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Section 4.2:  Dirac Notation and Euclidean Vector Spaces

The present section introduces a notation created by P. A. M. Dirac during the
early 20th century. Professor Dirac, a mathematician and physicist, was intimately
familiar with linear algebra and quantum theory. For our purposes, the Dirac notation
helps to unify Euclidean and function spaces and those with discrete and continuous sets
of basis functions.  The notation appears for the vector space spanned by the basis set of
unit vectors { }x, y, z� � � . We then discuss the concepts of closure and completeness. 

Topic 4.2.1:   Kets, Bras and Brackets for Euclidean Space

The basis vectors for 3D Euclidean space { }x, y, z� � �  can also be written in  “ket”

 notation. The vector vG  can be written as v  and the
basis vectors as 

x 1 y 2 z 3↔ ↔ ↔� � �

A general basis vector appears as ne n↔� .  For
example, the vector v 3x 4y 10z= − +

G � � �  can be written as
3102413v +−= .  Sometimes the vector sum and

scalar product are written as 1 2 1 2v v v v+ ≡ + . and

v vα = α , respectively. 

We define a “bra”  to be a projection operator.  The
operators that project a vector vG  onto the unit vectors x�
example, if 3102413v +−=  then the projection operato

3v1 =
G , 4v2 −=

G , and 10v3 =
G . Here the bra 1 , for 

operates on vG  to give the component of vG  along the x̂  axis. W
the combination of projection operators and vectors as v1 =

G

the “bra” + “ket” gives the “braket” (or bracket). 
In general, w  represents the operator that projects a

vector wG .  The linear operator w  corresponds to “ •wG ” w

usual dot-product vwv)w(vw GGGG
•• == . We see that the 

product (the same inner product defined earlier).  If “
corresponding to one of the basis vectors then vn  repre
vector. The bras are linear operators and can be distributed acro

1 2 1 2w v v w v w v +  = + 

.

Figure 4.2.1:  Projection of

ŷ5x̂3v +=
G

 onto 2,1
 bras 3,2,1  represent
, y, z� � , respectively.  For
rs provide the components

example in Figure 4.2.1,
e would do better to write
v1 .  This combination of

n arbitrary vector onto the

here the dot refers to the

bracket must be an inner
n” represents an integer
sents a component of the
ss a sum.
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As a note, some books call the bras “projectors” and they call objects like ••

projection operators.  We consider objects like ••  to be more complicated compound
objects.

Topic 4.2.2:   Basis, Completeness, and Closure for Euclidean Space

A basis set must be orthonormal and complete. Two vectors m , n  are
orthonormal when





≠
=

=δ=
nm0
nm1

nm n,m    (4.2.1)

The Kronecker delta function n,mδ  expresses orthonormality for countable (or discrete)
basis set (i.e., the elements of the basis set are in one-to-one correspondence with a subset
of integers -- could be an infinite subset). A set of vectors { }B 1 , 2 , , N= "  is

orthonormal if for any two vectors n,m  in B, the inner product between them

satisfies n,mnm δ= .   For cases where a set of basis functions has a one-to-one
relation with a continuous subset of the real numbers, the Dirac Delta Function (i.e., the
impulse function) )'xx( −δ  replaces the Kronecker delta function n,mδ .  If a vector

space has the basis set { }B 1 , 2 , , N= " then the notation it spans V

A linear combination of “N” orthonormal vectors { }B 1 , 2 , , N= "  has the
form 

N

i
i 1

v C i
=

=∑ (4.2.2)

where { }iC  can be complex numbers.   The collection of all such vectors { }vV =
forms a vector space and the set B must be a basis set.  The set B spans the vector space

( )V Sp B= , which has dimension Dim(V)=N.  Since every vector in V can be found by a
suitable choice of the Ci, the set B is said to be complete.  On the other hand, given a
vector space V then a set of orthonormal vectors is complete in V if every vector in the
space V can written as a linear combination of the form 4.2.2.  Such a set of vectors
forms a basis set.  

Next we demonstrate the closure (i.e., completeness) relation.  The components of
the vector, namely Ci in Equation 4.2.1, can be written in terms of “brackets” by
projecting the vector v  onto each basis vector m .

m

n

1i
m,ii

n

1i
i

n

1i
i CCimCiCmvm =δ=== ∑∑∑

===
(4.2.3)

The results from Equation 4.2.3, written as viCi = , can be substituted into Equation

4.2.2 to obtain [ ]∑ ∑
= =

==
n

1i

n

1i
i iviiCv . Then
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∑
=

=
n

1i
viiv or viiv

n

1i










= ∑

=
(4.2.4)

Consider the quantity in parenthesis to be an operator and realize that the equation must
hold for all vectors v  in the vector space V.  Consequently, Equation 4.2.5 becomes 

1ii
n

1i
=∑

=
(4.2.6)

for the vector space V spanned by the basis { }B 1 , 2 , , n= " .  The “1” that appears
in Equation 4.2.6 actually represents an operator and not the number “1”.   Although not
demonstrated here, it is possible show the closure relation is equivalent to the
completeness of a basis set. 

Example 4.2.5:  The completeness relation for R3 using w  = •wG   is

3322111 ++=   so   1 x x y y z z• • •= + +� � � � � �
Note that the unit vectors are written next to each other without an operator between
them.

Topic 4.2.3:  The Euclidean Dual Vector Space

The previous topic shows that a bra w  projects an arbitrary vector onto the

vector wG .  The linear operator w maps a vector space V into the complex numbers C

(i.e., →V:w C).  These projection operators form a vector space – a vector space of

linear operators.   For Euclidean vector v v=
G , the corresponding bra must include an

operator v v v+ = =
Gi .

The set +V  consisting of all bra operators w  defines the “dual” of the vector

space V.  For each ket w , there exists a bra w  and vice versa so that the original
vector space V must be in 1-1 correspondence with the “dual vector space V+”.
Mathematically, the two vector spaces { }vV =  and { }wV =+  are related by an anti-
linear 1-1 (isomorphic) map denoted by the dagger superscript.  The isomorphic map

+↔+ VV:  is call the Hermitian conjugate (or adjoint operator).

•
+

• ↔ or as ww =+

If ,α β∈C  (the complex numbers) then the anti-linearity property can be written as

[ ] [ ] [ ] wvwvwv ** β+α=β+α=β+α +++

where “ * ” indicates complex conjugate.  Part of the reason for taking the complex
conjugate of the coefficients has to do with finding the magnitude of a “complex” vector. 
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The adjoint operator maps a basis set for V into a corresponding basis set for V+.
If { }i : i 1, , n= …  comprises a basis set for V then { }n,,1i:i …=  must be a basis set
for V+.  Therefore the dual basis set consists of operators that project an arbitrary vector
onto the set of basis vectors of the vector space V.  The dual basis allows us to write an
arbitrary bra as n

n
v A n=∑ .

Example 4.2.7:   Find the vector dual to ŷ2 = .

The dual vector is  •= ŷ2    which is an operator that projects an arbitrary vector vG  onto
ŷ .  We can explicitly represent the result of the projection as the y-component of vG :

yvvŷv2 == •
G

Example 4.2.8:  Some relations can be demonstrated for 2b1avv +==
G  where

{ }2,1  spans R2.

1.  v v a 1 b 2 1 a 2 b a 1 b 2
++ + ++ + ∗ ∗ = =  +  = + = +      

2.  v 1 a 1 b 2 1 a∗ ∗ ∗ = + =   and  [ ] a2b1a1v1 =+=

3.  ∗∗∗ === 1v)a(av1 .  Note that *1vv11v ==+ .
------

The adjoint reverses the order of operators. Suppose the linear operators

1 2
ˆ ˆ ˆL,L ,L  act on the vector space V which has basis vectors { }n,,2,1 … .  For

example, consider 1 2
ˆ ˆ ˆL L L=  and ˆw L v  where Vw,v ∈  and w V+∈ .  The adjoint

operator reverses the direction of all the objects and adds the “+” to each operator.
vLLwwLLv 1221

+++ = .

Topic 4.2.4:  Inner Product and Norm

Assume { }i : i 1, 2,3=  is a basis set for a 3D vector space.  The norm (or
length) of a vector is found by taking the square root of the inner product.

3 3 3 3 3 3
2 * *

i j i j i j i j
i 1 j 1 i 1 j 1 i, j 1 i, j 1

v v v v i v j i v v j i v v j v v i j
+

∗

= = = = = =

  = = = = =  
   
∑ ∑ ∑ ∑ ∑ ∑G

The last step follows since i jv v∗  is just a number and so it can be moved outside the
brackets.  Now use the orthonormality property for unit vectors to write

∑∑∑
==

∗

=

∗ ==δ=
3

1i

2
i

3

1i
ii

3

1j,i
j,iji

2 vvvvvv
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where iv  is the magnitude of the complex number.   Notice how this is equivalent to the

usual method of taking innner products [ ]v v v v v v v v=   = = 
G G G Gi i  which has the

usual dot product.


