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 Section 4.7:  Operators and Matrices in Tensor Product Space

The tensor product space combines two or more vector spaces into one space.  A
variety of tensor product spaces can be formed.  In this section, we simply place basis
vectors next to each other and then build the algebra.  This construction has applications
to the quantum theory of multiple particles and spins as well as to group theory.

Topic 4.7.1: Tensor Product Spaces

Vector spaces V and W can be combined into a tensor product space (i.e., direct
product space) with vectors v, w v w V W≡ ∈ ⊗ .  The vectors in the corresponding

dual space have the form [ ]v, w v, w v w V W V W∗+ ∗ ∗= ≡ ∈ ⊗ = ⊗ .  Suppose the

vector spaces V and W have the the basis set { }v iB = φ  and { }w jB = ψ ,

respectively.  Then the product space and its dual have the basis sets

{ }i j i jV W ,⊗ = φ ψ = φ ψ and { }i j i jV W ,∗ ∗⊗ = φ ψ = φ ψ

and both have the dimension of ( ) ( )Dim V Dim W .
Next, consider inner products on the product space. Inner products can only be

formed between V* and V, and also between W* and W. So if  1 2v , v V∈  and

1 2w , w W∈  then the inner product can be written as

21212211 wwvvwvwv = (4.7.1)
Now we can specify the standard properties for the Hilbert space. The basis

vectors must satisfy an orthonormality relation of the form
a b c d a c b d ac bdφ ψ φ ψ = φ φ ψ ψ = δ δ       (4.7.2)

Every vector in the space V W⊗  has a basis vector expansion with components
ab a b

ab
Ψ = β φ ψ∑    ab a bβ = φ ψ Ψ (4.7.3)

The closure relation has the form

a b a b
ab

1̂φ ψ φ ψ =∑    (4.7.4)

Notice that the general vector in the tensor product space cannot generally be
decomposed into the product of two vectors

ab a b
ab

Ψ = β φ ψ =∑ a a b b
ab
β φ β ψ = Φ Ψ∑

since the components abβ  cannot be uniquely factored. 
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Topic 4.7.2: Operators

Operators Ô  operate either between direct product spaces such as
Ô : V W X Y⊗ → ⊗  or within a given direct product space such as
Ô : V W V W⊗ → ⊗ .  For simplicity, we consider the second case in this section.  

One type of direct product operator consists of the direct product of two operators
( )VÔ : V V→  and ( )WÔ : W W→ , denoted by ( ) ( )V Wˆ ˆ ˆO O O= ⊗ .  To find the image of the

Ô v w , we just need to remember that ( )VÔ  operates only on vectors in V and ( )WÔ
operates only on vectors in W.  Therefore, we have

( ) ( ) ( ) ( )V W V Wˆ ˆ ˆ ˆ ˆO v w O O v w O v O w x y= = =

where x y V W∈ ⊗ .  The inner product behaves in a similar manner.
( ) ( ) ( ) ( )V W V Wˆ ˆ ˆ ˆ ˆq r O v w q r O O v w q O v r O w= =

where v V∈ , w W∈ , and q r  is a projector in the dual space V W∗ ∗⊗ .  Not all
operators can be subdivided in such a way that one part operates solely on V while
another operates solely on W.

Another notation is quite common in the literature. It helps to distinguish between
ordinary multiplication and the direct product type; this distinction becomes especially
important for writing the matrix of a vector in the direct product space. If we have an
operator ( )VÔ : V V→  then we can use the unit operator on W to write

( )Vˆ ˆO 1: V W V W⊗ ⊗ → ⊗  then ( ){ }{ } ( ){ } { }V Vˆ ˆ ˆ ˆO 1 v w O v 1 w⊗ ⊗ = ⊗ .  More

generally, we can write
( ) ( ){ }{ } ( ){ } ( ){ }V W V Wˆ ˆ ˆ ˆO O v w O v O w⊗ ⊗ = ⊗

What about the addition of two operators? 
( ) ( ){ }{ } ( ) ( ){ }{ }V W V Wˆ ˆ ˆ ˆ ˆ ˆO O v w O 1 1 O v w+ ⊗ ≡ ⊗ + ⊗ ⊗

Distributing terms gives
( ) ( ){ }{ } ( ){ }{ } ( ){ }{ }V W V Wˆ ˆ ˆ ˆ ˆ ˆO O v w O 1 v w 1 O v w+ ⊗ = ⊗ ⊗ + ⊗ ⊗

Simplifying gives
( ) ( ){ }{ } ( ){ } ( ){ }V W V Wˆ ˆ ˆ ˆO O v w O v w v O w+ ⊗ = ⊗ + ⊗

as expected.  The notation helps signify that the addition between vectors must be on the
direct product space.  

Topic 4.7.3: Matrices of Direct Product Operators

The operators Ô  acting on the direct product space V W⊗  map one basis vector
into another.  Assume the basis vectors for the spaces can be written as

{ }v 1 2B ,= φ φ     { }w 1 2B ,= ψ ψ       { }V W a bB ⊗ = φ ψ
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The matrix of Ô  can be defined by the ab,cdO  in c dÔ φ ψ = a,b c,d a b
a,b

O ; φ ψ∑ , which

produces the basis vector expansion of Ô  as 

Ô = ab;cd a b c d ab,cd a b c d
abcd abcd

O , , Oφ ψ φ ψ = φ ψ φ ψ∑ ∑ (4.7.5)

While this definition works, another grouping of the indices makes the direct product
matrix easier to calculate when taking the direct product of  two other matrices.  To this
end, rearrange the basis vectors and dummy indices in Equation 4.7.4 and write

ac,bd a b c d
abcd

Ô O=  φ φ   ψ ψ    ∑ (4.7.6)

When necessary, we make the index convention that, for each “a” and “b”, the
summation is performed first over “d” and then over “c”.  The object ab,cdO  is a single
number (an element of a matrix).  The collection of ac,bdO  of complex numbers forms a
matrix that cannot, most of the time, be divided into the product of two matrices. 

Case 1:  ( ) ( ) ( ) ( )V W V Wˆ ˆ ˆ ˆ ˆO O O O O= ⊗ =

This case supposes that the operator Ô  operating on the direct product space
V W⊗  comes from two operators ( ) ( )V Wˆ ˆ ˆO O O=  where ( )VÔ : V V→  and

( )WÔ : W W→ .  For simplicity, assume Dim(V)=Dim(W)=2. The individual operators
can be written as basis vector expansions

( )V(V)
ab a b

ab
Ô O= φ φ∑ and ( )W(W)

cd c d
cd

Ô O= ψ ψ∑
The operator ( ) ( )V Wˆ ˆ ˆO O O=  can now be written as

( ) ( ) ( ) ( )V W V W(V) (W)
ab a b cd c d ab cd a b c d

ab cd abcd

ˆ ˆ ˆO O O O O O O= = φ φ ψ ψ =  φ φ   ψ ψ    ∑ ∑ ∑   (4.7.7)

For each a,b, there exists a set of matrix elements cdO .  A comparison of Equations 4.7.7

and 4.7.6 shows the matrix elements of ( ) ( )V Wˆ ˆ ˆO O O=  must be related to those for ( )VÔ
and for ( )WÔ  by ( ) ( )V W

ac,bd ab cdO O O= .  In matrix notation, this becomes

( ) ( )
(v) (v) (w) (w)

V W 11 12 11 12
(v) (v) (w) (w)
21 22 21 22

O O O O
O O O

O O O O
   

= ⊗ = ⊗   
   

This is not the usual matrix multiplication!  The matrix on the right hand side is
multiplied into each element of the matrix on the left-hand side.

( ) ( )
( ) ( )

( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

V W V W V W V W
11 11 11 12 12 11 12 12

W W V W V W V W V W(v) (v)
V W 11 12 11 21 11 22 12 21 12 22

W W V W V W V W V W(v) (v)
21 22 21 11 21 12 22 11 22 12

V W V W V W V W
21 21 21 22 22 21 22 22

O O O O O O O O

O O O O O O O O O O O O
O O O

O O O O O O O O O O O O

O O O O O O O O

 
 

   
= ⊗ = =   

    
 
 

Of course each entry ( ) ( )V W
ab cdO O  is just a single number found by ordinary multiplication

between numbers.  The above matrix illustrates the convention for the indices of O .
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Case 2:  The Operator Ô  cannot be divided.

The last matrix given in case 1 provides a clue as to how O  should be written for
the general case, namely

11,11 11,12 12,11 12,12

11,21 11,22 12,21 12,22

21,11 21,12 22,11 22,12

21,21 21,22 22,21 22,22

O O O O
O O O O

O
O O O O
O O O O

 
 
 =  
 
  

With the index convention, matrices in direct product space can be multiplied together as
usual.

Topic 4.7.4: The Matrix Representation of Basis Vectors for Direct Product Space

Now let’s show how the matrices multiply and define the unit vectors in the cross
product space.  Again for simplicity consider two 2-D Hilbert spaces V and W and use
the product of two operators v w

ˆ ˆ ˆO A B=  where the v and w indices refer to the original
Hilbert space in V W⊗ .  Let’s convert the operator equation

v w
ˆ ˆA B v v⊗ ⊗′=

where the subscript ⊗  indicates the vector comes from V W⊗ .  Operating with

v wa b  and inserting the closure relation v w v w
c,d

ˆc d c d 1=∑  produces

v w v w v w v w v w
c,d

ˆ ˆa b A B c d c d v a b v⊗ ⊗′=∑
We can write this in matrix notation as

v v w w v w v w
2 1

a c b d c d a b
c,d

A B V V′=∑
The extra numbers under c,d indicate that we first sum over d and then over c.  Writing
this in matrix notation gives us

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

V W V W V W V W
11 11 11 12 12 11 12 12 11 11
V W V W V W V W

11 21 11 22 12 21 12 22 12 12

V W V W V W V W
21 2121 11 21 12 22 11 22 12

V W V W V W V W 22 22
21 21 21 22 22 21 22 22

A B A B A B A B v v
A B A B A B A B v v

v vA B A B A B A B
v vA B A B A B A B

  ′        ′     =  ′          ′       

(4.7.8)

Notice the order of the factors and the order of the indices in Equation 4.7.8.  The
column vectors must come from the direct product of two individual matrices.  If

v wv r s⊗ =  the we see
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111 1 1
1

212 1 2 1 1

21 2 1 2 21
2

22 2 2 2

sv r s r
sv r s r s

v r s r ss
r

v r s s

     
              = = = ⊗                              

(4.7.9)

We therefore realize that the basis vectors can be represented by

v w

1 11
01 1 0

1 1 1
0 0 01

0
00

    
            = ≡ ⊗ = =                       

  
v w

0 01
11 0 1

2 1 2
0 1 00

0
01

    
            = ≡ ⊗ = =                       

v w

1 00
00 1 0

3 2 1
1 0 11

1
00

    
            = ≡ ⊗ = =                       

v w

0 00
10 0 0

4 2 2
1 1 00

1
11

    
            = ≡ ⊗ = =                       
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