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Section 6.12:  Quasi-Orthonormality, Closure and Trace for Coherent States

The annihilation operator has the coherent-state vector as an eigenvector.  The
average of the electric field operator for this state comes as close as possible to the
classical paradigm of the field. The coherent state of light produces minimum uncertainty
in amplitude and phase for the EM wave. The number of photons in the beam conforms
to a Poisson probability distribution with nonzero variance since the state consists of a
summation of Fock basis states each representing different numbers of photons. 

The coherent state also represents a phase-space translated vacuum state. Both the
coherent and vacuum states have coordinate representations, which provides the
probability amplitude for the quadratures.  Unlike the photon number with a Poisson
probability distribution, the Q-quadrature amplitude follows a Gaussian distribution. In
fact, the probability of finding the EM wave with quadrature amplitude P must likewise
have a Gaussian distribution.  These results for the two quadrature components
foreshadow the description of EM states (not just coherent ones) by the Wigner
distribution. 

In the present section, we investigate the vector properties of the coherent-state
vectors. In particular, we examine completeness, normalization and orthogonality and
closure. 

Topic 6.12.1:  The Set of Coherent-State Vectors

Each coherent state resides in an abstract Hilbert
space since it must be a summation over the Fock basis
set.  However, neither the collection of Fock states nor
coherent states form a vector space!  As sets, they do not
contain all of the vectors in the Hilbert space.  For
coherent states, the summation over Fock states produces
the Gaussian-shaped coordinate representation.  The sum
of two coherent states g1 and g2 does not necessarily
produce a third state “f” with a Gaussian distribution.
Therefore the set of coherent states must violate the
closure property for the definition of vector space as
shown in Figure 6.12.1. 

As we will see, the collection of coherent states can be treated similarly to basis
vectors in that they span the Hilbert space.  However, the set must be overly complete
and the vectors cannot be independent.  Naturally, the lack of independence precludes the
vectors from being orthogonal. 

Topic 6.12.2:  Normalization

We wish to examine the orthonormality properties of the coherent states.  First,
consider normalization of the coherent state. Restricting the length to 1 allows for the
probability amplitude interpretation for inner products.

Recall that the single mode coherent states can be defined as a summation of the
Fock basis states according to 
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Evidently, these states must have unit length according to
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Topic 6.12.3:  Quasi-Orthogonality 

Next examine the orthogonality of two coherent states.
Two nonzero vectors f , g  must be orthogonal when their inner
product produces zero such 

*f g dx f (x)g(x) 0= =∫
The integral can be zero under two conditions.  First the “shape”
of the functions f and g might be such that the product fg is
positive as much as it is negative over the range of interest.  For ex
be a sine and a cosine.  Second, fg itself might be zero over the entir
even though f and g are not zero everywhere.  For example, this cond
if f 0=  for ox x<  and g 0=  for ox x> .  

We can intuitively see that the coherent states cannot ever be
Figure 6.12.2 shows a two-dimensional representation of a Wigner p
states.   The states α  and β  can be represented as two overlapp
coordinate representation.  We can write (recall the definition of c
space in Chapter 4)  

{ }1 dQ Q Q dQ Q Qα β = α β = α β = α β =∫ ∫ ∫
where previous sections define (Q) U (Q)αα =  and (Q) U (ββ =
Gaussians (since they come from translated vacuum states).  Her
refers to a function centered a distance 2α  from the origin. We se
the functions (Q)α  and (Q)β  do not produce a product function α
positive values as negative. As a matter of fact, the functions (Q)α
exactly zero over any finite region – they exponentially approach 
expect the inner product between two coherent states to only approx
states have sufficient distance between them.

We can easily see two coherent states α  and β  can on
orthogonal.  Writing the inner product of the two states using the ex
basis sets provides
Figure 6.12.2:  The
overlap of coherent
states control the inner
product.
ample, f and g might
e range of integration
ition can be satisfied

 exactly orthognonal.
lot for four coherent
ing Gaussians in the
losure for coordinate

( ) ( )*dQ Q Qα β

Q) , which must be
e the notation (Q)α

e that the “shapes” of
*β  that has as many
 and (Q)β  are never
zero.  Therefore, we
imate zero when the

ly be approximately
pansions in the Fock
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where we used the orthonormality of the single-mode Fock states mnnm δ= .  The
summation gives an exponential.
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The overlap between the two states exponentially decrease for more separated coherent
states.  This behavior is consistent with the fact that the Wigner probability distributions
have Gaussian profiles.  Equation 6.12.2 the inner product must be unity  when β=α .

Example 6.12.1: What is the inner product between the coherent state α  with an

average of  n 25α =  photons and β  having n 16β = .  Assume that α,β are real.  

Solution: Topics 6.10.2 and 6.10.3 show that n2 =α .  Ignoring the phase, the

amplitudes can be written as n 5αα = =  and 4=β . By ignoring the phase, we assume
that the states both must be positioned on the right hand side of the orgin; this represents
the closest possible separation.  Therefore ( )2 1exp 5 4 e 0.37− α β ≤ − − = =  .   If one

of the states has nonzero phase, then the states must be further separated and the overlap
becomes negligible.

Topic 6.12.4:  Closure  

The set of single-mode coherent states { }α satisfy a closure relation of the form

∫
−α
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2 1d1 (6.12.3)

where α is a complex number yx
i ire α+α==α φ  and the integral is over the entire α-

plane with yx
2 ddd αα=α .  The set of coherent states form an over complete quasi-basis

set; we do not need all of the vectors in the set in order to span the vector space. 
We start the proof of Equation 6.12.3 by substituting the Fock expansion for the

coherent state
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into the left-hand side of Equation 6.12.3 to get

( ) mn*

m,n

r2m2/rn*

m,n

2/r2

plane

2 222

ed
!m!n

mn1eed
!m!n

mn1d1
ααα

π
=ααα

π
=ααα

π ∑ ∫∑ ∫∫ −−−

−α



6.81

Substituting the polar-coordinate element of area α2d  and writing α in polar form
provides
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The integral over the angle provides
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since for nm ≠  the range of integration includes multiple numbers of complete cycles.
The closure integral becomes 
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Topic 6.12.5: Coherent-State Expansion of a Fock State
 

If coherent states form a quasi-basis set, then it must be possible to express other
basis sets in terms of the coherent states.  That is, we can express the single mode Fock
states { }n  as an expansion of coherent states { }α .  This is accomplished by using
the coherent-state closure relation 
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Recall that the probability amplitude nα  must be related to the Poisson probability
distribution.  Evaluating the inner product using the definition of coherent state gives
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Notice that every Fock basis vector can be written as a linear combination of the coherent
states.  Therefore coherent states span the same amplitude space as do the Fock vectors.

We can identify the matrix elements of the transformation in Equation 6.12.4.
First, notice that the equation has an integral rather than a summation, which occurs
because the parameters α  are continuous.  The transformation matrix elements must be

( )2 n/ 2 *
nT e n!− α
α = α π

Topic 6.12.6: Over-Completeness of Coherent States

The set of vectors { }α  is over-complete in the sense that each one can be
expressed as a sum over the others.  The situation can be compared with having three
vectors span a 2-D vector space; obviously, we don’t need one of them.    

The fact that one coherent-state vector can be expressed as a sum of the others can
be seen as follows

∫ αβββ
π

=α=α 2d11

Using the inner product between two coherent states given in Equation 6.12.2
2exp  β α = − β−α   provides
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The more separated are the parameters α and β,the less the state β  contributes to the

state α .  The integral is similar to a summation.

Topic 6.12.7: Trace of an Operator Using Coherent States

The trace formula involves the factor of  “1/π” similar to the closure relation.
Starting with the definition of trace using single mode Fock states, then inserting the
coherent-state closure relation, and then removing the Fock states using the Fock state
closure relation produces the following formula.
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Therefore, the formula is similar to the Fock-state trace formula except that an integral
appears along with the factor of 1/π.
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