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Agenda (26 September 2002)
From [Bertsekas and Gallager]
e Little’s Theorem (3.2)
e M/M/1 (3.3.1)
e M/M/m (3.4.1)
e M/M/o (3.4.2)
e M/M/m/m (3.4.3)

e Multidimensional Markov Chains (3.4.4)
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3.2: Little’s Theorem

Definitions:
N(¢) = Number of customers in system at time ¢
a(t) = Number of customers who arrived in the interval [0,/]
T, = Time spent in the system by the Kt arriving customer

N, = Typical number of customers in the system up to time ¢,
1.e., the time average of N(7) up to time ¢

1 ¢t
N, =;-JON(T)dT

A, = Time average arrival rate over the interval [0,7]:

T; = Average time spent in the system per customer up to time
t, 1.e., the time average of the customer delay up to time #:

T, =4 ) (3.1) Note correction to limits of summation

Relating N, with A, and T; yields:

Nt:ﬂ“t'Tz (32)
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Ergodic: of or relating to a process in which a sequence or sizable
sample is equally representative of the whole (as in regard to
statistical parameter)

— from PRINCIPIA CYBERNETICA WEB - ©

N =1limE[N(¢)]=lim N,

t—>0 t—>0

k—w k—© k t—>©

k
T =limE[T,]= 1iml-ZTj =lim7T,
Jj=1

Lastly, defining A = limM = lim A, and combining with N

t—00 t t—o0

and T yields Little’s Theorem:

N=A-T
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3.3.1: M/M/1

Background

Poisson Process

PlA(t+06)-A(t)=n]=e"°- (2:5) ,  n=0lL.. (3.10)

Define: lim =
o0—0 5

Taylor Series Expansion:

n=0 I’l'
0 ()
Lettinga=0 — f = (O) )
:>e_i'5=1—/1-5+(/1.5)2—(1.5)3+...
2 6

Markov Chain Formulation

For small 3, evaluate P[A(t+&)— A(t)=n]:

P[N=0]=e¢"°=1-1-6+0(5)
PIN=1]=2-6-¢*°=1-6-(1-2-5+0(5))=1-5 +0(5)

(
ijzz]:(”(S)z.e—M (225)2 (1-2-5+0(5)) = o(6)

2
(4-8)" | (/1 5 )"

(1-2-6+0(5))=0(5)
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Consider transition probabilities
By =P[N, =jIN =]
Arrival process with rate A
Server process with rate p
Bo=e’=1-1-6+0(5) (3.15)

P,=e’. "= e —1—(A+ )-8 +0(5), i>1
(3.16)

P=4-6¢*=2-5+0(5), iz0 (3.17)
P =pd-e™=ps+o(s) izl (3.18)
P.=o(5),  j#ii+li-1
See steady state Markov Chain (Fig. 3.6)

Py (A-8+0(8))=p,,-(u-6+0(5))

:‘lm{p@%p(“%}

Letting p = Pun _ A

n

— pn+l :pn+l'po n:O,l,... (321)
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Solving for py:
1= p,=2.p"p =1A:>po =l-p
n=0 n=0 —pP
=p,=p" -(1-p), n=0]l.. (3.23)
Average number of customers in steady state
EIN]=N=Yn-p,=>n-p"-(l=p)=p- D n-p""-(1- p)
n=0 n=0 n=0

Letg=1-p:

N:(l—Q)'Z‘::n-q-(l—q)"_l =(1-¢q)- > n-q-(1-q)"

n=l1

N= L HH A (3.24)
l—p 1-Au wu-2

Applying Little's Theorem:
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Applying Little's Theorem for the queue: N, =A4-W
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3.4.1: M/M/m_(See Fig. 3.9)

Balanced equations for steady state probabilities

Ap,. =n-LD,, n<m
A-p,,=m-u-p,, n>m
A
pP=—"
m- u
A
P2 pP=p=m:p-p,
Py H
P A o_mp_ _(m-p) - py
p 2ou 2 ? 2
pi_ A o_mp_ _(m-p)’ p,
p, 34 3 ’ 3|
A m m-p)"
Doy M-pm m!

N l m - m+l
pm1= :p:pm-i-l_ € .po
P Mm-U m:

, ﬂ( m.pn
Bre 2 —pop,="—Lp
pn—l mlu m.

(m-p) . n<m

n!
pn:4 m n [
m "0 * Dos n>m

(3.33)

(3.34)
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Solving for py: 1= Z D,

n=0

n=1 n=m m! m
1
L ) &S(mep) 0
— P {“_nl n! +nz_,:n m - m"" )

Smep) 11 s mep) m" L (mep)”
Z m! .m"_m__'.Z m'™" !°Z,0—

n=m

Queuing Probability

szzpnzzpo-n’:ﬂ-p :po-(Z!-p) 3

n=m = n=m

= F, = po-(m-p) (3.36) Erlang C Formula
m(1 - p)

Q: What is Py for M/M/1 system?
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Number of customers in queue:

0 00 m. m+n . . m o0
A O AT N AT
n=0 n=0 : : n=0

pm-p) 1 &,
N, = . . . (1=
= Ng ! - p ;n P ( ,0)
pO(mp)m c n-1
° m(-p) Zl‘ )
yo, A
N,=P,-——, = 3.37
— Ng =1y - p P m- i ( )

Applying Little's Theorem

NQ_ p-PQ

"4 a(-p)

Use queuing delay W to obtain total delay T:

-P, P
r-top-ti Pl 1, o (3.38)
H o A(l=p) u mop-
A-P .P
:>N:/’L-T:£+—Q:m.p+'0 0
U m-u—A 1-p

Note, here N, =A-W is used to obtain N =1-T', opposite of

presentation for M/M/1 case.

10
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3.4.2: M/M/

;i"pn—l :l’l'ﬂ'pn,

Recall (3.33): 1
'pn—l :m':u'pn’

Since m = oo;
:>/1'pn—1 :n'/u'pn’

Thus, 2 = A . n=12,
pn—l nlu
A1
:pn_ _ _'.p03
L) nl

Little's Theorem:

11

n<m

n>m

n=12,...
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3.4.3: M/M/m/m

ﬂ’.pn—lzn':u'pn’ nsm

Recall (3.33): Ap —meep e
n—-1 " Wl 4's)

And considering Fig. 3.10 yields the balanced equations:

AP, =H-lUD,, n=12,...m

12
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3.4.4: Multidimensional Markov Chains

Key assumptions for tractable analysis
1) Detailed balance equations hold:

A, -P[nl,nz,...n n.,n nK]z,u. -P[nl,nz,...ni_l,1+n. n nK]

i=1> 7% 4]0 i [ B S SRR

2) Stationary distribution can be expressed in product form:
P[n1>n29‘“9nK] = Pl[nl] Pz[nz ]"‘PK [nK]
Truncated Markov Chains (M/M/1) — (Figure 3.14)

Recall for M/M/1
n n ﬂv
p=p"py=p"(=p)  p=,

Thus,

Plny,ny,....nc|= Blm |- B[n,]..Pc[n ] — property (2)

with Bln]=p"-(1=p)  p =2t

H,
Normalizing,
P[nl,nz,...,nk]z'0l P2 Pk (3.39)
G
G= Y p"pr.pi (3.40)

(ny,ny,...,ng)esS

13
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Truncated Chains (M/M/c0)

n n n
A Pt PK
n! n,! ngl!
1 2 K
P[”lanza 9nk]:
G
n n n
LP Pr

Note: p,; =1- p, 1s omitted from (3.39) and (3.40) as it would

otherwise cancel exactly. Similarly, explicit recognition of
Po; =€ " is omitted in the analysis of the M/M/oo case.

14



