ARROW’S PARADOX AND THE FRACTIONAL VOTING SYSTEM

K. K. NAMBIAR

ABSTRACT. Itis shown that fractional voting system (FVS) can be used to cir-
cumvent Arrow’s paradox. In the FVS, the input to the voting system is the
preference distribution of the voters and not the usual preference order. As a
consequence, it turns out that it is possible to associate a unique preference dis-
tribution for the society as a whole. An interesting fact is that the same unique
distribution results if injustice, as defined here, is minimized.
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1. INTRODUCTION

The 2000 presidential election in the United States clearly demonstrates that our
voting systems are far from perfect in taking care of human generated crises. But,
even if we assume that we are able to contain these difficulties, a serious fact that
that we have to accept is that we will be still left with inherent flaws in our current
voting systems. The well-known Arrow’s paradox states that, if the input to a
voting system is th@reference ordeof each voter to the candidates, then there

iS no way to assign a reasonable preference order that is applicable to the entire
society [L, 2, 3]. In what follows, it is shown that the situation changes drastically,

if the input to the voting system is changed to greference distributiorf each

voter. Then it becomes not only possible, but also natural to associatiae
preference distribution for the body of voters. The voting system proposed here we
will call the fractional voting systerfFVS).
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In the voting patternmatrix K below, a; is a candidatep; is a voter, andk;; is
the number of votes given by the votgrto the candidate;.

b1 by bs - b,

a1 [ ki k2 kiz - ki

L
Qm kml km2 kmB te kmn

In the fractional voting system, each voterhas at his disposal not just one vote,
but V; number of votes, and he can distribute these votes to the different candidates
in any manner he pleases. Thus we have

m
> kij=Nj.
=1

The total number of votes collected by the candidatis given by

Zn:kij = M;.
j=1

The total number of votes cast by the voters is given by

S M=y N =N
i=1 j=1
After collecting the voting pattern as usual, the candidate who collects the maxi-
mum number of votes is declared as the winner by the FVS.
Thepreference distributiomatrix of the electorate is defined as,

by by b3 - b,

a1 P11 P12 P13 - Pin

P .a2 p?l p?2 P?:s : p?n
Am \Pml Pm2 Pm3 *°° Pmn

wherep;; = k;;/N. If we defineq; = M;/N, andr; = N;/N, then the matrix
[¢;] gives thepopularity distributionof the candidates and the matiix;] gives
the prominence distributiomf the voters within the society. if;; = p;;/r;, then
each column of) = [¢;;] gives the preference distribution of adividual voter
for the candidates. If;; = p;;/q;, then each row oR = [r;;] gives theaffinity
distributionof a candidate for the voters.

We can now state the difference between a conventional voting system (CVS)
and the FVS. In the CVS, the input to the voting system is the preferemies
of a voter and each voter has a single vote. In the FVS, the input is the prefer-
encedistribution of a voter for the candidates and the prominence distribution of
the voters within the society. Arrow has shown that, in the case of CVS, it is im-
possible for the society to have a reasonable preference order for the candidates.
The main purpose of this paper is to show that in the case of FVS, it is possible
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to have a preference distribution for the candidates satisfyingitla@imityand
independencaxioms as defined here. Further it is shown that this distribution is
unique.

2. DEFINITIONS

Utilizing concepts from information theord], it is possible to carry out a thor-
ough analysis of polls conducted under the FVS. The following definitions can be
of some use in such an analysis. All logarithms mentioned here are to thé.base
In the sequelA represents the candidates addepresents voters.

o Voter hesitance:
n
Hj(A) = — Z qi5 108 gij-
i=1

o Voter preference:
I;(A) =logm — H;(A).
o Conditional hesitance:

H(AB) = _rH;(A).
j=1

o Conditional preference:
I(AB) = logm — H(AB).

o Panel homogeneity:
m
H(A) == gilogg;
i=1

o Panel heterogeneity:
I(A) =logm — H(A).

o Clan uniformity:
HZ(B) = — Z Tij logrij.
j=1

o Clan affinity:
o Conditional uniformity:

HAB) =Y q:Hi(B).
=1

o Conditional affinity:
I(AB) = logn — H(AB)



K. K. NAMBIAR

o Electorate homogeneity:
H(B) = Z rjlogr;.
j=1

o Electorate heterogeneity:
I(B) =logn — H(B).
o Societal homogeneity:

H(A+B) = Z Zpij log pij
i=1 j=1
= H(A)+ H(AB)
= H(AB)+ H(B).
o Societal heterogenity:
I(A+B) = logmn— H(A+ B)
= I(A)+IAB)
I(AB) + I(B).
o Election campaign:

H(AB) = H(A)+ H(B)— H(A+ B)

o Election propaganda:
I(AB) = —H(AB)
= I
= I(A
= —IAB)+ I(B).
o Popularity of a candidate
P; = log mg;.

o a; is apopular candidateif P, > 0.
o a; is aneminent candidatéf he is the only popular candidate.
o a; is afavorite candidateif P; > I(A).
o a; is anoutstanding candidatef he is the only favorite candidate.
o a; is acharismatic candidatgf he collects all the votes without exception.
o Prominence of a voter:
Q; = lognr;.
o b; is asignificant voteyif Q; > I(B).
o b; is adominant voterif he is the only significant voter.
o b; is adictator, if he has all the votes at his disposal without exception.
o An election is gpassive electionf I(AB) = 0.
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o An election is aictatorial election if I(AB) = log mn.

o An election is gpositive electionif there is an eminent candidate.

o An election is aefinite electionif there is an outstanding candidate.

o Societal preference distributiofs;] is the preference chosen by the voting
system for the candidates.

o Societal injustice to a candidate:

Ji = log@.
S

7

o Societal injustice to the candidates:

m
4
J = ;log —.
Z qi 108 s
=1
It is well-known thatJ can never be negative.

3. PSEPHOLOGY

The following lemmas can be proved from facts well-established in information
theory and hence the proofs are omitted.

(1) P, = 0, if and only if, a; gets exactly the average number of votés.is
positive or negative, depending on whethgcollects above or below the
average number of voted?;, = logm, if and only if, a; is a charismatic
candidate. The maximum value Bf is log m.

(2) The hierarchy of the candidates is: charismatic, eminent, outstanding, fa-
vorite and popular, i.e., each of these classes implies the classes that follow.

(3) In any election, there is at least one favorite candidate.

(4) A positive election is always a definite election.

(5) I(A) = 0, if and only if, all the candidates collect equal votd§.A) =
log m, if and only if, there is a charismatic candidate.

(6) Q; = 0, if and only if, b; has exactly the average number of votes at his
disposal.(); is positive or negative, depending on whethghas above or
below the average number of votes at his dispa@al= log n, if and only
if, b; is a dictator. The maximum value @f; is log n.

(7) The hierarchy of voters is: dictator, dominant, and significant.

(8) In any election, there is at least one significant voter.

(9) I(B) = 0, if and only if, all the voters have equal votes.B) = logn, if
and only if, there is a dictator.

(10) I(A4B) = 0, if and only if, each individual voter has given equal votes to
all the candidatesI(AB) = logm, if and only if, each individual voter
has all his votes to a single candidate. The maximum valug 4B) is
log m.

(11) I(AB) = 0, if and only if, every candidate has received the same number
of votes from each voterl (AB) = logn, if and only if, every candidate
has got all his votes from a single voter. The maximum possible value of
I(AB) islogn.
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(12) I(A+ B) = 0, ifand only if, each candidate has received the same number
of votes from each voterI(A + B) = logmn, if and only if, there is
a charismatic candidate and a dictator. The maximum possible value of
I(A+ B)islogmn.

(13) Takemin{m,n} = m. H(AB) = logm, if and only if, each candidate
has given all his votes to one candidate and all candidates have collected
equal votes.

(14) Takemin{m,n} = n. H(AB) = logn, if and only if, all voters have
equal votes and each candidate has collected all votes from a single voter.

(15) H(AB) = 0, if and only if, all the voters have exactly the same preference
distribution for the candidates. The maximum possible valug i B) is
min{m,n}.

(16) J; = 0, if and only if, s; = ¢;. J; is positive or negative, depending on
whetherg; is greater or less thas,. Note thatJ; can be infinite, both
positive and negative.

4. POSSIBILITY THEOREM

Any voting system should have some basic principles by which it ensures a fair
election. The fractional voting system conforms to the following two axioms.

Axiom of Unanimity: ¢11 = q12 = ... = q1n, = q impliess; = ¢. In
words, if each individual voter has the same preference for the candidate
a1, So does the voting system.

Axiom of Independence: s; = f(pi1, pi2; - - - , Pin), 1.€., €aChE; is the same
function of the corresponding row @f. In other words, the voting system
does not discriminate between the candidates.

Possibility Theorem. In the FVS, it is possible to satisfy the axioms of unanimity
and independence and to have a societal preference distribution. Further, this
distribution is unique.

Proof. From the given matri¥’, construct another matrik’ as given below, where
q= Z?Zl pi; = q1-

b1 P12 Din
pnl—q) pul-¢  pu(l—q)
g(m—1)  q(m—1) q(m —1)
o pu(l—¢q¢ pul-9q¢  pul—q
| am=1)  qm—1) q(m—1)
pu(l—¢q¢ pul-¢  pu(l—q
g(m—1)  q(m—1) q(m—1)

It is easy to see that the matigX corresponding to thi$’ will have
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Hence, from the axiom of unanimity we conclude that

n
S1=4=4q1 = Zplj.
j=1

From the axiom of independence we conclude that

n
Si = @i = Epij-
Jj=1

5. JUSTICE THEOREM

Recall that we definedocietal injustice to the candidatas

m
g
J = Z qi log S—:
i=1

It turns out that minimizing/ is equivalent to choosinfy;] as the societal prefer-
ence distribution.

Justice Theorem. J attains the minimum vlaue zero, if and onlysf,= ¢;, i.e.,

the only way to make sure that no injustice is done to the candidates is to choose
[¢i] as the societal preference distribution.

Proof. We use the method of Lagrange multipliers in our proof. Consider

m m

U:Zqilog%

i=1 v i=1

DifferentiatingU with respect tos; and equating it zero, gives

ou ;
= —&logeJr)\:O
8si S
@ _ A
S; loge
m m
A
DU = g D
i=1 i=1
A
=1
loge
s = 4.

O

We have shown the uniqueness of the societal preference distribution through

minimization of societal injustice.
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6. IMPLEMENTATION OF FVS

In the fractional voting system, it is useful to consider the last candidates
fictitious and the candidate may be nansadarchy All the votes of a voter who
protests over the election itself will go to the anarchy candidate. If any voter has
utilized some votes, but not all his votes, the unutilized vote will go to anarchy. Any
voter who absents himself without protesting against the election will be totally
ignored by the FVS. If one or more candidates get disqualified after the voting
has taken place, FVS will delete their names from the contest and consider the
marginal preference distributions of individual voters with respect to the remaining
candidates. If anarchy wins the election, it is an indication of the existence of
a substantial group of disgruntled citizens who do not want to participate in the
democratic process and the breakdown of democracy. It is interesting to note that
FVS caters even to this group of people. The problem faced by the FVS here is the
well-known Russel’'s paradox: What should a true democrat do, when the majority
says that they do not want democracy.

7. AN ILLUSTRATIVE EXAMPLE

The matrix below shows a voting pattern in whidh= 32, m = 4, andn = 8.

1200000 1
[”]_i20408200
Pijl=3511 0 04010 2
00000121
4
1 |16 1
il =55 | g =55 (4 2 4 48424
4

Each of the votersg andbg used only three of their votes, even though each of
them had four votes at their disposal, hence their unused votes have gone to anar-
chy ay. Voter b7 had protested against the election and hence his two votes have
been given to anarchy. In this electiengets the highest number of votes, namely
16, and hence gets elected.

o Voter preference:

Lh(4) =35,  hA)=2  BA)=2  LA)=2
B(A) =2,  Ij(4) = % B(A) =2,  Iy(4) = %
o Conditional preference:
1(4B) = 2
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o Panel heterogeneity:

P=-1, Py=1  Py=0, P=-—1.

as IS an outstanding candidate amglis a popular candidate.

o Clan affinity:
3 ) ) 3
h(B)=3, h(B)=7 LB)=7 LB)=7
o Conditional affinity:
[(AB) = 2.
16
o Electorate heterogeneity
1
I(B)=-.
(B) = 5

o \oter prominence:
Q1 =0, Q2 = —1, Q3 =0, Q4 =0,
Qs =1, Qs = 0, Q7 =—1, Qs =0

bs is a dominant voter.
o Societal heterogeneity:

25
I(A+B)=—.
o Election campaign:
1
H(AB) = 2.
16

8. CONCLUSION

Consider, as an example, the presidential election in India, where the single
transferable vote (STV) system is used at present. As a hypothetical case assume
that the total value of the votes of all the votes of the members of parliament is
1001. Imagine an election in which01 votes are in favor of the preference order
aiasasaqas and the ress00 votes in favor of the preference ordetasaqasa. If
this situation arises, STV will choosg as the president, which is obviously the
wrong choice especially because about half the electorate dislikélence, the
only inescapable conclusion we can make is that wherever STV is used, it should
be discarded in favor of the FVS proposed here. From the possibility and justice
theorems given earlier it is clear that anomalous situations cannot occur with FVS.
The significant factor here is that the preference distribution used in FVS, gives
more freedom to the voter than the preference order used in STV.
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