.8 sample

- theoretical

R(k)/R(0)

kmax=127
120 150

] 30 60 90
lag k

Fig. P14.5 Theoretical and sample autocorrelations for B = 8.
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The reason for using N = 2000 was because we wanted to evaluate the sample autocorrelation
at M = 150 lags. Thus, the number of lags is 150/2000 = 7.5% of the block length, which falls
within the recommended range for getting statistically reliable lags using the routine corr, as 0  model spectram o
was mentioned in Section A.1.

@Wmax=0.3m, B=4 Wmax=0.3m, B=4

averaged periodogram

77777 1/f spectrum -----model spectrum

Problem B.8

We look at the cases (wpin = 0.0017T and Wy = 0.177, 0.377, 0.677. The designed model param-
eters are:
For wWmax = 0.177, we have B = 3 and

0.0 0.1 04 00 02 04 06 0B 10 12 14 16 18 20

02 03
c=10, a= [06858,09686,09969] © (in units of m) o (in units of m)

For Wmax = 0.37, we have B = 4 and Fig. P14.7 Model spectrum and periodogram estimate. (Wmax = 0.37T.

c=6.6943, a=[0.0575,0.8592,0.9790,0.9969]
Wmax=0.6m, B=6 Wmax=0.8m, B=6

For wWmax = 0.671, we have B = 6 and

— model spectrum averaged periodogram

¢ =3.5944, a=[-0.8850,0.4756,0.8541,0.9594,0.9887,0.9969] 1 A s Vs spectrum |4 ) [ model spectrum

The spectra are shown in Figs. P14.6—P14.8.

s Wmax=0.1m, B=3 Wmax=0.1m, B=3
-25
o —— model spectrum 0 averaged periodogram -35
fffff 1/f spectrum -----model spectrum 4
0.00 010 020 030 040 050 060 070 00 02 04 06 08 10 12 14 16 18 20
» (in units of m) @ (in units of m)

Fig. P14.8 Model spectrum and periodogram estimate. (Wmax = 0.67T.

0.00 0,05v . 0.10 0.15 _S%.O 02 04 08 ‘0.8 1:0 1.2 14 16 1.8 20
@ (in units of m) @ (in units of m) for each white noise input sample x do:
up = 0.57534x + 0.99574 u,
Fig. P14.6 Model spectrum and periodogram estimate. (Wmax = 0.17T. X; = up — 0.98444 u,
u; = Up
Vo = X1 + 0.94791 v,
X2 = Vo —0.83392v;
Problem B.9 Vi =V
Solving the equation (0.99574)¢= 0.94791, we find ¢ = 12.5309. Then, the filter of Eq. (B.30) Wo =Xz + 0.53568 wy
becomes: Yy =wy — 0.07568 w;
Wi =Wy
1 -0.98444z71) (1 - 0.821 -H(a-o. 22z71
H(Z):G( 0.98 z7h)( 0.82159z71) ( 0.08522z71)

(1-0.99574z"1) (1 —0.94791z71) (1 — 0.51153z71)

The NRR = h'h of the filter (B.29) without the factor G can be computed analytically or much
faster using MATLAB to compute a fairly long portion of the impulse response h (e.g., of length
2000) and then setting G = 1/+/NRR = 1/Jﬁ. The magnitude response squared of Egs. (B.29)
and (B.30) are shown in Fig. P14.9. The cascade realization is shown in Fig. P14.10. The corre-
sponding sample processing algorithm will be:
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Fig. P14.9 1/f noise filters for Problem B.9.
X
N J
V
0.57534

0.99574 -0.98444 0.94791 -0.83392 0.53568 -0.07568

Fig. P14.10 Cascade realization of 1/f noise filter.
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