
3.1 State Space Models

In this sectionwe studystatespacemodelsof continuous-timelin-
ear systems.The correspondingresultsfor discrete-timesystems,
obtainedvia duality with the continuous-timemodels,aregiven in
Section3.3.

The statespacemodel of a continuous-timedynamic system
can be derived either from the systemmodel given in the time
domain by a differential equationor from its transfer function
representation.Both caseswill be consideredin this section.Four
statespaceforms—the phasevariableform (controller form), the
observerform, the modal form, and the Jordanform—which are
often usedin moderncontrol theoryandpractice,arepresented.

3.1.1 The State Space Model and Differential Equations

Considera general th-order model of a dynamic systemrepre-
sentedby an th-orderdifferential equation
�

� �����
�����

����� � �
�

�
� �����

�����
����� � �

(3.1)
At this point we assumethat all initial conditionsfor the above
differential equation,i.e.

� � ����� � �����
,

areequalto zero. We will showlaterhow to takeinto accountthe
effect of initial conditions.

In order to derive a systematicprocedurethat transformsa
differentialequationof order to a statespaceform representing
a systemof first-orderdifferential equations,we first start with
a simplified versionof (3.5), namelywe study the casewhen no
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derivativeswith respectto the input are present�
� ��	�


��	�
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 � (3.2)

Introducethe following (easyto remember)changeof variables
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(3.3)

which after taking derivativesleadsto
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(3.4)
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The statespaceform of (3.8) is given by

�
�
...
...��� �
�

... ... . . . . . . . . . ...

... ... . . . . . .

� � � ��� �

�
�
...
...��� �
�

...

...

(3.5)
with the correspondingoutputequationobtainedfrom (3.7) as

�
�
...��� �
�

(3.6)

The statespaceform (3.9) and(3.10) is known in the literatureas
the phase variable canonical form.

In order to extendthis techniqueto the generalcasedefined
by (3.5), which includesderivativeswith respectto the input, we
form an auxiliary differentialequationof (3.5) havingthe form of
(3.6) as�

� ��� �
��� �

��� � � � (3.7)
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for which the changeof variables(3.7) is applicable
�
�
�

�
�

...

�
��� �

��� �

(3.8)

andthenapplythesuperpositionprincipleto (3.5)and(3.11). Since
is the responseof (3.11), then by the superpositionproperty

the responseof (3.5) is given by

� � �
�

� �
�

� (3.9)

Equations(3.12) producethe state spaceequationsin the form
alreadygiven by (3.9). The output equationcan be obtainedby
eliminating

� �
from (3.13),by using(3.11), that is�

� ��� � � � � � �
This leadsto the output equation

� � � � � � ��� � ��� � �
�
�
...�

�
(3.10)

It is interestingto point out that for � , which is almostalways
the case,the output equationalso hasan easy-to-rememberform
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given by

� � �����
�
�
...�

(3.11)

Thus, in summary,for a given dynamicsystemmodeledby dif-
ferential equation(3.5), one is able to write immediatelyits state
spaceform, given by (3.9) and (3.15), just by identifying coeffi-
cients  and  , andusing themto form the
correspondingentriesin matrices and .

Example 3.1: Considera dynamicalsystemrepresentedby the
following differential equation

!#"%$ !#&%$ !(')$ ! � $ ! � $ !#*%$ ! � $

where
!  $ standsfor the th derivative, i.e.

!  $   .
According to (3.9) and(3.14), the statespacemodelof the above
systemis describedby the following matrices



100 STATE SPACE APPROACH

3.1.2 State Space Variables from Transfer Functions

In this section, we presenttwo methods,known as direct and
parallelprogrammingtechniques,which canbe usedfor obtaining
statespacemodelsfrom systemtransferfunctions.For simplicity,
like in the previous subsection,we consider only single-input
single-outputsystems.

Theresultingstatespacemodelsmayor maynot containall the
modesof the original transferfunction,whereby transferfunction
modeswe mean poles of the original transfer function (before
zero-polecancellation,if any, takes place). If some zeros and
polesin the transferfunctionarecancelled,thenthe resultingstate
spacemodelwill beof reducedorderandthecorrespondingmodes
will not appearin the statespacemodel. This problemof system
reducibility will be addressedin detail in Chapter5 after we have
introducedthe systemcontrollability andobservabilityconcepts.

In the following, we first usedirect programmingtechniquesto
derivethestatespaceformsknownasthecontrollercanonicalform
and the observercanonicalform; then, by the methodof parallel
programing,thestatespaceformsknownasmodalcanonicalform
and Jordancanonicalform are obtained.

The Direct Programming Technique and Controller Canon-
ical Form

This techniqueis convenientin thecasewhentheplant transfer
function is given in a nonfactorizedpolynomial form

+ + +�,�- +�,�- - .+ +�,�- +�,�- - . (3.12)

For this systeman auxiliary variable is introducedsuchthat
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the transferfunction is split as

/ /�0�1 /�0�1 1 2 (3.13a)

/ / /�0�1 /�0�1 1 2 (3.13b)

The block diagramfor this decompositionis given in Figure3.1.

U(s) V(s)
V(s)/U(s) Y(s)/V(s)

Y(s)

Figure 3.1: Block diagram representation for (3.17)

Equation (3.17a) has the same structure as (3.6), after the
Laplacetransformationis applied,whichdirectly producesthestate
spacesystemequationidenticalto (3.9). It remainsto find matrices
for the outputequation(3.2). Equation(3.17b)canbe rewrittenas

3 3 3�4�5 3�4�5 5 6 (3.14)

indicatingthat is justasuperpositionof andits derivatives.
Note that(3.17)maybeconsideredasa differentialequationin the
operatorform for zero initial conditions,where . In that
case, , , and are simply replacedwith , ,
and , respectively.

The commonprocedurefor obtainingstatespacemodelsfrom
transferfunctionsis performedwith help of the so-calledtransfer
function simulation diagrams. In the case of continuous-time
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systems,thesimulationdiagramsareelementaryanalogcomputers
thatsolvedifferentialequationsdescribingsystemsdynamics.They
are composedof integrators,adders,subtracters,and multipliers,
which are physically realizedby using operationalamplifiers. In
addition,functiongeneratorsareusedto generateinputsignals.The
numberof integratorsin a simulationdiagramis equalto theorder
of thedifferentialequationunderconsideration.It is relativelyeasy
to draw (design)a simulationdiagram. Thereare many ways to
draw a simulationdiagramfor a given dynamicsystem,andthere
arealsomanywaysto obtain the statespaceform from the given
simulation diagram.

The simulation diagram for the system (3.17) can be ob-
tained by direct programming technique as follows. Take
integratorsin cascadeand denote their inputs, respectively,by7#8:9 7#8�;=<>9 7?<@9

. Use formula (3.18) to construct
, i.e. multiply the correspondinginputs

7BAC9
to integrators

by the correspondingcoefficients A and add them usingan adder
(seethe top half of Figure3.2,where representsthe integrator
block). From (3.17a)we have that

7#8:9 8�;�< 7#8�;�<@9 < 7D<E9 F

which canbe physicallyrealizedby usingthe correspondingfeed-
back loops in the simulationdiagramand addingthem as shown
in the bottom half of Figure 3.2.
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xG 1xG 1xG 2xG 2xG nxG n

v (n)
1/s1/s ΣΣ

uH yI
b
J

0

bn

b
J

2

b
J

1

-a0

-a1

-an-1

vK (n-1)
vK (1) v

1/s

Figure 3.2: Simulation diagram for the direct
programming technique (controller canonical form)

A systematicprocedureto obtain the state spaceform from
a simulation diagram is to choose the outputs of integrators as
state variables. Using this convention,the statespacemodel for
the simulation diagrampresentedin Figure 3.2 is obtainedin a
straightforwardway by reading and recording information from
the simulationdiagram,which leadsto

... ... .. . . . . . . . ...

... ... ... . . . . . .

L M N O�P�M

...

...

(3.15)
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and

Q Q R S S R R�T�S R�T�S R
R

(3.16)

This form of the systemmodel is called the controller canon-
ical form. It is identical to the one obtainedin the previoussec-
tion—equations(3.9) and (3.14). Controller canonicalform plays
an importantrole in control theorysinceit representstheso-called
controllablesystem.Systemcontrollability is oneof themaincon-
cepts of modern control theory. It will be studied in detail in
Chapter5.

It is importantto point out that therearemanystatespaceforms
for a given dynamicalsystem,and that all of them are relatedby
linear transformations. More about this fact, togetherwith the
developmentof other importantstatespacecanonicalforms, can
be found in Kailath (1980; seealso similarity transformationin
Section3.4).

Note that the MATLAB function tf2ss producesthe state
spaceform for a given transferfunction, in fact, it producesthe
controller canonicalform.

Example 3.2: The transferfunction of the flexible beamfrom
Section2.6 is given by

U V W
X Y U V W

Using the direct programmingtechniquewith formulas(3.19) and
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(3.20), the statespacecontroller canonicalform is given by

and

Direct Programming Technique and Observer Canonical
Form

In addition to controller canonical form, observer canonical
form is related to anotherimportant conceptof modern control
theory: systemobservability.Observercanonicalform hasa very
simplestructureandrepresentsanobservablesystem.Theconcept
of linear systemobservability will be consideredthoroughly in
Chapter5.

Observercanonicalform can be derivedas follows. Equation
(3.16) is written in the formZ Z�[�\ Z�[�\ \ ]

Z Z Z�[�\ Z�[�\ \ ] (3.17)

and expressedas

Z Z�[�\ Z�[�\ \ ]
Z Z Z Z�[�\ Z�[�\ \ ]

(3.18)
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leading to

^�_=` a ^�_ a ^�_�` `

^ b ^ ^�_�` a ^�_ a

^�_�` ` ^ b
(3.19)

This relationshipcan be implementedby using a simulation di-

agram composedof integratorsin a cascade,and letting the

correspondingsignalsto passthroughthe specifiednumberof in-

tegrators.For example,termscontaining shouldpassthrough

only one integrator, signals ^�_ a and ^�_ a should pass

through two integrators,and so on. Finally, signals b and

b shouldbe integrated -times, i.e. they must passthrough

all integrators.The correspondingsimulationdiagramis given

in Figure 3.3.
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b
c

0

u(t)d

y(t)e
xf 2

-a0

+ 1/s
xf 2

b
c

1

-a1

+ 1/s
xf n-1 xf n1/s

xf n-1 xf n

b
c

n-1

-an-1

+ 1/s

b
c

n

+
xf 1xf 1

Figure 3.3: Simulation diagram for observer canonical form

Defining the statevariablesas the outputsof integrators,and
recordingrelationshipsamongstatevariablesand the systemout-
put, we get from the abovefigure

g g (3.20)
h i i i g i i g
j h h h

h h g h h g
k j j j

j j g j j g
g g�l h g�l h g�l h

g�l h g�l h g g�l h g�l h g

(3.21)

The matrix form of observercanonical form is easily obtained
from (3.24) and (3.25) as
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m
n

. . . ... o
... . . . ... ...
... ... . . . . . . p�q o

p�q n

m m pn n p
o o p

...

...
p�q n p�q n p

(3.22)
and

p (3.23)

Example 3.3: The observercanonical form for the flexible
beamfrom Example3.2 is given by

and

Observercanonicalform is very usefulfor computersimulation
of linear dynamicalsystemssince it allows the effect of the sys-
tem initial conditionsto be taken into account. Thus, this form
representsan observablesystem, in the senseto be defined in
Chapter5, which meansthat all statevariableshave an impact
on the systemoutput,andvice versa,that from the systemoutput
and stateequationsone is able to reconstructthe statevariables
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at any time instant, and of courseat zero, and thus, determiner s t in terms of the original initial conditionsu u t u r u t u r
. For moredetailsseeSec-

tion 5.5 for a subtopicon theobservabilityrole in analogcomputer
simulation.

Parallel Programming Technique

For this techniquewe distinguishtwo cases:distinct real roots
andmultiple realrootsof thesystemtransferfunctiondenominator.

Distinct Real Roots

This state space form is very convenient for applications.
Derivationof this type of the model startswith the transferfunc-
tion in thepartial fractionexpansionform. Let usassume,without
lossof generality,that the polynomialin the numeratorhasdegree
of , then

v
r s t

r
r

s
s

t
t

(3.24)

Here r s t are distinct real roots (poles) of the transfer
function denominator.

Thesimulationdiagramof sucha form is shownin Figure3.4.
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u(t)w y(t)x
Σ
yxz 2xz 2

-p2

+ k
{

21/s

xz 1xz 1

-p1

+ k
{

11/s

xz nxz n

-pn

+ k
{

n1/s

Figure 3.4: The simulation diagram for the parallel
programming technique (modal canonical form)

The statespacemodelderivedfrom this simulationdiagramis
given by

|
} . . .

... . . . . . . . . . ...

... ... . . . . . . ~
...
...

| } ~

(3.25)

This form is known in the literatureas the modal canonical form
(also known as uncoupledform).

Example 3.4: Find thestatespacemodelof a systemdescribed
by the transfer function
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usingboth direct andparallel programmingtechniques.
The nonfactorizedtransferfunction is�

� �
andthestatespaceform obtainedby using(3.19)and(3.20)of the
direct programmingtechniqueis

Note that the MATLAB function tf2ss produces

which only indicatesa permutationin the statespacevariables,
that is

Employingthepartialfractionexpansion(whichcanbeobtained
by the MATLAB function residue), the transfer function is
written as
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The statespacemodel,directly written using (3.29), is

Note that theparallelprogrammingtechniquepresentedis valid
only for the caseof real distinct roots. If complex conjugate
roots appearthey should be combinedin pairs correspondingto
the second-ordertransfer functions, which can be independently
implementedas demonstratedin the next example.

Example 3.5: Let a transfer function containing a pair of
complexconjugateroots be given by

We first group the complex conjugatepoles in a second-order
transfer function, that is

�
Then,distinctrealpolesareimplementedlike in thecaseof parallel
programming. A second-ordertransfer function, corresponding
to the pair of complex conjugatepoles, is implementedusing
directprogramming,andaddedin parallelto thefirst-ordertransfer
functionscorrespondingto the real poles.The simulationdiagram
is given in Figure3.5, wherethe controllercanonicalform is used
to representa second-ordertransferfunction correspondingto the
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complexconjugatepoles.From this simulationdiagramwe have
� �
� �
� �
� � �

� � � �
so that the requiredstatespaceform is

u(t)w y(t)x
Σ
yxz 2xz 2

-10

+ 3
�

1/s

xz 1xz 1

-5

+� 21/s

xz 4 xz 3 xz 3xz 4

-2
-2

+ 8
�
8
�

1/s 1/s

Figure 3.5: Simulation diagram for a
system with complex conjugate poles
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Multiple Real Roots
When the transfer function has multiple real poles, it is not

possibleto representthe systemin uncoupledform. Assumethat
a real pole � of the transferfunction hasmultiplicity and that
the other polesare real and distinct, that is

� � �>� � �
The partial fraction form of the aboveexpressionis

�>�
�

�@�
� � � � � � ��� �

��� �
�

�
Thesimulationdiagramfor sucha systemis shownin Figure3.6.

y(t)�
Σ

k1r-1

k11

u(t)

x� 2

-p1

+� 1/s
x� rx� r

-p1

+� 1/s

x� r+1

-pr+1

+� k
�

r+11/s

x� n

-pn

+ 1/s k
�

n

x� r+1

x� n

x� 2 x� 1x� 1

-p1

+� k
�

1r1/s

Figure 3.6: The simulation diagram for the Jordan canonical form

Taking for the statevariablesthe outputsof integrators,the state
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spacemodel is obtainedas follows

�
�

... . . . . . . . . . . . . ... ... ... ... ...� ... ... ... ...�
�

�%� �
. . . �>��� . . . ...

... ... ... ... ... ... ... . . . . . . �
(3.26)�

� � � �%� � � � �>� �>� � �>��� �
This form of thesystemmodelis knownastheJordan canonical

form. Thecompleteanalysisof theJordancanonicalform requires
a lot of spaceandtime. However,understandingthe Jordanform
is crucial for correctinterpretationof systemstability, hencein the
following chapter,the Jordanform will be completelyexplained.

Example 3.6: Find the state spacemodel from the transfer
function using the Jordancanonicalform�

�
This transferfunction can be expandedas

�
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so that the requiredstatespacemodel is

3.4 The System Characteristic Equation and
Eigenvalues

The characteristicequationis very important in the study of both
linear time invariant continuousand discretesystems. No mat-
ter what model type is considered(ordinary th-orderdifferential
equation,statespaceor transferfunction), the characteristicequa-
tion alwayshas the sameform.

If we start with a differential th-order systemmodel in the
operatorform� � ���

� ��� � �
      ���   ��� � �

where the operator is definedas
¡ ¡

¡
and , then the characteristic equation, accordingto the
mathematicaltheory of linear differential equations(Boyce and
DiPrima, 1992), is definedby� � ���

� ��� � � (3.27)

Note that the operator is replacedby the complex variable
playing the role of a derivativein the Laplacetransformcontext.
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In the statespacevariableapproachwe haveseenfrom (3.54)
that

¢�£

The characteristicequationhereis definedby

(3.28)

A third form of the characteristicequationis obtainedin the
contextof the transferfunction approach.The transferfunction of
a single-inputsingle-outputsystemis

¤ ¤ ¤ ¢�£ ¤ ¢�£ £ ¥¦ ¦ ¢�£ ¦ ¢�£ £ ¥ (3.29)

The characteristicequationin this caseis obtainedby equating
the denominatorof this expressionto zero. Note that for multi-
variablesystems,the characteristicpolynomial (obtainedfrom the
correspondingcharacteristicequation)appearsin denominatorsof
all entriesof the matrix transferfunction.

No matter what form of the systemmodel is considered,the
characteristicequationis always the same. This is obvious from
(3.95) and (3.97), but is not so clear from (3.96). It is left as an
exerciseto the readerto showthat (3.95) and (3.96) are identical
(Problem3.30).

The eigenvalues are defined in linear algebraas scalars, ,
satisfying(Fraleighand Beauregard,1990)

(3.30)
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wherethe vectors arecalled the eigenvectors. This system
of linear algebraicequations( is fixed) hasa solution
if and only if

(3.31)

Obviously, (3.96) and (3.99) havethe sameform. Since(3.96) =
(3.95), it follows that the last equationis the characteristicequa-
tion, andhencethe eigenvaluesare the zerosof the characteristic
equation. For the characteristicequationof order , the number
of eigenvaluesis equalto . Thus, the roots of the characteristic
equationin the statespacecontextare the eigenvaluesof the ma-
trix . Theseroots in the transferfunction contextarecalled the
system poles, accordingto the mathematicaltools for analysisof
thesesystems—thecomplexvariablemethods.

Similarity Transformation
We havepointedout beforethat a systemmodeledby the state

spacetechniquemay have many state spaceforms. Here, we
establisha relationshipamongthosestatespaceforms by using
a linear transformationknown asthe similarity transformation.

For a given system §

we can introduce a new state vector by a linear coordinate
transformationas follows

where is somenonsingular matrix. A new statespace
model is obtainedas §

(3.32)
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where

¨=© ¨�© ¨�©
(3.33)

This transformationis known in the literature as the similarity
transformation. It playsan importantrole in linear control system
theory and practice.

Very important featuresof this transformationare that under
similarity transformationboth the systemeigenvaluesandthe sys-
tem transferfunction are invariant.

Eigenvalue Invariance
A newstatespacemodelobtainedby thesimilarity transforma-

tion doesnot changeinternal structureof the model, that is, the
eigenvaluesof the systemremain the same. This can be shown
as follows

¨�© ¨�©
¨�© (3.34)

Note that in this proof the following propertiesof the matrix
determinanthave beenused

© ª « © ª «
¨�©

seeAppendix C.

Transfer Function Invariance
Anotherimportantfeatureof thesimilarity transformationis that

the transferfunction remainsthe samefor both models,which can
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be shown as follows

¬� ¬� ¬� ¬�
¬�® ¬�® ¬�®
¬� ¬� ¬�

¬�
(3.35)

Note that we haveusedin (3.103) the matrix inversionproperty
(Appendix C)

 ¯ ° ¬� ¬�° ¬�¯ ¬�
The above result is quite logical—the systempreservesits in-
put–outputbehaviorno matterhow it is mathematicallydescribed.

Modal Transformation
Oneof themostinterestingsimilarity transformationsis theone

that puts matrix into diagonalform. Assumethat
 ¯ ± , where ² arethe eigenvectors.We thenhave

¬�  ¯ ± (3.36)

It is easy to show that the elements ² , on the
matrix diagonalof are the roots of the characteristicequation

, i.e. they are the eigenvalues.This can
be shown in a straightforwardway

 ¯ ±
 ¯ ±

The statetransformation(3.104) is known as the modal transfor-
mation.
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Note that the purediagonalstatespaceform defined in (3.104)
can be obtainedonly in the following threecases.

1. Thesystemmatrix hasdistincteigenvalues,namely ³ ´µ .
2. The systemmatrix is symmetric(seeAppendixC).
3. The system minimal polynomial does not contain multiple

eigenvalues.For the definition of the minimal polynomialand
the correspondingpure diagonalJordanform, seeSubsection
4.2.4.

In the abovethreecaseswe say that the systemmatrix is diago-
nalizable.

Remark: Relation(3.104)mayberepresentedin anotherform,
that is

¶ ³ ¶ ³
or · ·

where · ¶ ³ ·

In thiscasetheleft eigenvectors ¸ canbecomputed
from ·

¸ ¸
·
¸

·
¸ ¸ ¸

where ³ ´ µ . Since
·

, then
¸ is also an eigenvalueof

·
.

There are numerousprogram packagesavailable to compute
both the eigenvaluesand eigenvectorsof a matrix. In MATLAB
this is doneby using the function eig.
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3.4.1 Multiple Eigenvalues

If thematrix hasmultiple eigenvalues,it is possibleto transform
it into a block diagonalform by using the transformation

¹�º
(3.37)

where the matrix is composedof linearly independent,so-
called generalized eigenvectors and is known as the Jordan
canonicalform. This block diagonalform containssimpleJordan
blocks on the diagonal. Simple Jordanblocks have the given
eigenvalueon the main diagonal,onesabovethe main diagonal
with all otherelementsequalto zero. For example,a simpleJordan
block of order four is given by

» »
»

»
»

»
Let the eigenvalue º havemultiplicity of order in addition

to two real anddistinct eigenvalues, ¼ ½ ; then a matrix of
order may containthe following threesimpleJordanblocks

º
º

º
¼

½
However,other choicesare also possible. For example,we may
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havethe following distribution of simpleJordanblocks

¾
¾

¾
¿

À

¾
¾

¾
¿

À
The studyof the Jordanform is quite complex. Much moreabout
the Jordanform will be presentedin Chapter4, wherewe study
systemstability.

3.4.2 Modal Decomposition

Diagonalizationof matrix usingtransformation makes
the system diagonal,that is

Á ¾ Â Ã

In sucha casethe homogeneousequation
Ã
,

becomes Á ¾ Á ¾ Ã

or Ä Ä Ä

This systemis representedby independentdifferentialequations.
The modal responseto the initial condition isÅÇÆ Ã ÅÇÆ Á ¾ Ã ÅÈÆ Â Ã

or Ä Ä ÉËÊ Æ ÂÄ Ã ÉÌÊ Æ
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The response is a combinationof the modalcomponentsÍ�Î Ï�Ð Ñ ÍÈÎ Ò Ñ
Ò Ð Ñ ÓÕÔ Î Ð ÒÖ Ñ ÓË× Î Ö ÒØ Ñ ÓÚÙ Î Ø

(3.38)
This equationrepresentsthe modal decompositionof and it
showsthat the total responseconsistsof a sumof responsesof all
individual modes. Note that ÛÜ Ñ

are scalars.
It is customaryto call the reciprocalsof Ü the system time

constants and denotethem by Ü , that is

Ü Ü
Thishasphysicalmeaningsincethesystemdynamicsis determined
by its time constantsand thesedo appearin the systemresponse
in the form

ÏÝÎ?Þàßâá
.

The transientresponseof the systemmay be influenceddiffer-
ently by different modes,dependingof the eigenvalues Ü . Some
modesmay decayfaster than the others. Somemodesmight be
dominantin the systemresponse.Thesecaseswill be illustrated
in Chapter6.

Remark: A similarity transformation
Ï�Ð

canbeused
for the statetransitionmatrix calculation. RecallÍÈÎ

and Ï�Ð ÍÈÎ
Hence, ÍÇÎ Ï�Ð ÍÇÎ Ò ÍÇÎ
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or, in the complex domain
ã�ä ã�ä

ã�ä ä å æ ã�ä
ã�ä

ä å æ
Remark: The presentedtheoryaboutthe systemcharacteristic

equation,eigenvalues,eigenvectors,similarity and modal trans-
formationscan be applieddirectly to discrete-timelinear systems
with ç replacing .


