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Statistics of Random Variables (from [Yates and Goodman]): 
 

Define X as some random variable (RV). 
 
Discrete RV case 
 

If X is a discrete RV, define SX = {x1,x2,…,xN} as the range 
of X.  That is, the value of X belongs to SX. 
 
Probability Mass Function (PMF): 

( ) [ ]xXPxPX ==  
 
Properties of X with PX(x) and SX: 

a) PX(x) ≥ 0 ∀ x 
b) ( ) 1=∑

∈ XSx
X xP  

c) Given B ⊂ SX, [ ] ( )∑
∈

=
Bx

X xPBP  

 
Continuous RV case 
 

Define a and b as upper and lower bounds of X if X is a 
continuous RV. 

 
Cumulative Distribution Function (CDF) 

FX(x) = P[X ≤ x] 
 
Probability Density Function (PDF): 

( ) ( )
dx

xdFxf X =  
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Properties of X with PDF fX(x): 
a) fX(x) ≥ 0 ∀ x 
b) ( ) ( )∫ ∞−

=
x

XX duufxF  

c) ( ) 1=∫
∞

∞−
dxxf X  

 
Expected Value: 

 
The mean or first moment. 
 
Continuous RV case… 

[ ] ( )∫ ⋅==
b

aX dxxfxXE µ  
 
Discrete RV case… 

[ ] ( )∑
=

⋅==
N

k
kXkX xPxXE

1

µ  

 
Variance: 
 

Second moment minus first moment-squared… 
[ ] ( )[ ] [ ] 222

XX XEXEXVar µµ −=−=  
 
Continuous RV case… 

[ ] ( )∫ ⋅=
b

a X dxxfxXE 22  
 
Discrete RV case… 

[ ] ( )∑
=

⋅=
N

k
kXk xPxXE

1

22  

 
Standard Deviation: 

[ ]XX Var=σ  
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nth Moment: 
 

Continuous RV case… 
[ ] ( )∫ ⋅=

b

a X
nn dxxfxXE  

 
Discrete RV case… 

[ ] ( )∑
=

⋅=
N

k
kX

n
k

n xPxXE
1
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Random Variables (from [Yates and Goodman]): 
 

Bernoulli: 
 

( )






=
=






 −
=

otherwise
1
0

0

1
x
x

p
p

xPX  

 
• A coin flipped.  Is the result “heads” (1) or “tails” (0)? 
• A frame is received.  Is it error-free (1) or corrupted (0)? 

 
[ ] pXE =        [ ] ( )ppXVar −⋅= 1  

 
Geometric: 
 

( ) ( )

10

otherwise
,...2,1

0
1 1

<<


=



 −⋅

=
−

p

xppxP
x

X  

 
• How many times must a coin be flipped before a result of 

“heads” is achieved? 
• How many times must a pair of dice be rolled before a 

result of “7” is rolled? 
• How many times must a frame be transmitted before it is 

received error-free at the destination? 
 

[ ]
p

XE 1
=        [ ] 2

1
p

pXVar −
=  
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Binomial: 
 

( ) ( )


=








−⋅⋅








=

−

otherwise
,...,1,0

0

1 nxpp
x
n

xP
xnx

X  

 
• A coin is flipped n times.  How many times is the result 

“heads”? 
• A source originates n frames.  How many frames are 

received correctly at the destination? 
 

[ ] pnXE ⋅=        [ ] ( )ppnXVar −⋅⋅= 1  
 
Discrete Uniform: 
 

( )


++=







+−=
otherwise

,...,2,1,

0
1

1 nmmmx
mnxPX  

 
• A fair die is rolled: What is the result? 
• In a given time slot, a particular transceiver will transmit 

on one of n frequencies {1,2,…,n} with equal likelihood.  
Which frequency is used? 

 

[ ]
2

nmXE +
=        [ ] ( ) ( )

12
2+−⋅−

=
mnmnXVar  
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Continuous Uniform: 
 

( )




 <≤

−=
otherwise0

1 bxa
abxf X  

 
• Every day, the morning train arrives at a station some time 

in the range of 6AM to 7AM.  How many minutes after 
6AM will it arrive, tomorrow morning? 

• A packet for a CBR application is scheduled to arrive at a 
queue some time in the interval bounded by t1 and t2.  At 
what time does the packet actually arrive? 

 

[ ]
2

baXE +
=        [ ] ( )

12

2abXVar −
=  

 
Exponential: 
 

( )

0
otherwise0

0

>


 ≥⋅

=
⋅−

λ

λ λ xe
xf

x

X  

 
• How long will a telephone conversation between a 

customer and service representative last? 
• How much time elapses between new arrivals to a queue? 

 
Of course, the exponential RV applies to the above questions only if 
the related processes conform to the “memoryless” system model. 

 

[ ]
λ
1

=XE        [ ] 2

1
λ

=XVar  
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Erlang: 
 

( ) ( )






≥
−

⋅⋅
=

⋅−−

otherwise0

0
!1

1

x
n

ex
xf

xnn

X

λλ
 

 
• How long will someone wait “on hold” for the next 

available service representative (given n other people are 
ahead in the queue and only 1 representative)? 

• How much time elapses for n new packets to arrive at a 
queue? 

 
As for the case of the exponential RV, the Erlang RV applies to the 
above questions only if the related processes conform to the 
“memoryless” system model. 

 

[ ]
λ
nXE =        [ ] 2λ

nXVar =  

 
Poisson: 
 

( )
( )







=
⋅⋅

=
⋅−

otherwise0

,...2,1,0
!

x
x

et
xP

tx

X

λλ
 

 
• Over the course of t seconds, how many customers call a 

service representative? 
• Over the course of t seconds, how many new arrivals are 

received at a queue? 
 

Of course, the Poisson RV is not the only possible arrival model. 
 

[ ] tXE ⋅= λ        [ ] tXVar ⋅= λ  
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Discrete Markov Chains (from [Bertsekas and Gallager]) 
 

Example: 3-state chain 
 

 
 
















=

2,21,20,2

2,11,10,1

2,01,00,0

PPP
PPP
PPP

P  

 
Pj,k ≡ Probability of single-step transition from state j to state k 

1,0
1

0
,, =≥ ∑

−

=

K

k
kjkj PP ,       j = 0,1,…,J−1 

 
n
kjP ,  ≡ Probability of n-step transition from state j to state k 

 

0 1 2

P0,0 P1,1 P2,2

P0,1 P1,2

P1,0 P2,2

P0,2

P2,0

0 1 2

P0,0 P1,1 P2,2

P0,1 P1,2

P1,0 P2,2

P0,2

P2,0
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Two states j and k are said to communicate if for some n and n′, 
0, >n

kjP  and 0, >′n
jkP . 

 
If all states communicate, the Markov chain is irreducible. 
 
A Markov chain is periodic if ∃ some integer m ≥ 1 such that 

0, >m
jjP  and some integer d > 1 such that 0, >n

jjP  only if n is a 
multiple of d. 
 
A Markov chain is aperiodic if none of its states are periodic. 
 
Defining the probability pk as the probability that the system is 
in state k, the probability distribution {pk | k = 0,1,…} is a 
stationary distribution for the Markov chain if: 

∑
∞

=

⋅=
0

,
j

kjjk Ppp                 (3A.1) 

 
Of particular interest for this class are the irreducible and 
aperiodic Markov chains with stationary distributions. 
 

Multiplying (3A.1) by 1
0

, =∑
∞

=j
jkP  yields the global balance 

equations: 

∑∑
∞

=

∞

=

⋅=⋅
0

,
0

,
j

kjj
j

jkk PpPp  

“…at equilibrium, the frequency of transitions out of k equals 
the frequency of transitions into k.” 
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Birth-Death Systems 
 
Discrete Markov chain where Pj,k = 0 if |j − k| = 0.  Assume 
further that Pj,j+1 >0 and Pj+1,j > 0 ∀ j. 
 
Steady state conditions yields detailed balance equations: 

kjjjkk PpPp ,, ⋅=⋅  
 
 

 
Figure 3A.1 

 
 

n n+1n n+1
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Continuous-Time Markov Chains 
 
Has the following properties upon entering state j: 

1. Time spent in j is exponentially distributed with parameter 
νj 

2. When process leaves state j, it will enter state k with 
probability Pj,k where 1, =∑

k
kjP  

 

 
Figure 3.6 

 
Under steady state conditions: 

( ) ( )δδµδδλ opop nn +⋅⋅=+⋅⋅ +1  
⇒ µλ ⋅=⋅ +1nn pp                               (3.20) 

0 1 2 n n+1

1−λδ 1−λδ−µδ 1−λδ−µδ 1−λδ−µδ 1−λδ−µδ

λδ λδ λδ

µδ µδ µδ
0 1 2 n n+1

1−λδ 1−λδ−µδ 1−λδ−µδ 1−λδ−µδ 1−λδ−µδ

λδ λδ λδ

µδ µδ µδ


