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Agenda (16 October 2001)

Objective: [Bertsekas and Gall ager, Section 34]

Review M/M/1 (3.3.1)
M/M/m (3.4.1)
M/M/eo (3.4.2)
M/M/m/m (3.4.3)

Multidimensional Markov Chains (3.4.4)
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3.3.1: M/M/1

Background

Poisson Process

P[Alt+3)-Alt)=n :eﬂé@, n

01... (3.10)
nl

Define:  |im @ =0

0-0 0

Taylor Series Expansion:

((5)= 2ﬂ!(a)aq5-a)n

n

00 (n)
Lettinga=0 - f(5)= Zle(O)m

(1) _(A3)

3
0e?=1-)0+ 6 +..

Markov Chain Formulation

For small 3, evaluate P[A(t +5)- Alt) =n]:

P
P

P

IN=0]=e"? =1-A 3 +0(5)
IN=1=ADB@"?=A0BM{-AB+0(5))=A +0(5)

N :2]:@@“ :@[@—A 3 +0(5))=0(3)

i :nzs]:@nif)”@-w :(A%)”[@_A 5+0(3))=0l5)
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Consider transition probabilities

R,= P[Nk+1: J N :i]
Arrival processwith rate A

Server processwith rate
P, =€"?=1-A[5+0(5) (3.15)

P, = @0 g HBd — o(A+p)3 (/\ +u)@+o(5) 1 >1
(3.16)

Pin=ABE"=A0+0() i=0 (317
PL=puB@"?=ud+o), i=21 (319
F?’j:o((S), [EARENE
Seesteady state Markov Chain (Fig. 3.6)

p, A 18 +0(6)) = p,.., {u B +0(5))

U I|m %pn[@\"' H:pnﬂ[@l 5)%

[

D pn D\ = pn+1 u*l (320)

L etting pzmzi
P H

0 pa=p™0p n=0L.. (321
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Solving for po:

1=an =Zp” Ebo=1f)°p 0 pp=1-p

=p"l-p), n=01.. (3.23)

Average number of customersin steady state
E[N]=N=Y nip, =3 nip"tfi-p)=pCy nip"* 1~ p)
n=0 n=0 n=0
Let q=1-p:

N =(1- )az nrf-a) ™" = (1-q )agnmml—q)“
gl _q
CI

oN=F = A/“ - A (3.24)
1—p 1-A/u u=A

Applying Littl€'s Theorem:

N 1

T=—
A uU-
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Applying Little's Theorem for the queue: Ny =AW
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3.4.1: M/M/m (SeeFig. 3.9)

Balanced equations for steady state probabilities

)H:pn—lzng’ll:pn’ nsm

(3.33)
)H:pn—lzmg’ll:pn’ n>m
__A

p—mm
Pl amp O p=mipin,
Po H
p,_ A _mbp _(mDp) Oy
p 20u 2 2 2
P A _mbp o _(MEp) O,
p, 34 3 ° 2
Po A _mipy  _(mEp)"
pm—l mg'l m m
pm+1_ A _ _mm E,bm+l
pm _mm_pD pm+1 m I:po
m__A._ _m"p"
pn_l_mm—l_pD Pn = m I:po

{mip)’ -

Eitpo, ns<m

p.=0 " - (3.34)
En;? o n>mE

16 October 2001
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Solving for po: 1= Z o
n=0

Evaluating the second summationin (*):

emp)' L1 1 2mp) _m" & ,_ (mDp)"
Zm m Dm”'m_mDnZm m™™  n Dn:zmp - mil-p)

-1

_Ombp)" |, (mip)'C 335
S TEDIP I

Queuing Probability

PQ:ipn:ipomn H) :po[q:‘fb) D;ipn—m

n=m n=m m

10 R, =to {mep) (3.36) Erlang C Formula

mi1-p)

Q: What is Pq for M/M/1 system?
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Number of customersin queue:

m

0N -pm”rfb) pn_nuaﬂﬂl )

0N -p;’ﬂ[[%“u[’)) mDan”lml p)

n

Z}nl:pmm Z}nl:podn I:.bern_po[ﬂml:.b) DZ)nE'b

)
0 Ng=R,3P—, p=—"— (3.37)

1-p mLu
Applying Little's Theorem

NQ_ p R

AL-p)

Use queuing delay W to dbtain total delay T-:

W =

P P
7=tiw=ts Poo 1, To (3.38)
u pu Atfl-p) p miu-2
aN=am =2 AT P
g milu—-A 1-p

Note, here N, =AW isused to cbtain N = A [T, opposite of
presentation for M/M/1 case.
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3.4.2: M/M/c0
Alp,,=n , nsm
Recdl (3.33): Pn-g =NHILD,
)H:pn—lzmg’ll:pn’ n>m
Sincem= oo
0 Alp,,=nCulp,, n=12,...
Thus Pr= A =12
pn—l n H’l

0 pn:BﬁHGlEpo, n=12,..
Qg n

00

Solving for po: Z p, =1

n=0

0 0
0 e AP E AP, T
=

5 M 2040 6 U0

O p= A

[ pn:E&HE?A—/u, n=01...
upg nl

Little's Theorem:

E[N]:N:% and T =2
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3.4.3: M/M/m/m

)H:pn—lzng’ll:pn’ n=sm

Recdl (3.393): ATh . =mOuDp N>

And considering Fig. 3.10 yields the balanced equations:
Alp,,=ntulp,, n=12..m

7 Po A

Poa NI n=LEm
E&HE&D@ n=01....m
0
g n
S =101 BQHE]]; =1
nZO pO n= ODUD n!
m B)l D_l
[] =
o =0DUDn!E

Erlang B Formula:

R
mmut

0PR=P, =

Ok

=

10
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3.4.4: Multidimensional Markov Chains

Key assumptions for tractable analysis

1) Detailed balance eguations hold:
A DP[nl, n2,...ni_1,ni,ni+1,...,nK] =u DP[nl,nz,...ni_l,1+ n, ni+1,...,nK]
2) Stationary distribution can be expressed in product form:

P[nl’nZ"“’nK] = Pl[nl] [Pz[nz]---PK [nK]
Truncated Markov Chains (M/M /1)

Recdl for M/M/1
n n A
p, = p" Oy = p" L~ p), p=

Thus,

P[nl’nZ"“’nK] = Pl[nl] [Pz[nz]---PK [nK] [ property (2)

with Pi[ni]: oM fi-p,) P :%

Normalizing,
P[nl’nZ""’nK]: pll u)épKK (339)
G= Y pMp..pp (3.40)

(ng,ny,...NK )OS

11
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Truncated Chains (M/M /)
o P AR

| I I

P[nj_ynz,...,nk]: nl né nK'

G = pfl Epgz .pEK

(ny,ny, -k )OS n! n! ny!

where p, :ﬁ,

Note: p,; =1- p, isomitted from (3.39) and (3.40) asit would

otherwise cancel exadly. Similarly, explicit recognition o
Po; =€ ©' isomitted in the analysis of the M/M/co case.
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