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SECTION 1

Introduction
“Since the Σ−∆
A/D converters
are based on
digital filtering
techniques,
almost 90% of
the die is
implemented in
digital circuitry
which enhances
the prospect of
compatibility.”

MOTOROLA

The performance of digital signal processing and
communication systems is generally limited by the
precision of the digital input signal which is achieved
at the interface between analog and digital information. Sigma-Delta (Σ−∆) modulation based analog-todigital (A/D) conversion technology is a cost effective
alternative for high resolution (greater than 12 bits)
converters which can be ultimately integrated on digital signal processor ICs.

Although the sigma-delta modulator was first introduced in 1962 [1], it did not gain importance until
recent developments in digital VLSI technologies
which provide the practical means to implement the
large digital signal processing circuitry. The increasing use of digital techniques in communication and
audio application has also contributed to the recent interest in cost effective high precision A/D converters.
A requirement of analog-to-digital (A/D) interfaces is
compatibility with VLSI technology, in order to provide
for monolithic integration of both the analog and digital sections on a single die. Since the Σ−∆ A/D
converters are based on digital filtering techniques,
almost 90% of the die is implemented in digital circuitry which enhances the prospect of compatibility.
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Additional advantages of such an approach include higher reliability, increased functionality, and
reduced chip cost. Those characteristics are commonly required in the digital signal processing
environment of today. Consequently, the development of digital signal processing technology in
general has been an important force in the development of high precision A/D converters which can
be integrated on the same die as the digital signal
processor itself. The objective of this application
report is to explain the Σ−∆ technology which is implemented in the DSP56ADC16, and show the
superior performance of the converter compared
to the performance of more conventional implementations. Particularly, this application note
discusses a third-order, noise-shaping oversampling structure.
Conventional high-resolution A/D converters, such
as successive approximation and flash type converters, operating at the Nyquist rate (sampling
frequency approximately equal to twice the maximum frequency in the input signal), often do not
make use of exceptionally high speeds achieved
with a scaled VLSI technology. These Nyquist samplers require a complicated analog lowpass filter
(often called an anti-aliasing filter) to limit the maximum frequency input to the A/D, and sample-andhold circuitry. On the other hand, Σ−∆ A/D converters use a low resolution A/D converter (1-bit
quantizer), noise shaping, and a very high oversampling rate (64 times for the DSP56ADC16). The high
resolution can be achieved by the decimation (sample-rate reduction) process. Moreover, since
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precise component matching or laser trimming is
not needed for the high-resolution Σ−∆ A/D converters, they are very attractive for the implementation
of complex monolithic systems that must incorporate both digital and analog functions. These
features are somewhat opposite from the requirements of conventional converter architectures,
which generally require a number of high precision
devices. This application note describes the concepts of noise shaping, oversampling, and
decimation in some detail.
■
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SECTION 2

Conventional
Analog-to-Digital
Converters
“Most A/D
converters can
be classified into
two groups
according to the
sampling rate
criteria: Nyquist
rate
converters...
and
oversampling
converters...”

Signals, in general, can be divided into two categories; an analog signal, x(t), which can be defined in a
continuous-time domain and a digital signal, x(n),
which can be represented as a sequence of numbers
in a discrete-time domain as shown in Figure 2-1. The
time index n of a discrete-time signal x(n) is an integer
number defined by sampling interval T. Thus, a discrete-time signal, x*(t), can be represented by a
sampled continuous-time signal x(t) as:

∞

x∗ ( t ) =

∑

x ( t ) δ ( t – nT )

Eqn. 2-1

n = –∞

where:
δ(t) = 1, t = 0,
0, elsewhere

A practical A/D converter transforms x(t) into a discrete-time digital signal, x*(t), where each sample is
expressed with finite precision. Each sample is approximated by a digital code, i.e., x(t) is transformed
MOTOROLA
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into a sequence of finite precision or quantized
samples x(n). This quantization process introduces errors which are discussed in SECTION 3
Quantization Error in A/D Converters.

1
sample rate fs = -T

Analog Signal

Digital Signal

x (t)

x* (t)

Sampling

x (n)

Quantization

creates quantization error noise

Figure 2-1 Generalized Analog-to-Digital Conversion Process

Most A/D converters can be classified into two
groups according to the sampling rate criteria.
Nyquist rate converters, such as a successive approximation register (SAR), double integration,
and oversampling converters, sample analog signals which have maximum frequencies slightly
less than the Nyquist frequency, fN = fs/ 2, where
fs is the sampling frequency [2]. Meanwhile, oversampling converters perform the sampling
process at a much higher rate, fN << Fs (e.g., 64
times for the DSP56ADC16), where Fs denotes
the input sampling rate.
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Analog
Signal

Anti-Aliasing
Filter

x (t)

Sample and Hold
Circuit

Multi-level
Quantizer

Digital
Signal
x (n)

Band-limiting
x (n)
001

e.g.: Successive Approximation
Flash Conversion
Dual Slope Method

010
001
000

x (t)

111
110
101

Figure 2-2 Conventional Analog-to-Digital Conversion Process

Figure 2-2 illustrates the conventional A/D conversion process that transforms an analog input
signal x(t) into a sequence of digital codes x(n) at
a sampling rate of fs = 1/T, where T denotes the
sampling interval. Since δ ( t – nT ) in Eqn. 2-1 is
a periodic function with period T, it can be represented by a Fourier series given by [5]:
∞

∞

∑

n = –∞

1
x ( t ) δ ( t – nT ) = --T

∑

x(t)e

( j2nπt ) ⁄ T

Eqn. 2-2

n = –∞

Combining Eqn. 2-1 and Eqn. 2-2, we get:
∞

1
x∗ ( t ) = --T

∑

n = –∞
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x(t)e

( j2nπt ) ⁄ T

∞

1
= --T

∑

x(t)e

j2πfs nt

n = –∞
Eqn. 2-3
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Eqn. 2-2 states that the act of sampling (i.e., the
sampling function):
∞

∑

x ( t ) δ ( t – nT )

n = –∞

is equivalent to modulating the input signal by carrier signals having frequencies at 0, fs, 2fs,. . .. In
other words, the sampled signal can be expressed
in the frequency domain as the summation of the
original signal component and signals frequency
modulated by integer multiples of the sampling frequency as shown in Figure 2-3. Thus, input signals
above the Nyquist frequency, fn, cannot be properly
converted and they also create new signals in the
base-band, which were not present in the original
signal. This non-linear phenomenon is a signal distortion frequently referred to as aliasing [2]. The
distortion can only be prevented by properly lowpass filtering the input signal up to the Nyquist
frequency. This lowpass filter, sometimes called the
anti-aliasing filter, must have flat response over the
frequency band of interest (baseband) and attenuate the frequencies above the Nyquist frequency
enough to put them under the noise floor. Also, the
non-linear phase distortion caused by the anti-aliasing filter may create harmonic distortion and audible
degradation. Since the analog anti-aliasing filter is
the limiting factor in controlling the bandwidth and
phase distortion of the input signal, a high performance anti-aliasing filter is required to obtain high
resolution and minimum distortion.
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| X (f) |
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Figure 2-3 Spectra of Analog and Sampled Signals
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In addition to an anti-aliasing filter, a sample-andhold circuit is required. Although the analog signal
is continuously changing, the output of the sampleand-hold circuitry must be constant between samples so the signal can be quantized properly. This
allows the converter enough time to compare the
sampled analog signal to a set of reference levels
that are usually generated internally [3]. If the output of the sample-and-hold circuit varies during T, it
can limit the performance of the A/D converter
subsystem.
Each of these reference levels is assigned a digital
code. Based on the results of the comparison, a digital encoder generates the code of the level the
input signal is closest to. The resolution of such a
converter is determined by the number and spacing
of the reference levels that are predefined. For
high-resolution Nyquist samplers, establishing the
reference voltages is a serious challenge.
For example, a 16-bit A/D converter, which is the
standard for high accuracy A/D converters, requires
216 - 1 = 65535 different reference levels. If the
converter has a 2V input dynamic range, the spacing of these levels is only 30 mV apart. This is
beyond the limit of component matching tolerances
of VLSI technologies [4]. New techniques, such as
laser trimming or self-calibration can be employed
to boost the resolution of a Nyquist rate converter
beyond normal component tolerances. However,
these approaches result in additional fabrication
complexity, increased circuit area, and higher cost.
■
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SECTION 3

Quantization Error in
A/D Conversion
“For an input
signal which is
large compared
to an LSB step,
the error term
e(n) is a random
quantity in the
interval (-q/2,
q/2) with equal
probability.”

The process of converting an analog signal (which
has infinite resolution by definition) into a finite range
number system (quantization) introduces an error signal that depends on how the signal is being
approximated. This quantization error is on the order
of one least-significant-bit (LSB) in amplitude, and it is
quite small compared to full-amplitude signals. However, as the input signal gets smaller, the quantization
error becomes a larger portion of the total signal.
When the input signal is sampled to obtain the sequence x(n), each value is encoded using finite wordlengths of B-bits including the sign bit. Assuming the
sequence is scaled such that x ( n ) ≤ 1 for fractional number representation, the pertinent dynamic
range is 2. Since the encoder employs B-bits, the
B
number of levels available for quantizing x(n) is 2 .
The interval between successive levels, q, is therefore given by:
1
q = -------------B–1
2

Eqn. 3-1

which is called the quantization step size. The sampled input value x∗ ( t ) is then rounded to the nearest
level, as illustrated in Figure 3-1.
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From Eqn. 3-2, it follows that the A/D converter output is the sum of the actual sampled signal x∗ ( t )
and an error (quantization noise) component e(n);
that is:
x ( n ) = x∗ ( t ) + e ( n )

Eqn. 3-2

For an input signal which is large compared to an
LSB step, the error term e(n) is a random quantity
in the interval (-q/2, q/2) with equal probability. Then
2
the noise power (variance), σ e , can be found as
[5]:
q⁄2
2
2
1
σ e = E [ e ] = --q

∫

– 2B
2
2
q
2
e de = ------ = -----------3
12

Eqn. 3-3

( –q ) ⁄ 2

where:

E denotes statistical expectation
2

We shall refer to σ e in Eqn. 3-3 as being the steadystate input quantization noise power. Figure 3-2
shows the spectrum of the quantization noise. Since
the noise power is spread over the entire frequency
range equally, the level of the noise power spectral
density can be expressed as:
2

– 2B

q
2
N ( f ) = ----------- = ----------12f s
3f s

Eqn. 3-4

The concepts discussed in this section apply in
general to A/D converters.
■
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Figure 3-1 Quantization Error
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Figure 3-2 Noise Spectrum of Nyquist Samplers
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SECTION 4

Oversampling and
Decimation Basics
“The benefit of
oversampling is
more than an
economical antialiasing filter.
The decimation
process can be
used to provide
increased
resolution.”

The quantization process in a Nyquist-rate A/D converter is generally different from that in an
oversampling converter. While a Nyquist-rate A/D
converter performs the quantization in a single sampling interval to the full precision of the converter, an
oversampling converter generally uses a sequence of
coarsely quantized data at the input oversampling rate
of F s = Nf s followed by a digital-domain decimation
process to compute a more precise estimate for the
analog input at the lower output sampling rate, fs,
which is the same as used by the Nyquist samplers.
Regardless of the quantization process oversampling
has immediate benefits for the anti-aliasing filter. To illustrate this point, consider a typical digital audio
application using a Nyquist sampler and then using a
two times oversampling approach. Note that in the following discussion the full precision of a Nyquist
sampler is assumed. Coarse quantizers will be considered separately.
The data samples from Nyquist-rate converters are
taken at a rate of at least twice the highest signal frequency of interest. For example, a 48 kHz sampling
rate allows signals up to 24 kHz to pass without
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aliasing, but because of practical circuit limitation,
the highest frequency that passes is actually about
22 kHz. Also, the anti-aliasing filter in Nyquist A/D
converters requires a flat response with no phase
distortion over the frequency band of interest (e.g.,
20 kHz in digital audio applications). To prevent signal distortion due to aliasing, all signals above 24
kHz for a 48 kHz sampling rate must be attenuated
by at least 96 dB for 16 bits of dynamic resolution.
These requirements are tough to meet with an analog low-pass filter. Figure 4-1(a) shows the
required analog anti-aliasing filter response, while
Figure 4-1(b) shows the digital domain frequency
spectrum of the signal being sampled at 48 kHz.
Now consider the same audio signal sampled at
2fs, 96 kHz. The anti-aliasing filter only needs to
eliminate signals above 74 kHz, while the filter has
flat response up to 22 kHz. This is a much easier filter to build because the transition band can be 52 kHz
(22k to 74 kHz) to reach the -96 dB point. However,
since the final sampling rate is 48 kHz, a sample
rate reduction filter, commonly called a decimation
filter, is required but it is implemented in the digital
domain, as opposed to anti-aliasing filters which
are implemented with analog circuitry. Figure 4-1(d)
and Figure 4-1(e) illustrate the analog anti-aliasing
filter requirement and the digital-domain frequency
response, respectively. The spectrum of a required
digital decimation filter is shown in Figure 4-1(f). Details of the decimation process are discussed in
SECTION 7 Digital Decimation Filtering.
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H(f)
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f
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(a) Anti-aliasing filter response for Nyquist samplers
H*( f )
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f
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(b) Spectrum of sampled data when fs = 48 kHz

H*( f )
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f
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(c) Spectrum of sampled data when fs = 96 kHz
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(d) Anti-aliasing filter response for 2x over-samplers

H(f)
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..
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.
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48 k

72 k

96 k

f
192 k

(e) Spectrum of 2x oversampled data when fs = 96 kHz

H(f)
22 k

..
..
..
.

24 k

f

(f) Digital filter response for 2:1 decimation process

Figure 4-1 Comparison Between Nyquist Samplers and 2X Oversamples
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This two-times oversampling structure can be extended to N times oversampling converters. Figure 4-2(a)
shows the frequency response of a general anti-aliasing filter for N times oversamplers, while the spectra
of overall quantization noise level and baseband
noise level after the digital decimation filter is illustrated in Figure 4-2(b). Since a full precision quantizer
was assumed, the total noise power for oversampling
converters and one times Nyquist samplers are the
same. However, the percentage of this noise that is in
the bandwidth of interest, the baseband noise power
NB is:
fB
NB

=

∫
–fB

2f

2

Bq
- ----( f ) df = -----F 12

Eqn. 4-1

s

which is much smaller (especially when Fs is much
larger than fB) than the noise power of Nyquist samplers described in Eqn. 3-4.

Figure 4-3 compares the requirements of the antialiasing filter of one times and N times oversampled
Nyquist rate A/D converters. Sampling at the
Nyquist rate mandates the use of an anti-aliasing filter with very sharp transition in order to provide
adequate aliasing protection without compromising
the signal bandwidth f B .
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anti-aliasing filter’s frequency response

(a)
fB

Fs/2

Fs

N(f)

(b)
- Fs/2

Overall Noise Level:

- fB

fB

q2
N ( f ) = -----12
fB

In-Band Noise Level: N =
B

∫
–f

Fs/2

1
-----Fs
2
qf
B2
N ( f )df = --------- -----12 F s

B

Note: One R-C lowpass filter is sufficient for the anti-aliasing filter

Figure 4-2 Anti-Aliasing Filter Response and Noise Spectrum of Oversampling
A/D Converters

MOTOROLA

4-5

fN

fB

fs

f
(a) Nyquist rate A/D converters

Fs/2 = fN

Fs - fB

Fs

Fs + fB

(b) Oversampling A/D converters

Figure 4-3 Frequency Response of Analog Anti-Aliasing Filters

The transition band of the anti-aliasing filter of an
oversampled A/D converter, on the other hand, is
much wider than its passband, because anti-aliasing
protection is required only for frequency bands between NF s – f B and NF s + f B , when N = 1, 2, ...,
as shown in Figure 4-2(b). Since the complexity of
the filter is a strong function of the ratio of the width
of the transition band to the width of the passband,
oversampled converters require considerably simpler anti-aliasing filters than Nyquist rate converters
with similar performance. For example, with N = 64,
a simple RC lowpass filter at the converter analog input is often sufficient as illustrated in Figure 4-2(a).
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The benefit of oversampling is more than an economical anti-aliasing filter. The decimation process
can be used to provide increased resolution. To see
how this is possible conceptually, refer to Figure 4-4,
which shows an example of 16:1 decimation process with 1-bit input samples. Although the input
data resolution is only 1-bit (0 or 1), the averaging
method (decimation) yields more resolution (4 bits
[24 = 16]) through reducing the sampling rate by
16:1. Of course, the price to be paid is high speed
sampling at the input — speed is exchanged for
resolution.

Sample Rate Reduction == >> More Resolution
1
0
1
0
0
1
0
1
1
0
0
0
1
0
1
16

16 : 1 decimation
=================>>
average

7
------ = 0.4375 = 0111
16
1 multi - bit output

1-bit inputs

Figure 4-4 Simple Example of Decimation Process
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SECTION 5

Delta Modulation
“Delta
modulators,
furthermore,
exhibit slope
overload for
rapidly rising
input signals,
and their
performance is
thus dependent
on the frequency
of the input
signal.”

The work on sigma-delta modulation was developed
as an extension to the well established delta modulation [6]. Let’s consider the delta modulation/
demodulation structure for the A/D conversion process. Figure 5-1 shows the block diagram of the delta
modulator and demodulator. Delta modulation is
based on quantizing the change in the signal from
sample to sample rather than the absolute value of
the signal at each sample.
Since the output of the integrator in the feedback loop
of Figure 5-1(a) tries to predict the input x(t), the integrator works as a predictor. The prediction error term,
x ( t ) – x ( t ) , in the current prediction is quantized
and used to make the next prediction. The quantized
prediction error (delta modulation output) is integrated
in the receiver just as it is in the feed back loop [7].
That is, the receiver predicts the input signals as
shown in Figure 5-1.
The predicted signal is smoothed with a lowpass filter.
Delta modulators, furthermore, exhibit slope overload
for rapidly rising input signals, and their performance
is thus dependent on the frequency of the input signal.
In theory, the spectrum of quantization noise of the
prediction error is flat and the noise level is set by the
1-bit comparator. Note that the signal-to-noise ratio
can be enhanced by decimation processes as shown

MOTOROLA
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in Figure 4-2. The Motorola MC3417 Continuously
Variable Slope Delta Modulator operation is based
on delta modulation.

1-bit quantizer
fS

T
x(t)

x(t)- x ( t )

Analog +
Σ
Signal
x (t)
x(t)

y(t)

x(t)

Channel
output

∫1

(a) Modulation
y(t)

Channel
input
y(t)

∫1

x(t)

Lowpass
Filter

Analog
Signal
x(t)

x(t)

(b) Demodulation

Figure 5-1 Delta Modulation and Demodulation
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SECTION 6

Sigma-Delta
Modulation and
Noise Shaping
Delta modulation requires two integrators for modu-

“The noise
shaping
property is well
suited to signal
processing...”

lation and demodulation processes as shown in
Figure 6-1(a). Since integration is a linear operation,
the second integrator can be moved before the modulator without altering the overall input/output
characteristics. Furthermore, the two integrators in
Figure 6-1 can be combined into a single integrator by
the linear operation property.

1-bit quantizer
Analog
Signal

Channel

Σ

+

-

∫1

Lowpass
Filter

Analog
Signal

∫1
(a)

Modulation

Analog
Signal

Demodulation

1-bit quantizer

∫1

+

Channel

Σ
-

Lowpass
Filter

Analog
Signal

∫1
(b)
Note: Two Integrators (matched components)

Figure 6-1
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The arrangement shown in Figure 6-2 is called a
Sigma-Delta (Σ−∆) Modulator [1]. This structure,
besides being simpler, can be considered as being
a “smoothed version” of a 1-bit delta modulator.

Analog
Signal
Σ
+
-

1-bit quantizer

∫1

Lowpass
Filter

Channel

Analog
Signal

Demodulation

Modulation
Note: Only one integrator

N(s)

Integration
X(s)

+

1
---

Σ
-

S

+

+

Σ

Y(s)

Lowpass
Filter

X(s)

Figure 6-2 Block Diagram of Signa-Delta Modulation

The name Sigma-Delta modulator comes from putting
the integrator (sigma) in front of the delta modulator.
Sometimes, the Σ−∆ modulator is referred to as an interpolative coder [14]. The quantization noise
characteristic (noise performance) of such a coder is
frequency dependent in contrast to delta modulation.
As will be discussed further, this noise-shaping property is well suited to signal processing applications
such as digital audio and communication. Like delta
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modulators, the Σ−∆ modulators use a simple coarse
quantizer (comparator). However, unlike delta modulators, these systems encode the integral of the signal
itself and thus their performance is insensitive to the
rate of change of the signal.

N(s) : quantization noise

integration
X(s)

+

1
---

Σ
-

s

Signal Transfer Function:
(when N(s) = 0)

+

+
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X(s)

Y(s) = [X(s) - Y(s)] 1s

1
-Y(s)
1
s
----------- = ------------ = -----------1
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+
s
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Noise Transfer Function:
(when X(s) = 0)
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1
s
----------- = ------------ = -----------1
N(s)
+
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1
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Figure 6-3 S-Domain Analysis of Sigma-Delta Modulator

The noise-shaping principle is illustrated by a simplified “s-domain” model of a first-order Σ−∆ modulator
shown in Figure 6-3. The summing node to the right
of the integrator represents a comparator. It’s here
that sampling occurs and quantization noise is added into the model. The signal-to-noise (S/N)
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transfer function shown in Figure 6-3 illustrates the
modulator’s main action. As the loop integrates the
error between the sampled signal and the input signal, it lowpass-filters the signal and highpass filters
the noise. In other words, the signal is left unchanged
as long as its frequency content doesn’t exceed the
filter’s cutoff frequency, but the Σ−∆ loop pushes the
noise into a higher frequency band. Grossly oversampling the input causes the quantization noise to
spread over a wide bandwidth and the noise density
in the bandwidth of interest (baseband) to significantly decrease.

Figure 6-4 shows the block diagram of a first-order
oversampled Σ−∆ A/D converter. The 1-bit digital
output from the modulator is supplied to a digital decimation filter which yields a more accurate
representation of the input signal at the output sampling rate of fs. The shaded portion of Figure 6-4 is a
first-order Σ−∆ modulator. It consists of an analog difference node, an integrator, a 1-bit quantizer (A/D
converter), and a 1-bit D/A converter in a feed back
structure. The modulator output has only 1-bit (twolevels) of information, i.e., 1 or -1. The modulator output y(n) is converted to x ( t ) by a 1-bit D/A
converter (see Figure 6-4).

The input to the integrator in the modulator is the
difference between the input signal x(t) and the
quantized output value y(n) converted back to the
predicted analog signal, x(t). Provided that the D/A
converter is perfect, and neglecting signal delays,
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this difference between the input signal x(t) and the
fed back signal x(t) at the integrator input is equal to
the quantization error. This error is summed up in
the integrator and then quantized by the 1-bit A/D
converter. Although the quantization error at every
sampling instance is large due to the coarse nature
of the two level quantizer, the action of the Σ−∆
modulator loop is to generate a ± 1 output which
can be averaged over several input sample periods
to produce a very precise result. The averaging is
performed by the decimation filter which follows the
modulator as shown in Figure 6-4.

x(t)

+

-

Fs

∫1

Σ
y(t)

y(n)
1

1-bit
D/A

6.4 MHz
(1 bit)

Digital
Decimation
Filter

Fs : fs

x(n)
16
100 kHz
(16 bits)

First order Σ∆ loop

Figure 6-4 Block Diagram of First-Order Sigma-Delta A/D converter

The waveforms of x(t) and y(n) for a first-order Σ−∆
modulator are illustrated in Figure 6-5 when the input signal is a sinusoid. The modulator performs
both the sampling and the quantization operation in
this example, as is typical for circuit implementations of Σ−∆ modulators. In each clock cycle, the
value of the output of the modulator is either plus or
minus full scale, according to the results of the 1-bit
A/D conversion. When the sinusoidal input to the
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modulator is close to a plus full scale, the output is
positive during most clock cycles. A similar statement holds for the case when the sinusoid is close
to minus full scale. In both cases, the local average
of the modulator output tracks the analog input.
When the input is near zero, the value of the modulator output varies rapidly between a plus and a
minus full scale with approximately zero mean.

0.6

0.4

0.2

0.0
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TIME [t/T]

Figure 6-5 Input and Output of a First-Order Sigma-Delta Modulator
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6.1 Analysis of Sigma-Delta
Modulation in the
Z-Transform Domain
Consider the first-order loop shown in Figure 6-6.
The z-domain transfer function of an integrator is denoted by I(z) and the 1-bit quantizer is modeled as
an additive noise source. Standard discrete-time
signal analysis yields:
Y(z)

=

Q(z)

+ I ( z ) [ X ( z ) – z –1 Y ( z ) ]
Eqn. 6-2

Q (Quantization Noise)
integrator
+

X(z)

Σ

-

Σ

I(z)

Y(z)

quantizer

z-1
(a)
Q
integrator
+
X(z)

Σ

X - Yz-1

-

1

---------------1 – z –1

-1

X - Yz
1 -z-1

+

+

Σ

-1
Y = Q +X - Yz = > X + Q(1 -z-1)
1 -z-1

quantizer

z-1

Y(z)

input with
shaped noise

Note: In-band quantization noise is moved out-of-band

(b)

Figure 6-6 Z-Domain Analysis of First-Order Noise-Shaper
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and can be solved for Y(z) as:
Y(z)

=

I(z)
X ( z ) ------------------------–1
1 + I(z)z

1

+ Q ( z ) -----------------------–1
1 + I(z)z

Eqn. 6-3

Since an ideal integrator is defined as:
I(z)

1
= --------------–1
1–z

Eqn. 6-4

the first-order Σ−∆ loop output can be simplified to:
Y(z)

=

X(z)

+ ( 1 – z –1 ) Q ( z )

Eqn. 6-5

Since the quantization noise is assumed to be random, the differentiator (1-z-1) shown in Eqn. 6-5
doubles the power of quantized noise. However, the
error has been pushed towards high frequencies
due to the differentiator, (1-z-1), factor. Therefore,
provided that the analog input signal to the modulator, x(t), is oversampled, the high-frequency
quantization noise can be removed by digital lowpass filters without affecting the input signal
characteristics residing in baseband. This lowpass
filtering is part of the decimation process.

That is, after the digital decimation filtering processes, the output signal has only the frequency
components from 0 Hz to fB. Thus, the performance of first-order Σ−∆ modulators can be
compared to the conventional 1-bit Nyquist samplers and the delta-modulation type oversamplers.
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In-Band noise of Nyquist Samplers
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Nyquist
Sampler (1 bit)
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In-Band noise of Noise-Shaped Oversamplers
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Oversampler
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Figure 6-7 Spectrum of a First-Order Sigma-Delta Noise Shaper

Figure 6-7 shows the spectrum of a first-order Σ−∆
noise-shaper described in Figure 6-6. As shown in
Figure 6-7, the baseband (up to fB) noise of the Σ−∆
converters appears to be much smaller than Nyquist
samplers or delta modulators. However, for the first
order modulator discussed, the baseband noise
can not reach below the -96 dB signal-to-noise ratio needed for 16-bit A/D converters.
The higher order cascaded (feed-forward) Σ−∆ modulators have been introduced and implemented [810]. The block diagrams of second and third order
Σ−∆ modulators are shown in Figure 6-8. Since
these cascaded structures use a noise feed-forward
scheme, the system is always stable and the analysis is simpler compared to the second-order
feedback Σ−∆ modulators [11-13] and higher order
interpolative coders with feedback loops [14,15].
When multiple first-order Σ−∆ loops are cascaded to
obtain higher order modulators, the signal that is
passed to the successive loop is the error term from
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the current loop. This error is the difference between
the integrator output and the quantization output.

x(t)

y1(n)

First order Noise Shaper

Q1

Bit

y2(n)

First order Noise Shaper

y(n)

manipulation
node

(a) Second-Order Noise Shaper

x(t)

y1(n)

First order Noise Shaper
Q1

y2(n)

First order Noise Shaper

Bit

y(n)

manipulation
node

Q2
First order Noise Shaper

y3(n)

(b) Third-Order Sigma-Delta Noise Shaper

Figure 6-8 Second-Order and Third-Order Sigma-Delta Noise Shapers

If the input signals to the second and third stage
Σ−∆ loops are Q1 and Q2, respectively, the quantization output for the second order Σ−∆ modulator is
given by:
Y2 ( z )

=

Q1 ( z )

+ ( 1 – z –1 ) Q 2 ( z )
Eqn. 6-6

which yields the second-order Σ−∆ modulator output
shown in Figure 6-8(a) as:
Y(z)

where:
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=

X(z)

+ ( 1 – z –1 )

2

Q2 ( z )

Eqn. 6-7

Y(z) is the z-transform of y(n) which is the
sampled and quantized signal of x(t) at t = n
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Similarly, for the third order Σ−∆ modulator:
Y3 ( z )

Q2 ( z )

=

+ ( 1 – z –1 ) Q 3 ( z )

Eqn. 6-8

and, after combining the individual output terms we
obtain:
Y(z)

where:

=

X(z)

+ ( 1 – z –1 )

3

Q3 ( z )

Eqn. 6-9

Q3 is the quantization noise from the
third Σ−∆ loop

Essentially, the noise shaping function in a Σ−∆
modulator is the inverse of the transfer function of
the filter [1-z-1]-1 in the forward path of the modulator. A filter with higher gain at low frequencies is
expected to provide better baseband attenuation for
the noise signal. Therefore, modulators with more
than one Σ−∆ loop such as the third-order system
shown in Figure 6-8(b), perform a higher order difference operation of the error produced by the
quantizer and thus stronger attenuation at low frequencies for the quantization noise signal. The
noise shaping functions of second-order and thirdorder modulators are compared to that of a first-order
system in Figure 6-9. The baseband quantization error power for the third-order system is clearly smaller
than for the first-order modulator.
The above analysis can be extended to yield quantitative results for the resolution of Σ−∆ modulators,
provided that the spectral distribution of the quantization error q(n) is known. It has been shown that the
error generated by a scalar quantizer with quantization
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levels equally spaced by q is uncorrelated, assuming that the number of quantization levels is large
and the quantized signal is active [16,17]. This result
is not rigorously applicable to Σ−∆ modulators, however, because Σ−∆ quantizers only have two levels.
Hence, the noise and signal are somewhat correlated. Nevertheless, analysis based on this
uncorrelated assumption yields correct results in
many cases. Often these analytical results provide a
more intuitive interpretation for the operation of the
modulator than those obtained from computer simulations. The latter, however, will always be
presented to demonstrate the correctness of the analytical result in a particular case.
The performance of this triple cascaded structure
can also be compared by inputting a single sinusoidal signal to the structure and plotting the spectra.
Figure 6-10 shows the frequency response of the
three modulator outputs. The frequency ranges of
the x-axis is up to half of the input sampling frequency (3.2 MHz for 6.4 MHz input sampling rate). Note
that the frequency of interest is up to 50 kHz which
is a very small portion of the plots.
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Second Order Σ∆ Modulator

First Order Σ∆ Modulator
Oversampler
Frequency

fB

FS/2

Note: Higher order Noise Shaper has less baseband noise

Figure 6-9 Multi-Order Sigma-Delta Noise Shapers

(a) First order sigma-delta

(b) Second order sigma-delta

(c) Third order sigma-delta

NOTE: Frequency band of interest (in-band): 0 - 5 kHz
Rest of frequency band will be removed by digital decimation filters

Figure 6-10 Spectra of Three Sigma-Delta Noise Shapers
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SECTION 7

Digital Decimation
Filtering
“The simplest
and most
economical
filter to reduce
the input
sampling rate is
a ‘Comb-Filter’
because it does
not require a
multiplier.”

Filtering noise which could be aliased back into the
baseband is the primary purpose of the digital filtering stage. Its secondary purpose is to take the 1-bit
data stream that has a high sample rate and transform it into a 16-bit data stream at a lower sample
rate. This process is known as decimation. Essentially, decimation is both an averaging filter function
and a rate reduction function performed simultaneously.

The output of the modulator is a coarse quantization
of the analog input. However, the modulator is oversampled at a rate that is as much as 64 times higher
than the Nyquist rate for the DSP56ADC16. High
resolution is achieved by averaging over 64 data
points to interpolate between the coarse quantization levels of the modulator. The process of
averaging is equivalent to lowpass filtering in the frequency domain. With the high frequency
components of the quantization noise removed, the
output sampling rate can be reduced to the Nyquist
rate without aliasing noise into the baseband.
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Three basic tasks are performed in the digital filter
sections:
1. Remove shaped quantization noise: The Σ−∆
modulator is designed to suppress quantization
noise in the baseband. Thus, most of the
quantization noise is at frequencies above the
baseband. The main objective of the digital filter
is to remove this out-of-band quantization noise.
This leaves a small amount of baseband
quantization noise and the band-limited input
signal component. Reducing the baseband
quantization noise is equivalent to increasing
the effective resolution of the digital output.
2. Decimation (sample rate reduction): The output
of the Σ−∆ modulator is at a very high sampling
rate. This is a fundamental characteristic of Σ−∆
modulators because they use the high
frequency portion of the spectrum to place the
bulk of the quantization noise. After the high
frequency quantization noise is filtered out, it is
possible to reduce the sampling rate. It is
desirable to bring the sampling rate down to the
Nyquist rate which minimizes the amount of
information for subsequent transmission,
storage, or digital signal processing.
3. Anti-aliasing: In practice, the input signals are
seldom completely band-limited. Since the
modulator is sampling at a rate much higher
than the output Nyquist rate, the analog antialiasing filter before the modulator can roll off
gradually. When the digital processor reduces
the sampling rate down to the Nyquist rate, it
needs to provide the necessary additional
aliasing rejection for the input signal as opposed
to the internally generated quantization noise.

There are a number of factors that make it difficult
to implement the digital decimation filter. The input
sampling rate of the modulator is very high and the
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digital decimation filter must perform computationally intensive signal processing algorithms in real
time. Furthermore, higher order modulators produce highly shaped noise as indicated in the
spectrum shown in Figure 6-7 and Figure 6-8.
Thus, the decimation filter must perform very well
to remove the excess quantization noise. Applications like high quality audio conversion impose the
additional constraint that the digital signal processing must perform its task without distorting the
magnitude and phase characteristics of the input
signal in the baseband. The goal is to implement
the digital filter in a minimum amount of logic and
make it feasible for monolithic implementation.

The simplest and most economical filter to reduce
the input sampling rate is a “Comb-Filter”, because
such a filter does not require a multiplier. A multiplier is not required because the filter coefficients are
all unity. This comb-filter operation is equivalent to
a rectangular window finite impulse response (FIR)
filter. However, the comb-filter is not very effective
at removing the large volume of out-of-band quantization noise generated by the Σ−∆ modulators and
is seldom used in practice without additional digital
filters. Also, the frequency response of the comb-filter can cause substantial magnitude drooping at the
upper region of baseband. For many applications
which cannot tolerate this distortion, the comb-filter
must be used in conjunction with one or more additional digital filter stages.
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Figure 7-1 Digital Decimation Process

In the DSP56ADC16 a total of two filter sections
were used as follows [10]:
1. The sampling rate from the Σ−∆ modulator is
reduced by a factor of 16 with the comb-filter
section as shown in Figure 7-1. A four-stage
comb-filter was used to decimate the third order
modulator on the DSP56ADC16 [17,18].
2. The second section is a FIR lowpass filter with
symmetric coefficient values to maintain a
linear-phase response. It provides 4:1
decimation and magnitude compensation for the
magnitude change (droop) from the comb-filter
output. The FIR filter coefficients are also
computed to equalize the baseband frequency
response to within ± 0.001 dB of a flat
response.
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7.1 Comb-Filter Design as
a Decimator
A comb-filter of length N is a FIR filter with all N coefficients equal to one. The transfer function of a
comb-filter is:
N–1
H(z) =

∑z

–n

n=0

Y(z)
= ----------X(z)

Eqn. 7-1

For N = 4 Eqn. 7-1 becomes:
y(n) = x(n) + x(n – 1) + x(n – 2) + x(n – 3)
Eqn. 7-2

Clearly the filter is a simple accumulator which
performs a moving average. Using the formula for
a geometric sum Eqn. 7-1 can be expressed in
closed form as:
–N
Y(z)
1–z
H ( z ) = ------------------ = ----------–1
X(z)
1–z

Eqn. 7-3

or, in the discrete-time domain for N = 4:
y(n) = x(n) – x(n – 4) + y(n – 1)

Eqn. 7-4

Using this recursive form the number of additions
has been reduced to become independent of N.
The closed form solution in Eqn. 7-3 can be factored into two separate processes-integration
followed by differentiation as shown in Eqn. 7-5 :
y(z) =

1

----------------- [ 1 – z
–1
1–z
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–N

]x(z)

Eqn. 7-5

7-5

Now, since the comb filter will be followed by an N:1
decimator, the differentiation function can be done at
the lower rate. This discussion for a general N:1
comb-filter decimator is shown in Figure 7-2. Note
that the accumulator can overflow however, as long
as the final output does not overflow (i.e., the filter is
scaled properly for unity gain) and two’s complement
or “wrap around” arithmetic is used, the accumulator
overflow will not cause an error [18,19].

Fs

1
-----------------1 – z –1

Input
Integrator
sample rate

Figure 7-2

Fs

N:1
Decimation

Fs/N

1 – z –1

Differentiator

Fs/N
Output
sample rate

Block Diagram of One-Stage Comb Filtering Process

The transfer function and magnitude response of a
comb-filter with the filter window length N = 16 followed by a 16:1 decimation process are shown in
Figure 7-3. In summary the comb-filter decimator
has the following advantages:

• no multipliers are required
• no storage is required for filter coefficients
• intermediate storage is reduced by integrating
at the high sampling rate and differentiating at
the low sampling rate, compared to the
equivalent implementation using cascaded
uniform FIR filters
• the structure of comb-filters is very “regular”
consisting of two basic building blocks
• little external control or complicated local timing
is required
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• the same filter design can easily be used for a
wide range of rate change factors, N, with the
addition of a scaling circuit and minimal
changes to the filter timing

15
y(n) =

∑ x ( n – i ) : Moving Average Process

i=0

No Multiplications
No Coefficient Storage
Linear Phase

z – 16

dB
0

1–
Y ( z ) = ---------------------X ( z )
1 – z –1

-10
-20
-30
-40
400k

800k
frequency

1200k

1600k

Figure 7-3 Transfer Function of a Comb-Filter

A single comb-filter stage usually does not have
enough stop-band attenuation in the region of interest to prevent aliasing after decimation. However,
cascaded comb-filters can be used to give enough
stop-band attenuation. Figure 7-4 shows a structure of four cascaded comb filter sections and the
resulting spectrum compared to lower order comb-filter stages. This realization needs eight registers for
data and 4(N+1) additions per input for computation.
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There are considerable advantages in both storage
and arithmetic for this kind of comb decimator realization. This approach is also attractive because the
comb decimation filter delivers not only a much faster
sample rate with 12 bits of dynamic resolution, but
also an untruncated or arithmetically undistorted 16-bit
output. SECTION 8 discusses an application which
takes advantage of this comb-filter output.

Fs

Fs/N
1

1

1

1

---------------- ---------------- ---------------- ---------------– z –1 1 – z –1 1 – z –1 1 – z –1

N:1

Four Integers

Decimation

1

1

– z –1

1

– z –1

1

– z –1

1

– z –1

Four Differentiators

Figure 7-4 Cascaded Structure of a Comb-Filter
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Figure 7-5 Aliased Noise in Comb-Filter Output
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Figure 7-5(a) shows the third-order Σ−∆ noise shaper
output spectrum; the four-stage comb-filter magnitude
response is illustrated in Figure 7-5(b). Thus, the theoretical quantized noise filtered by the four-stage combfilter can be computed as shown in Figure 7-5(c). After
a 16:1 decimation process, the noise in the frequency
band from 200 kHz to 1.6MHz will be aliased back to
baseband of up to 200 kHz. The numerical summation
of total noise in Figure 7-5(c) is around -72 dB S/N ratio
which yields a linear 12-bit dynamic resolution.

7.2 Second Section
Decimation FIR Filter
The first comb-filter section decimates the Σ−∆
modulator output to the intermediate rate of 400
kHz (assuming a master clock at 12.8 MHz) and
the second filter section provides the sharp filtering necessary to reduce the frequency aliasing
effect when the sampling rate is decimated down
to 100 kHz while the resolution becomes 16 bit.
The second filter section has two different tasks to
perform. The first task is 4:1 decimation lowpass
filtering with 0.001 dB ripple up to 45.5 kHz and
more than -96 dB cutoff attenuation above 50 kHz.
The stop-band attenuation of -96 dB is sufficient because the quantization noise level has not yet
reached its full magnitude as shown in Figure 6-10(c).
The second task is the passband response compensation for the droop introduced by the “comb-filter”
section. Figure 7-6(a) shows the magnitude droop
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by the fourth order cascaded comb filter section,
while Figure 7-6(b) shows the compensation filter response up to cutout frequency.

(a) Comb-Filter Magnitude Response in Baseband

(b) Compensation FIR Filter Magnitude Response

Figure 7-6 Magnitude Response
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0.0005 dB
passband
ripple

Figure 7-7 FIR Filter Magnitude Response

Although FIR filters take more time to perform the
decimation filtering process than infinite impulse
response (IIR) filters for the same passband and
out-of-band frequency characteristics, FIR filters
can be designed to have a linear-phase response
which is required for high-end audio and instrumentation applications.
Design techniques for calculating the FIR filter
coefficients with linear-phase response are well
documented [5,20]. Figure 7-7 shows the frequency
response of a low-pass FIR filter with 255 symmetric
coefficients using a computer optimized procedure.
This filter provides a stop-band attenuation of -96 dB
with a maximum passband ripple of 0.001dB which
meets the filter requirement as defined in the
DSP56ADC16 datasheet [21]. However, the
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actual second section FIR filter coefficients are
computed by the combination of the compensation
filter and the lowpass filter.
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Figure 7-8 Aliased Noise Bands of FIR Filter Output

Figure 7-8 shows the frequency bands and the final quantized noise level which would have
aliased back to baseband after 64:1 decimation
by the comb-filter section and the second 4:1
decimation section. When the one-pole RC analog lowpass filter is implemented at the analog
input terminals as discussed in SECTION 4, the
power of the aliased frequency band shown in
Figure 7-8 will be less than -96 dB. In fact, the
theoretical and numerical computations show
that total aliased power after the final decimation
process is around -110 dB S/N ratio.
■
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SECTION 8

Mode Resolution by
Filtering the CombFilter Output with
Half-Band Filters
“The half-band
filter is based on
a symmetrical
FIR design and
approximately
half of the filter
coefficients are
exactly zero.
Hence, the
number of
multiplications
in implementing
such filters is
one-fourth of that
needed for
arbitrary FIR
filter designs.”

MOTOROLA

This section explains how to obtain 18-20 bit resolution from the comb-filter output. In particular, a series
half-band filter structure is suggested to take advantage of a third-order noise-shaper combined with
oversampling. Figure 8-1 shows the spectrum of a
third-order noise-shaper whose input-output equation
is defined in Eqn. 6-8. The transfer function (1 - z-1)3
in Eqn. 6-8 for the quantization noise is essentially a
highpass filter so that the noise is shifted to higher,
out-of-band, frequencies where it is then digitally filtered out.

At the final arithmetic operation for the FIR filter output, a 38-bit accumulator value is convergently
rounded to fit into the 16-bit output data format. Thus,
the shaped noise shown in Figure 8-1 becomes almost flat at the 16-bit level due to the arithmetic
rounding noise. Although the comb-filter output has
only 12-bit resolution, the 16-bit output value is not yet
arithmetically rounded or truncated. Thus, the input

8-1

power in dB

signal and the baseband spectral shape of the
third-order noise shaper are unchanged, as shown
in Figure 8-2. Since the comb-filter is designed to
obtain maximum attenuation only on the higher frequency components which will be aliased into the
frequency band of interest after 16:1 decimation
[18], the characteristic of the analog input signal is
preserved, while the out-of-band shaped noise
shown in Figure 8-1 has been attenuated.

flat response due to the FIR filter arithmetic rounding

Figure 8-1 Spectrum of a Third-Order Noise Shaper (16384 FFT bins)

The output from most conventional converters including the FIR filter output of the DSP56ADC16,
has a flat background noise due to the quantization
noise as well as arithmetic rounding noise. Thus,
further decimation processes can only gain 3 dB or
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1/2 bit more resolution per octave. In other words,
a further 16:1 or 256:1 decimation process of the
16-bit resolution output signal is required to obtain
18-bit resolution at 6.25 kHz sample rate or 20-bit
resolution at 400 Hz sample rate, respectively,
which is very impractical. By taking advantage of
the fact that the noise is shaped in the comb-filter
output, 9 dB or 1.5 bit more resolution per octave
can be theoretically achieved. Thus, a further 16:1
or 64:1 decimation process can provide 18-bit resolution at 25 kHz sample rate or 20-bit resolution at
6.25 kHz sample rate, respectively. (This assumes
quantization noise is dominant.)

Figure 8-2 Spectrum of Typical Comb-Filter Output (4096 FFT bins)

MOTOROLA

8-3

Figure 8-3 illustrates the cascaded half-band filter
design specification for a 64:1 decimation process.
The number of instructions to run the filters on the
DSP56001 and the memory requirements are tabulated in Table 8-1. A cascaded half-band filter
structure is used for computational simplicity [22].
The half-band filter is based on a symmetrical FIR
design and approximately half of the filter coefficients are exactly zero. Hence, the number of
multiplications in implementing such filters is onefourth of that needed for arbitrary FIR filter designs.
Since a half-band filter can only implement a 2:1
decimation, a series of such filters may be cascaded to perform a higher decimation filter process.

Table 8-1 Parameters for Designing Half-Band Filters

Stage

Output
# of coef
sample Passband Stopband # of taps
in RAM
rate

# of
MAC

# of instructions
per second

1

200k

3k

197k

19

6

11

11x200k=2.2M

2

100k

3k

97k

19

6

11

11x100k=1.1M

3

50k

3k

47k

19

6

11

11x50k=550K

4

25k

3k

22k

23

7

13

13x25k=325K

5

12.5k

3k

9.5k

31

9

17

17x12.5k=212.5K

6

6.25k

2.9k

3.55k

199

51

99

99x6.25k=618.75
K

Total number of instructions for 6 half-band filters per second : 5.007 MIPS
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To obtain more than a 16-bit resolution signal output,
a processor with more than 16-bit coefficient wordwidth is required. Fortunately, the DSP56001 general purpose DSP processor has a hardware multiplyaccumulate unit that is able to multiply 24-bit data
and 24-bit coefficient, and accumulate 56 bits in just
one instruction, which is useful for half-band filter operations. The DSP56001 architecture also
provides parallel data buses, circular buffers, and
large on-chip memories along with a 75 ns instruction cycle, which fits nicely for the proposed filter
structure [23]. Detailed discussion on this topic
can be found in [24].

Stage 1
200k

3k

400k

Stage 2
100k

3k

200k

Stage 3
50k

3k

100k

Stage 4
3k

50k

25k

Stage 5
3k

12.5k

25k

Stage 6
3.125k

6.25k

12.5k

Figure 8-3 Decimation Process using a Series of Half-Band Filters
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SECTION 9

Summary
“. . . Σ−∆
technology offers
system cost
savings because
the analog antialiasing filter
requirements
are considerably
less complex . . .”
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S

igma-Delta conversion technology is based on
oversampling, noise shaping, and decimation filtering.
There are many inherent advantages in Σ−∆ based
analog-to-digital converters. The major advantage being that it is based predominantly on digital signal
processing, hence the cost of implementation is low
and will continue to decrease. Also, due to its digital
nature Σ−∆ converters can be integrated onto other
digital devices. Manufacturing technology notwithstanding, Σ−∆ technology offers system cost savings
because the analog anti-aliasing filter requirements
are considerably less complex and the sample-andhold circuit is intrinsic to the technology due to the high
input sampling rate and the low precision A/D conversion. Since the digital filtering stages reside behind the
A/D conversion, noise injected during the conversion
process, such as power-supply ripple, voltage-reference noise, or noise in the ADC itself, can be
controlled. Also, Σ−∆ converters are inherently linear
and don’t suffer from appreciable differential non-linearity, and the background noise level which sets the
system S/N ratio is independent of the input signal level. The last, but certainly not least, consideration is
cost. Attaining a high level of performance at a fraction
of the cost of hybrid and modular designs is probably
the greatest advantage of all.
■
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