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Section 6.4:  The Quantum Fields

We want a full quantum theory for the electromagnetic (EM) fields.  The theory must
incorporate both the particle and wave nature.  Both of these can be included by
quantizing the EM vector potential.  The traveling wave part of the Fourier-expanded
vector potential describes the wave properties of light.  By converting the Fourier
amplitudes (which have magnitude and phase) into operators, the particle aspects of light
can be recovered.  The operator form of the electric and magnetic fields can be
substituted into the classical EM Hamiltonian to find the quantum one. The Hamiltonian
for light will be similar to that for the electron harmonic oscillator.  In fact, the EM
quantum Hamiltonian has wavefunction solutions that describe the probability of finding
an EM wave with a particular classical amplitude.  

We should compare and contrast the classical and quantum pictures of the vector
potential.  The two pictures yield similar results for large numbers of photons but not for
small numbers.  The amplitudes in the classical vector potential represent numbers that
can be exactly known.   We might need measuring equipment to determine these
amplitudes in the laboratory and we might need to do some statistical analysis to come
close to the “true amplitude, but we don’t need any additional mathematical construction
to actually define the meaning of the amplitudes.  A series of measurements of the
amplitudes might lead to some variation in the observed values and so we must take
averages over the series.  This variation can be described by a probability distribution and
leads to the notion of the ensemble and the probability P used in the density operator.  In
the classical theory, the parameters describing the electromagnetic field can be exactly
known except possibly for experimental error in the measurements.  The actual
expression for the electric field depends on the results of the measurements.  

For the quantum picture, the amplitudes must be changed into operators (with both
magnitude and phase).  The vector potential (and hence the electric and magnetic fields)
also become operators.  The creation and annihilation operators for a mode of the electric
or magnetic field do not commute. Therefore, regardless of the experimental accuracy,
the electric and magnetic field can never achieve a “true value”. Every measurement of
the field necessary produces different results.  To find average values of the fields, they
must operate on a Hilbert space, which has vectors describing the possible states of the
amplitude.  We can call this the “amplitude Hilbert space.”   Now however, two types of
probability enter into specifying the “classical amplitudes.”  First, because the amplitude
operators do not all commute, there will be an uncertainty in measuring the fields.
Second, the measurement apparatus can also introduce error into the specification of the
fields. Therefore, we must describe the amplitude states representing the system by both
classical and quantum probability distributions such as appear in the density operator.
Finally, unlike the classical expression for the field, the operator form of the field does
not depend on the results of any measurements.  The state vectors in the Hilbert space
reflect any physical at
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space.  In particular, the “classical value” can be obtained by finding the expectation
value of the amplitude operator for a given state in Hilbert space.  The particular state in
Hilbert space defines the particular light beam of interest by defining the properties of the
amplitude.  

This section shows how the vector potential can be converted into an operator.  The
quantized fields operate on a vector in Hilbert space (usually a Fock state or a sum of
Fock states).  Once we know the quantized vector potential, we can find the quantized
electric and magnetic fields using the relations from Section 6.2, namely A t= −∂ ∂E

G G

and A= ∇×B
G G

.  The quantum Hamiltonian can be obtained by replacing the classical
electric and magnetic fields with their operator counterparts.  The electric and magnetic
fields can be written in terms of either creation-annihilation or quadrature operators.  We
will see special uses for each type.  The quadrature operators bring the quantum picture
of the electric field the closest to the usual classical picture of the field as a sinusoidal
wave.  We will see that we cannot simultaneously and precisely know the amplitude and
the phase of the field. 

Topic 6.4.1: The Quantized Vector Potential

We start with the classical form of the vector potential 
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with the classical Fourier components (from Topic 9.3.2)
( ) ( )k ki t i t

k k kb t b e b 0 e− ω − ω= = ( ) ( )k ki t i t* * *
k k kb t b e b 0 e+ ω + ω= = (6.4.2)

The coefficient “b” provides the amplitude of a given optical mode “k”.  The derivation
assumes a source-free region of space (i.e., no interaction potential).  

Replacing the amplitudes with operators according to the prescription 

kk b̂b →   and  +→ k
*
k b̂b

produces the quantum version of the vector potential.  We must later specify the Hilbert
space from which the operators can assume a value. We can write the equations of
motion for the operators using Equations 6.4.2
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In the quantum theory, these equations hold in the interaction representation (for any
situation) or in the Heisenberg representation for a situation without sources. Example
6.5.1 develops the equations of motion in the Heisenberg representation for the case of
free-fields (without matter to produce gain or absorption). These will have the same form
as the equations of motion deduced using an interaction picture regardless of whether or
not the wave interacts with matter. We can replace the classical amplitudes with creation
and annihilation operators to produce the quantum version of the vector potential. 
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The operator version of the vector potential contains all the possible creation and
annihilation operators for the various modes.  In some sense, the quantum EM field (and
as we shall see later, the Hamiltonian) must contain all of the possibilities that can
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physically occur.  The amplitude states in the amplitude Hilbert space contain the specific
information on the system. 

The creation and annihilation operators (the same ones as will be given in Topic
6.5.4) must satisfy the equal-time commutation relations
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We therefore can also write the commutation relation at the specific time t=0 as
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Some comments should be made regarding the commutation relations in Equations
6.4.5. First, both operators ( ) ( )ˆ ˆb t , b t+

ξ η  must be evaluated at the same time t (i.e., equal
times) thereby suggesting the name “equal-time commutator.”  We consider the modes
ξ≠η to be independent; we can create a photon in state ξ independently of annihilating
one in the state η.   However for the mode ξ=η, we should anticipate a type of
Heisenberg uncertainty relation since the corresponding operators do not commute as
shown in the last commutation relation.  However, the uncertainty relation requires
Hermitian operators and not the non-Hermitian creation-annihilation operators; we will
later use the quadrature operators for this purpose.  Second, we assume either periodic or
fixed-endpoint boundary conditions, which lead to both the discrete values for the wave
vector k

G
 and to the Kronecker Delta function for the orthonormality relation.

In the Heisenberg representation, the time dependence of the creation and
annihilation operators depends on the Hamiltonian. Example 6.5.1 in the next section
produces the same results as given by Equations 6.4.3.  The creation and annihilation
operators will have a different time-dependence if we include the interaction between the
fields and the matter.  This occurs since matter can produce or absorb electromagnetic
fields, which must necessarily change the operators describing the EM field.  The
Heisenberg representation makes the amplitudes depend on time in a manner very
reminiscent of classical EM theory.  For example, the amplitude of a wave decreases as it
travels through an absorber.  The states (yet to be discussed) in this case must be
independent of time.

In contrast, the interaction representation always assigns the trivial time
dependence to the operators; however, the states move due to the interaction potentials.
The creation and annihilation operators always have the trivial time dependence given by
Equations 6.4.6 regardless of whether or not the Hamiltonian has an interaction term.
The interaction representation of the fields must always be the same as that in Heisenberg
representation when an interaction potential does not appear.  Therefore, when somebody
writes Equation 6.4.1 without specifying the representation, it can be taken as in either (i)
the interaction representation or (ii) the Heisenberg representation for the free-field case
(no interaction term in the Hamiltonian).  

The Schrodinger representation of the creation and annihilation operators must be
independent of time.  Setting t=0 in Equations 6.4.3 provides the Schrodinger
representation of the creation and annihilation operators.  Equations 6.4.6 then give the
commutation relations for these operators.  All of the time dependence must reside in the
Hilbert space vectors.
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Topic 6.4.2:  Quantizing the Electric and Magnetic Fields

Changing the Fourier amplitudes into operators quantizes the electromagnetic fields.
As discussed in later sections, we can only specify values for the amplitudes (i.e., the
fields) by providing a Hilbert space upon which the operators can act.  The previous topic
shows the quantum version of the vector potential for an electromagnetic wave.  The
quantized electric field operator (in the Coulomb gauge) is then found by differentiating
the vector potential with respect to time.  

Recall that the vector potential can be written as a Fourier Expansion
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Differentiating this vector potential with respect to time yields
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where i 1= − .  Similar to Equation 4.2.13, we can calculate the quantized magnetic
field operator 
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The polarization vectors k,se�  give the electromagnetic field operators their vector
character.  Keep in mind that Equations 6.4.7 and 6.4.8 represent the quantized fields in
free-space.  To account for an increase in the electromagnetic wave as might occur when
atoms produce stimulated emission, either the amplitude Hilbert space must contain time
dependent vectors (Schrodinger Picture) or the creation-annihilation operators in the
fields must be time dependent above and beyond the simple exponential time dependence
already present.  As written, Equations 6.4.7 and 6.4.8 do not contain a factor that can
account for this increase.  In this text, the time independent creation and annihilation
operators will be denoted by “ b̂+ ” and “ b̂ ” respectively.  For Equations 6.4.7 and 6.4.8,
ˆ ˆb b (0)+ +=  and ˆ ˆb b(0)= .

As mentioned in the introductory material, we know that electromagnetic energy
consists of fundamental quanta – photons.  This necessarily requires the EM Hamiltonian
to be quantized.  However, because we imagine the EM fields carry the energy across
space, the existence of photons also requires the EM fields to be quantized. As another
point, the reader certainly must be aware of the typical conceptual problems with
picturing light as both particle and wave.  The EM quantization procedure combines both
pictures into one mathematical expression as in Equation 6.4.7.  The traveling wave
portion tiikxe ω−  represents the wave nature of light whereas the creation and annihilation
operators represent the particle nature of light.  A thorough treatment of field quantization
shows that all particles (not just photons) can be characterized by similar equations with
both the wave and particle quantities (refer to the companion volume on second
quantization for example).  By the way, similar to Equations 6.4.7 and 6.4.8, the traveling
wave portion can be replaced by other wave functions such as the sine and cosine for the
Fabry-Perot cavity. Once again, we would see that the electric field operators contain the
annihilation and creation operators for all of the possible modes of the system.  The
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Hilbert space vectors (i.e., Fock states) describe the actual physical system (i.e., how
many photons and what modes they occupy).

Topic 6.4.3:  Other Basis Sets

Section 6.3 shows that the vector potential can be written in other basis sets besides
the traveling waves.  If the set { })x(nφ forms a basis set that satisfies the boundary
conditions then the vector potential that satisfies the wave equation can be written as
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where the polarization vector has been grouped with the basis functions and the creation
and annihilation operators replace the expansion coefficients.  As a result, the free-space
electric and magnetic fields can be written as
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Example 6.4.1:    Find the quantized electric field for the perfect Fabry-Perot cavity with
the left mirror at z=0 and the right mirror at z=L.

Solution: The standing wave modes are
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The electric field is therefore given by t
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where the sum is over the allowed values of “k”.

Topic 6.4.4:  EM Fields with Quadrature Operators

Similar to the electron Harmonic Oscillator, the creation and annihilation operators
can be related to quadrature operators kq̂  and kp̂  according to
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where kq̂  and kp̂ must be Hermitian operators. The subscripts "k" label the modes. We
define the creation-annihilation operators in terms of these quadrature operators kq̂  and

kp̂  similar to the ladder operators for the electron harmonic oscillator. Often the
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quadrature operators kq̂  and kp̂  are termed position and momentum operators because of
their similarity to those used in the electron harmonic oscillator. However, these position
and momentum quadrature operators describe neither the spatial position r

G
 nor the

photon momentum k
G
= .  Knowing the commutator between the creation and annihilation

operators k k
ˆ ˆb ,b+  allows us to deduce the commutation relations between the quadrature

operators
[ ] [ ]k K k Kˆ ˆ ˆ ˆq ,q 0 p , p= =  and     [ ]k K k,Kˆ ˆq , p i= δ= (6.4.11)

The fields can be written in terms of the position and momentum quadrature operators
by substituting Equations 6.4.9 and 6.4.10 into Equations 6.4.6 through 6.4.8.
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Equations 6.4.12 give the meaning to the name quadrature operators since the q and p
multiply sines and cosines, respectively. The reader should also recognize that these
quadrature operators do not describe the polarization of the electromagnetic wave;
however, different polarizations can correspond to different quadrature operators through
the indices on the operators.  Similarly, neither operator can be identified solely with just
one of the fields (E or B).  At 0r =G , notice that at t=0 the electric field is directly
proportional to the momentum operator p̂
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while at a later time the electric field is directly proportional to the position operator q̂ .
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Similarly, changing the point of observation r
G

 also changes the relation between the
electric field and the operators.  The magnitude of the field must be related to the sum of
the square of the p’s and q’s.

Topic 6.4.5: An Alternate Set of Quadrature Operators

Quantum optics often defines an alternate set of quadrature operators ˆ ˆQ,P  in order to
make the electric field in Equation 6.4.12 appear more symmetrical and to provide a
multiplying constant that has unit of square root of energy.  The normalized quadrature
operators are defined by 
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These normalized quadrature operators can easily be shown to obey the following
commutation relations.

K Kk k
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As a result the electric field becomes
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These alternate quadrature components simplify the plots of the Wigner distribution.

Topic 6.4.6:  Phase Rotation Operator for the Qunatized Electric Field.

Electric fields have an arbitrary origin of time, which is equivalent to setting the
initial phase φ to an arbitrary value.  Occasions arise when we would like an operator that
“rotates” the electric field operator to an arbitrary phase θ  such as occurs in
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The subscript k on kθ  indicates that each mode can be independently rotated.  Besides
being interesting and important in its own right, the single-mode rotation operator

kkkkk b̂b̂iN̂i
k ee)(R̂

+θ−θ− ==θ
allows us to interchange quadrature components in order to facilitate the discussion of the
Wigner probability function.  We can simultaneously rotate all of the modes by applying
the rotation operator

k
k

R R=∏
For now, we concentrate on rotating a single mode
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Here the word “rotate” does not refer to the polarization,
instead it describes the phase delay.  As discussed later, the
values of the electric field can be plotted on a 2-D phase-space
graph with axes corresponding to the quadrature values p and
q.  The electric field rotates in this phase-space plot.

We will now show that
b̂b̂iN̂i ee)(R̂

+θ−θ− ==θ (6.4.14/15)
defines a rotation operator. The operator R̂  is obviously unitary with

)(R̂)(R̂)(R̂ 1 θ−=θ=θ −+  for the real phase parameter θ .  The number operator b̂b̂N̂ +=
being conjugate to the phase operator appears in the argument of the exponential.  The
number operator is the generator of phase rotations.   We will find the rotated field by
applying a similarity transformation

R̂ÊR̂ÊR
+=

We can either rotate the state with something like ψ+R̂  or rotate the operator using the
similarity transformation but we should not do both!  To apply the similarity

Figure 6.4.1: Phase angle.
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transformation, we must know how the rotation affects the creation and annihilation
operators.  

First we will show two relations for the rotated annihilation and creation operators. 
θ−θ−θ+ ==

++ ib̂b̂ib̂b̂i eb̂eb̂eR̂b̂R̂    and      θ+++ = ieb̂R̂b̂R̂ (6.4.15/16)
We need to use the operator expansion theorem from Chapter 4 which is 
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be found by taking the adjoint of the first one.
Now we can show that the single-mode rotation operator rotates the phase of the

electric field.  
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as required.  We will see that this rotation makes most sense for coherent states.
Next, we show that the rotation operator can be used to interchange the quadrature

terms in Equation 6.4.12b, which we repeat in single mode form (for simplicity), 
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We need to know how the rotation operator affects the “position” and “momentum”
operators. Equation 6.4.17 shows that we only need to make the replacement

θ−ω−⋅→ω−⋅ trktrk GGGG .  Now if we set 
2
π

=θ  and use the relations
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Now the position and momentum operators correspond to the “x” and “y” axis
respectively. 

Figure 6.4.1 shows the general idea.  A measurement of the electric field produces
values for the quadrature operators ˆ ˆq, p  although subsequent measurements produce
different values since the operators don’t commute.  Suppose q and p represent the
possible results of the measurements.  Then the electric field might have the particular
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value shown in the figure.  The phase rotation operator essentially changes the angle that
the field makes with respect to the p axis.

Topic 6.4.7: Trouble with Amplitude and Phase Operators

Once given the amplitude space, we want to know the operators that give the
amplitude and phase of the field. This has been an area of research and problems since
the start of quantum electrodynamics.  To see the simplest of problems, consider the
electric field for a single mode using the quadrature operators (see Mandel and Wolf)
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where 
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We might think to define a classical amplitude (for a single mode) by the sum of the
squares of the coefficients of the sine and cosine terms similar to the classical case (see
Problem 5.2).  We find
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where Equations 6.4.19 have been used.  However, the ½ should not be in the formula for
a classical amplitude.  If the readers carry through the calculation leading to the last term
in Equation 6.4.20a, they will realize that the term arises due to the non-zero
commutation relations.  We could try using the normal-ordering symbol.

n
2222 2

o o

p̂ 2ˆ ˆˆAmpl E q N
V V
: : ω ω = = + =  ε ω ε   

= (6.4.19b/20b)

The symbol :f: refers to the “normal” order, which here means to interchange the boson
creation and annihilation operators without using the commutation relations (Fermion
creation-annihilation operators must include an extra minus sign for each interchange).
The normal order symbol has the following effect ˆ ˆ ˆ ˆbb b b: :+ += . If we agree to take
expectation values of Equation 6.4.20b and only afterwards take the square root, similar
to the procedure for variance and standard deviation, then the equation provides
reasonable results for the Fock and coherent states. However, if we first define
n

o
ˆAmpl N2 V= ω ε=  then the term N̂  leads to problems for the coherent states since it

produces n  rather than n .

We might try to write the amplitudes ˆ ˆb,b+  as a magnitude and phase. For

example, it would be tempting to write b̂ = ˆib̂ e θ′  and assume the magnitude b̂′  and phase

θ̂  to be Hermitian operators.  However, it can be shown that ˆie θ  is not unitary and
therefore θ̂  cannot be Hermitian.  In order to discuss the phase, people often define the
following Hermitian operators (refer to the Leonhardt book).
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n ( )ˆiˆi1Cos e e
2

+
θθ θ = +  

n ( )ˆiˆi1Sin e e
2i

+
θθ θ = −  

(6.4.20/21)

We also want to write a Heisenberg uncertainty relation of the form.
N 1/ 2∆ ∆θ ≥ (6.4.21/22)

Comparing the evolution operator Ĥt iû e= =  with the rotation operator ˆiNR̂ ( ) e+ θθ =
which rotates a state through an angle θ , we might expect to transform the energy
uncertainty relation E t / 2∆ ∆ ≥ =  into one for angle.  Using the fact that ( )E n 1/ 2= ω +=
and defining the phase angle in terms of the angular frequency as tθ = ω , we find

( )( )E t / 2 n / / 2 n 1/ 2∆ ∆ ≥ → ω ∆ ∆θ ω ≥ → ∆ ∆θ ≥= = =
In this case, the phase angle is just another definition for the time.  The uncertainty
relation tells us that we cannot simultaneously know the number of photons n and the
phase of the wave.  This is equivalent to the commutation relations for the quadrature
operators.  

Topic 6.4.9: The Operator for the Poynting Vector

The optical power flow is an important concept.  Chapter 3 indicates the Poynting
vector for real fields can be written as

one
cycle

S E H= ×
G

Now, substituting the quantum mechanical operators into

one
cycle

ˆ ˆ ˆS E H= × (6.4.22/23)

produces
k

k
k

c 1ˆ ˆS N
V 2
ω  = + 

 
∑G
= (6.4.23/24)

where Ŝ  has the units of power flow per unit area (see the chapter review exercises). The
number operator k k k

ˆ ˆN̂ b b+= , the number of photons in the mode k, shows the photons
carry the energy where each photon has the energy kω= .  The ½ refers to the vacuum.
The last equation has the units of energy density multiplied by velocity or Watts per area.
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