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Agenda (16 October 2001)

Objective: [Bertsekas and Gallager, Section 3.4]

•  Review M/M/1  (3.3.1)

•  M/M/m  (3.4.1)

•  M/M/∞  (3.4.2)

•  M/M/m/m  (3.4.3)

•  Multidimensional Markov Chains  (3.4.4)
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3.3.1: M/M/1

Background

Poisson Process
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Markov Chain Formulation

For small δ, evaluate ( ) ( )[ ]ntAtAP =−+δ :
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Consider transition probabilities

[ ]iNjNPP kkji === + |1,

Arrival process with rate λ

Server process with rate µ
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(3.16)
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( ) 1,1,,, −+≠= iiijoP ji δ

See steady state Markov Chain (Fig. 3.6)
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Solving for p0:
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Average number of customers in steady state
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Applying Little's Theorem:
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Applying Little's Theorem for the queue: WNQ ⋅= λ
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3.4.1: M/M/m  (See Fig. 3.9)

Balanced equations for steady state probabili ties
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Evaluating the second summation in (*):
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Queuing Probabili ty
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Q: What is PQ for M/M/1 system?
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Number of customers in queue:
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Applying Little's Theorem
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Note, here WNQ ⋅= λ  is used to obtain TN ⋅= λ , opposite of

presentation for M/M/1 case.
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3.4.2: M/M/∞∞

Recall (3.33):      
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3.4.3:  M/M/m/m

Recall (3.33):       
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3.4.4: Multidimensional Markov Chains

Key assumptions for tractable analysis

1) Detailed balance equations hold:
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2) Stationary distribution can be expressed in product form:

[ ] [ ] [ ] [ ]KKK nPnPnPnnnP ...,...,, 221121 ⋅=

Truncated Markov Chains (M/M/1)
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Truncated Chains (M/M/∞∞)
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Note: iip ρ−=1,0  is omitted from (3.39) and (3.40) as it would
otherwise cancel exactly.  Similarly, explicit recognition of

iep i
ρ−=,0  is omitted in the analysis of the M/M/∞ case.


