
Chapter Five

Controllability and Observability

Controllability andobservabilityrepresenttwo majorconceptsof moderncontrol
systemtheory. Theseoriginally theoreticalconcepts,introducedby R. Kalman
in 1960, are particularly important for practical implementations.They can be
roughly definedas follows.

Controllability: In order to be able to do whateverwe want with the given
dynamicsystemundercontrol input, the systemmustbe controllable.

Observability: In order to seewhat is going on inside the systemunder
observation,the systemmustbe observable.

Eventhoughthe conceptsof controllability andobservabilityarealmostab-
stractly defined,we now intuitively understandtheir meanings.The remaining
problemis to producesomemathematicalcheckup testsandto definecontrolla-
bility andobservabilitymorerigorously. Our intentionis to reducemathematical
derivationsand the numberof definitions, but at the sametime to derive and
definevery clearly both of them. In that respect,in Section5.1, we start with
observabilityderivationsfor linear discrete-timeinvariant systemsand give the
correspondingdefinition. The observabilityof linear discretesystemsis very
naturally introducedusing only elementarylinear algebra. This approachwill
be extendedto continuous-timesystemobservability,where the derivativesof
measurements(observations)haveto beused,Section5.2. Next, in Sections5.3
and 5.4 we define controllability for both discrete-and continuous-timelinear
systems.

In this chapterwe showthat theconceptsof controllability andobservability
are related to linear systemsof algebraicequations. It is well known that a
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222 CONTROLLABILITY AND OBSERVABILITY

solvablesystemof linearalgebraicequationshasa solutionif andonly if therank
of the systemmatrix is full (seeAppendix C). Observabilityandcontrollability
tests will be connectedto the rank tests of ceratin matrices, known as the
controllability and observabilitymatrices.

At the end of this chapter,in Section5.5, we will introducethe concepts
of systemstabilizability (detectability),which standfor controllability (observ-
ability) of unstablesystemmodes. Also, we show that both controllability and
observabilityareinvariantundernonsingulartransformations.In addition,in the
samesectionthe conceptsof controllability andobservabilityareclarified using
different canonicalforms, wherethey becomemore obvious.

The study of observabilityis closely relatedto observer(estimator)design,
a simple, but extremelyimportanttechniqueusedto constructanotherdynamic
system,the observer(estimator),which producesestimatesof the systemstate
variablesusing informationaboutthe systeminputsand outputs. The estimator
designis presentedin Section5.6. Techniquesfor constructingbothfull-orderand
reduced-orderestimatorsare considered.A correspondingproblemto observer
design is the so-calledpole placementproblem. It can be shown that for a
controllable linear system, the system poles (eigenvalues)can be arbitrarily
locatedin the complexplane.Sincethis techniquecanbe usedfor systemlinear
feedbackstabilizationandfor controllerdesignpurposes,it will beindependently
presentedin Section8.2.

Severalexamplesare included in order to demonstrateproceduresfor ex-
amining systemcontrollability and observability. All of them can be checked
by MATLAB. Finally, we have designedthe correspondinglaboratoryexperi-
mentby usingthe MATLAB package,which cancontributeto betteranddeeper
understandingof theseimportantmoderncontrol concepts.

Chapter Objectives

This chapterintroducesdefinitionsof systemcontrollability andobservabil-
ity. Testingcontrollability and observabilityis replacedby linear algebraprob-
lems of finding ranksof certainmatricesknown as the controllability and ob-
servabilitymatrices.After masteringthe aboveconceptsand tests,studentswill
beableto determinesysteminitial conditionsfrom systemoutputmeasurements,
under the assumptionthat the given systemis observable.As the highlight of
this chapter,studentswill learnhow to constructa system’sobserver(estimator),
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which for an observablesystemproducesthe estimatesof statevariablesat any
time instant.

5.1 Observability of Discrete Systems
Considera linear, time invariant,discrete-timesystemin the statespaceform���������
	��
����������	�� ������	��������
�������! #"$� (5.1)

with output measurements % �&��	'�)( � ���&��	 (5.2)

where ���&��	+*-,/.0� % �&��	+*-,21 . � � and ( � areconstantmatricesof appropriate
dimensions.The naturalquestionto be askedis: canwe learneverythingabout
the dynamicalbehaviorof the statespacevariablesdefinedin (5.1) by using
only informationfrom the outputmeasurements(5.2). If we know ��� , then the
recursion(5.1) apparentlygivesus completeknowledgeaboutthe statevariables
at any discrete-timeinstant.Thus,theonly thing thatwe haveto determinefrom
the statemeasurementsis the initial statevector ���&��	3�4��� .

Since the 5 -dimensional vector ���6��	 has 5 unknown components, it
is expected that 5 measurementsare sufficient to determine ��� . Take�7�����8�9��:;:<:;� 5>= � in (5.1) and(5.2), i.e. generatethe following sequence% �&��	?�@( � ������	% �A�
	?�@(B�������C	D�@(B�E�F�����6��	% �HG�	?�@( � ����G�	D�@( � � � ���JIK	'�)( � �ML� ���&��	

...% � 5N= �C	��)(B�O�D� 5�= �
	'�)(P�E� .RQ!S� ���6��	 (5.3)

or, in matrix formTUUUUUV
% �6��	% ���
	% �6G�	

...% � 5N= �
	
WYXXXXXZ
[ .O1O\^]_S � TUUUUUV

( �( � � �( � � L�
...( � � .9QKS�

WYXXXXXZ
[ .E1`\6]9. a ���&��	 (5.4)
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We know from elementarylinear algebrathat the systemof linear algebraic
equationswith b unknowns,(5.4), hasa uniquesolutionif andonly if thesystem
matrix has rank b . In this casewe need

c�d
e�f ghhhhhi
jPkjPkEl�kjPkEl�mk
...j k l7nRo0pk

qYrrrrrsut b (5.5)

Thus, the initial condition vxw is completelydeterminedif the so-calledobserv-
ability matrix, definedby

yPz l k|{ j kO} t
ghhhhhi

j kj k l kj k l mk
...j k l n9oKpk

q rrrrrs
~ nE�`�6�9n

(5.6)

has rank b , that is c�dCe�f y t b (5.7)

The previousderivationscan be summarizedin the following theorem.

Theorem 5.1 Thelinear discrete-timesystem(5.1) with measurements(5.2)
is observableif andonly if the observabilitymatrix (5.6) hasrank equalto b .

A simple second-orderexampledemonstratesthe procedurefor examining
the observabilityof linear discrete-timesystems.More complexexamplescor-
respondingto real physical control systemswill be consideredin Sections5.7
and 5.8.

Example 5.1: Considerthe following systemwith measurements��� p z����
�C}� m z����
�C}
� t � � �� � � ��� p z6��}� m z���}R�� z���} t�� � �D� ��� p z&��}� m z&��}R�
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The observabilitymatrix for this second-ordersystemis given by�����u�B��B�E����� ���6� �� �8�D�
Sincethe rows of the matrix

�
are linearly independent,then  �¡8¢�£ �¤� � ��¥

,
i.e. the systemunder considerationis observable. Another way to test the
completenessof the rank of squarematricesis to find their determinants. In
this case ¦�§E¨ �©��ª$«�¬� �4­ ®�¯�°;°  �¡
¢�£ �±¥²� � ³

Example 5.2: Considera caseof an unobservablesystem,which can be
obtainedby slightly modifying Example 5.1. The correspondingsystemand
measurementmatricesare given by�F� ���´� ª �ª¶µ ª�« �x· �P� ��¸ � �D¹
The observabilitymatrix is ��� � � �ª$º ª �8� �
so that  �¡C¢�£ �»� �N¼©� , and the systemis unobservable. ³
5.2 Observability of Continuous Systems
A linear, time invariant, continuoussystemin the statespaceform was studied
in Chapter3. For the purposeof studying its observability, we consideran
input-free system ½¾�¿&ÀAÁ � � ¾?¿&ÀAÁ · ¾�¿&À&Â
Á � ¾�Ã � ¯ ¢�£�¢!Ä
Å$¢ (5.8)

with the correspondingmeasurementsÆ ¿�ÀJÁ � � ¾D¿&ÀJÁ (5.9)
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of dimensionsÇ�È&ÉJÊÌËÎÍ/Ï�Ð�Ñ2È&ÉJÊ�Ë-Í2Ò , ÓÔËÕÍ+Ï�Ö9Ï , and ×ØËÎÍ2ÒRÖRÏ . Following the
sameargumentsasin the previoussection,we canconcludethat the knowledge
of Ç�Ù is sufficient to determineÇ�È�ÉJÊ at anytime instant,sincefrom (5.8) we haveÇ�È�ÉAÊ'Ú
Û#Ü/ÝßÞ�à�Þâá&ãHÇ�È�É�ä
Ê (5.10)

The problem that we are faced with is to find Ç�È^É ä Ê from the availablemea-
surements(5.9). In Section5.1 we havesolved this problemfor discrete-time
systemsby generatingthe sequenceof measurementsat discrete-timeinstantså Úçæ�ÐEè9ÐêéKÐEë;ë;ë<Ðêì-í4è , i.e. by producingrelationsgiven in (5.3). Note that a
time shift in thediscrete-timecorrespondsto a derivativein the continuous-time.
Thus,ananalogoustechniquein thecontinuous-timedomainis obtainedby taking
derivativesof the continuous-timemeasurements(5.9)Ñ2È�É^ä
Ê'Ú)×îÇDÈ^É&ä
ÊïÑ�È&É^ä
Ê'Ú)× ïÇDÈ&É^ä
Ê'Ú)×PÓ7ÇDÈ^É&ä
ÊðÑ�È&É^ä
Ê'Ú)× ðÇDÈ&É^ä
Ê'Ú)×PÓMñJÇ�È^É&ä
Ê

...Ñ Ý Ï à�ò6ã È&É ä Ê'Ú)×�Ç Ý Ï à!ò�ã È^É ä Ê'Ú)×BÓ Ï à!ò Ç�È&É ä Ê (5.11)

Our goal is to generateì linearly independentalgebraicequationsin ì unknowns
of the state vector Ç�È�É ä Ê . Equations(5.11) comprisea systemof ì�ó linear
algebraicequations.They can be put in matrix form asôõõõõõö Ñ2È�É&ä
ÊïÑ�È^É&ä
ÊðÑ�È^É&ä
Ê

...Ñ Ý Ï à!ò�ã È&É^ä
Ê
÷Yøøøøøù
Ý ÏOÒ ã Ö ò Ú ôõõõõö ××PÓ×PÓ7ñ

...×PÓ Ï à!ò
÷ øøøøù
Ý ÏEÒ ã Ö9ÏNú Ç�È�É^äRÊ?Ú@û´Ç�È^É&ä
Ê'Ú�üPÈ^É&ä
Ê (5.12)

where û is the observability matrix already defined in (5.6) and where the
definitionof üPÈ&É^ä
Ê is obvious.Thus,theinitial condition Ç�È�É&ä
Ê canbedetermined
uniquely from (5.12) if and only if the observabilitymatrix has full rank, i.e.ý�þCÿ�� û©Ú)ì .

As expected,we have obtained the same observability result for both
continuous-and discrete-timesystems. The continuous-timeobservabilitythe-
orem,dual to Theorem5.1, can be formulatedas follows.
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Theorem 5.2 The linear continuous-timesystem(5.8) with measurements
(5.9) is observableif and only if the observabilitymatrix hasfull rank.

It is importantto noticethataddinghigher-orderderivativesin (5.12)cannot
increasethe rank of the observability matrix since by the Cayley–Hamilton
theorem(seeAppendix C) for ����� we have�	��

��� �� � ����� � � � (5.13)

so that the additionalequationswould be linearly dependenton the previously
defined � equations(5.12). The sameappliesto the discrete-timedomainand
the correspondingequationsgiven in (5.4).

There is no needto producea test examplefor the observabilitystudy of
continuous-timesystemssincethe procedureis basicallythe sameasin the case
of discrete-timesystemsstudiedin the previoussection. Thus, Examples5.1
and5.2 demonstratethepresentedprocedurein this casealso;however,we have
to keep in mind that the correspondingmatrices

�
and � describesystems

which operatein different time domains. Fortunately,the algebraicprocedures
are exactly the samein both cases.

5.3 Controllability of Discrete Systems

Considera linear discrete-timeinvariant control systemdefinedby��� ���
��� 
 �"! �#� �$�%�'& !�( � �$�*) ���,+ � 
 �%- (5.14)

The systemcontrollability is roughly definedas an ability to do whateverwe
want with our system,or in more technical terms, the ability to transferour
systemfrom any initial state ���.+ � 
 �/- to any desiredfinal state �0� � � � 
 �%1
in a finite time, i.e. for � �3254 (it makesno senseto achievethat goal at� � 
 4 ). Thus,the questionto be answeredis: canwe find a control sequence( �6+ �*) ( � ���7)989898:) ( � �";
��� , such that ��� �<� 
 �/1 ?

Let us startwith a simplified problem,namelylet us assumethat the input( � �<� is ascalar,i.e. theinputmatrix & ! is avectordenotedby = ! . Thus,wehave��� �>�
�?� 
 �@! �#� �$�A��= !CB � �<�*) ���,+ � 
 �/- (5.15)
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Taking D@EGF�H9IJH7K�HMLNLNLOH6P in (5.15),we obtain the following setof equationsQ#R I�S�EUTWV Q0R FXSAY[Z#V9\ R FXSQ�R KXS]EUT	V Q�R I�SAY[Z#V^\ R I�S]E T	_V Q0R FXS<Y'T	VMZ#VM\ R FXSAY'Z#VM\ R I�S
...Q�R P/S0E T"`V Q�R FXSAY[T `ba<cV Z V \ R F�S<Yed9d9d^Y[Z V \ R PWf
I�S (5.16)

The last equationin (5.16) can be written in matrix form as

Q�R PgSgfhT `V Q�R FXS0EjikZ#V ... T	VMZ#V ... d^d9d ... T `JalcV Z#V7m
nooooop \ R P	f
I�S\ R P	f[K�S

...\ R I�S\ R F�S
qsrrrrrt (5.17)

Note that iuZ V ... T V Z V ... d^d9d ... T `balcV Z V m is a squarematrix. We call it the controlla-

bility matrix and denoteit by v . If the controllability matrix v is nonsingular,
equation(5.17) producesthe uniquesolution for the input sequencegiven bynooooop \ R P	f�I�S\ R P	fwK�S

...\ R I�S\ R F�S
q rrrrrt Exv�ayc RzQ�R PgSgfhT"`V Q�R F�S.S (5.18)

Thus, for any Q�R PgS{E Q/| , the expression(5.18) determinesthe input sequence
that transfersthe initial state Q/} to the desiredstate Q | in P steps. It follows
that the controllability condition, in this case,is equivalentto nonsingularityof
the controllability matrix v .

In a generalcase,when the input ~ R D$S is a vector of dimension � , the
repetitionof the sameprocedureas in (5.15)–(5.17)leadsto

Q�R PgS/f[T"`V Q0R FXS]E5iu� V ... T V � V ... d9d^d ... T�`ba<�V � V m
nooooop ~ R P�f�I?S~ R P	fwKXS

...~ R I?S~ R FXS
q rrrrrt (5.19)
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The controllability matrix, in the generalvector input case,definedby���6�"�b�7���9���5�u�>� ...
�	�M��� ... �9�^� ... �"�b���� �>�:� (5.20)

is of dimension �����3�/� . The correspondingsystem of � linear alge-
braic equationsin ����� unknownsfor �U� -dimensionalvector componentsof� �6���:� � ���?�7�9�9�9�:� � � �"� ��� , given by

�%����� ��¡7¢g£¤¤¤¤¤¥
� � �W� ���� � �"�[¦ �

...� �:���� �.���
§s¨¨¨¨¨©
�s�^¡*¢,��ª � «0� � � � �"�� «��.���]�¬«/­ � ���� «��,�X� (5.21)

will have a solution for any
«/­

if and only if the matrix
�

has full rank, i.e.®*¯?°�± �²� � (seeAppendix C).

The controllability theoremis as follows.

Theorem 5.3 The linear discrete-timesystem(5.14) is controllable if and
only if ®*¯?°�± �³� � (5.22)

where the controllability matrix
�

is definedby (5.20).

5.4 Controllability of Continuous Systems

Studying the conceptof controllability in the continuous-timedomain is more
challengingthanin thediscrete-timedomain.At thebeginningof this sectionwe
will first apply thesamestrategyasin Section5.3 in orderto indicatedifficulties
that we arefacedwith in the continuous-timedomain. Then,we will showhow
to find a control input that will transferour systemfrom any initial stateto any
final state.

A linear continuous-timesystemwith a scalarinput is representedby´«µ�U�"«W¶�·/¸g� «0�,¹,º����e«A»
(5.23)
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Following the discussionandderivationsfrom Section5.3, we have,for a scalar
input, the following set of equations¼½w¾À¿¿bÁ ½µ¾GÂ�½WÃ'Ä#ÅÆ½w¾À¿ÈÇ¿bÁ Ç ½µ¾ Â Ç ½	Ã[Â	Ä#Å>Ã'Ä ¼Å

...½�É ÊÌË#¾ ¿ Ê¿JÁ Ê ½3¾ Â"Êb½	Ã�Â"ÊbÍlÎMÄ#Å>Ã'Â�ÊbÍ Ç Ä ¼ÅÏÃ
Ð9Ð^Ð9Ã�Ä#Å�É ÊbÍlÎ7Ë
(5.24)

The last equationin (5.24) can be written as

½ ÉÑÊ�Ë.Ò Á7Ó#Ô Â Ê ½ Ò ÁÕÓ ¾�Ö
×ØØØØØÙ Å ÉÚÊbÍlÎ*Ë Ò Á7ÓÅ ÉsÊJÍ Ç Ë Ò ÁÕÓ

...¼Å Ò ÁÕÓÅ Ò ÁÕÓ
ÛsÜÜÜÜÜÝ (5.25)

Note that (5.25) is valid for any Á�ÞUßàÁ.á�â7Á6ã?ä with Á.ã free but finite. Thus, the
nonsingularityof the controllability matrix Ö implies the existenceof the scalar
input function Å Ò Á7Ó and its å Ô
æ derivatives,for any ÁèçeÁ6ã	çêé .

For a vector input systemdual to (5.23), the abovediscussionproducesthe
samerelationas(5.25)with thecontrollability matrix Ö givenby (5.20)andwith
the input vector ë Ò ÁÕÓÏÞUìîí , that is

Ö%ÊXï�ðòñ Ê ×ØØØØØÙ ë ÉÑÊJÍyÎÕË Ò ÁÕÓë É ÊbÍ Ç Ë Ò ÁÕÓ
...¼ë Ò Á7Óë Ò Á7Ó

ÛsÜÜÜÜÜÝ
í ñ ÊXï�Î ¾ ½�É ÊÌË Ò ÁÕÓgÔ Â"Êb½ Ò ÁÕÓ ¾ ó Ò ÁÕÓ (5.26)

It is well known from linear algebrathat in order to havea solution of (5.26),
it is sufficient that ô*õ�ö�÷ Öw¾ ô*õ?ö�÷ùø Ö ... ó Ò Á7Óbú (5.27)



CONTROLLABILITY AND OBSERVABILITY 231

Also, asolutionof (5.26)existsfor any û#üuý*þ —anydesiredstateat ý —if andonly ifÿ��������	��
 (5.28)

Equations(5.25) and (5.26) establishrelationshipsbetweenthe state and
control variables. However,from (5.25) and (5.26) we do not havean explicit
answerabouta control function that is transferringthe systemfrom any initial
state ��üuý�
^þ to any final state ��üuý��^þ � ��� . Thus,elegantand simple derivations
for the discrete-timecontrollability problem cannotbe completelyextendedto
the continuous-timedomain. Another approach,which is mathematicallymore
complex, is requiredin this case. It will be presentedin the remainingpart of
this section.

From Section3.2 we know that the statespaceequationwith the control
input has the following solution��üuýÕþ ��������������� � �0üuý 
�þ"! �#� � �������$��%&�$')( ü�*$þ�+�*
At the final time ý � we have�0üuý��?þ � ��� �,�������$-.����� � �0ü,ý.
�þ/! � -#� � �0�1�2�$-.��%0�.'3( ü *lþ4+�*
or 5 ���6�$7 � �98 5 ���:� � �0ü<; 
 þ � � -#�=� � ���6% '3( ü�*lþ4+>*
Using the Cayley–Hamiltontheorem(seeAppendix C), that is�?���6%@�BA � �C DFE 
6G D ü4*lþ�H D

(5.29)

where G D ü *$þ�IKJ �ML I�NOIQPRPFPFI 
 8 N , arescalartime functions,the previousequation
can be rewritten as5 ���6��7 � � 8 5 ���:� � �#üzý 
 þ �BA � �C DFE 
 H D ' �$7#� � G D ü4*lþ ( ü4*lþ4+>*
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or

SOTVUXW$Y4Z\[^]_SOT�U`W=a4ZXb c.d�eXfhg$i ... j i ... k&klk ... jnm Tpoqisr
tuuuuuuuuuv

W YwW=a�x d b�yze|{�b�yVe4}>yW�YwW=a�x o b yVe|{�b�yVe4}�y
...W YwW=a�x m TVo b�yVe|{�b�yVe }�y

~2����������
On the left-handside of this equationall quantitiesare known, i.e. we havea
constantvector. On the right-handside the controllability matrix is multiplied
by a vectorwhosecomponentsarefunctionsof the requiredcontrol input. Thus,
we havea functional equationin the form

�?�"�"��� mV� o f��Xb j	� i3e m��>�4m tuuv�� o b�{�b�yze�e��� b�{�b�yze�e
...� m T�o b4{�b�yVe|e

~ ��� �4m�� o � yn��b$c d � c o e (5.30)

A solutionof this equationexistsif andonly if ���l�z� �Xb j�� i�e6f�� , which is the
condition alreadyestablishedin (5.28). In general,it is very hard to solve this
equation.Oneof the manypossiblesolutionsof (5.30) will be given in Section
5.8 in termsof the controllability Grammian. The controllability Grammianis
definedby the following integral� b c d � c o e6f W���W a	� U���W a T��&� i@is� � U` ��2W a T��&� }�y (5.31)

The resultspresentedin this sectioncan be summarizedin the following
theorem.

Theorem 5.4 Thelinear continuous-timesystemis controllable if andonly if
the controllability matrix ¡ hasfull rank, i.e. ¢q£�¤�¥O¡B¦¨§ .

We have seenthat controllability of linear continuous-and discrete-time
systemsis given in terms of the controllability matrix (5.20). Examining the
rank of the controllability matrix comprisesan algebraiccriterion for testing
systemcontrollability. The examplebelow demonstratesthis procedure.
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Example 5.3: Given the linear continuous-timesystem©ª¬«®­¯^° ± ²9³´ ²1µ ¶²¸· ¹ º
»¼ ª¾½¿­¯<° ²s±³ ² ´µ ²¸¶

»¼9À
The controllability matrix for this third-ordersystemis given byÁ «hÂ$Ã ... Ä Ã ... Ä¾Å ÃÇÆ

« ­È¯ ° ²s± ... ²¸· ¹ ...³ ² ´ ... ±l³ ²É±l° ... Ä Å Ãµ ²¸¶ ... µ�· ²9¶O¶ ...

»2Ê¼
Since the first three columns are linearly independentwe can conclude thatË�Ì?Í�Î Á « ´

. Hencethere is no needto compute Ä Å Ã since it is well known
from linear algebrathat the row rank of the given matrix is equalto its column
rank. Thus, Ë�Ì�Í�Î Á « ´ «ÐÏ implies that the systemunder considerationis
controllable. Ñ
5.5 Additional Controllability/Observability Topics
In this sectionwe will presentseveralinterestingandimportantresultsrelatedto
systemcontrollability and observability.

Invariance Under Nonsingular Transformations

In Section3.4 we introducedthe similarity transformationthat transforms
a given systemfrom one set of coordinatesto another. Now we will show
that both systemcontrollability and observabilityare invariant undersimilarity
transformation.

Considerthe vector input form of (5.23)and the similarity transformationÒª	«�ÓÇª (5.32)

such that ©Òª	« ÒÄ Òª¾½ ÒÃ À
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where ÔÕ×ÖÙØÚÕÛØÉÜVÝ
and ÔÞßÖÙØsÞ

. Then the following theoremholds.

Theorem 5.5 Thepair à Õ	á�Þ3â
is controllable if andonly if thepair ã ÔÕ�á ÔÞÉä

is controllable.

This theoremcan be provedas followså ã9ÔÕ	á ÔÞ ä Ö¿æ ÔÞ ... ÔÕ ÔÞ ... ç&ç&ç ... ÔÕéè ÜVÝ ÔÞÇêÖ æ ØsÞ ...
ØÚÕÛØ ÜVÝ ØsÞ ... ç&çlç ...

Ø:Õ3è ÜVÝ Ø ÜVÝ ØsÞ êÖMØ æ Þ ...
Õ¾Þ ... ç&çlç ...

Õ è ÜVÝ Þ ê Ö�Ø å à Õ�á|Þ�â
Since

Ø
is a nonsingularmatrix (it cannotchangethe rank of the product

Ø å
),

we get ë�ì?í�î å ã�ÔÕ	á ÔÞsä	Ö ëqì�í�î å à Õ	á|Þ@â
which proves the theorem and establishescontrollability invariance under a
similarity transformation.

A similar theoremis valid for observability. The similarity transformation
(5.32) applied to (5.8) and (5.9) producesïÔð Ö ÔÕ Ôðñ Ö Ôò Ôð
where ÔòóÖMòôØ ÜVÝ
Then, we have the following theorem

Theorem 5.6 Thepair à Õ	á�ò@â
is observableif and only if the pair ã1ÔÕ�á Ôò ä

is observable.

The proof of this theoremis as follows

õ ãöÔÕ	á Ôò ä Ö®÷øøøøù
ÔòÔò ÔÕÔò ÔÕ¾ú
...Ôò ÔÕ è ÜVÝ

û2üüüüý Ö®÷øøøøù
ò@Ø ÜVÝò@Ø ÜVÝ ØÚÕÛØ ÜVÝò@Ø ÜVÝ ØÚÕ ú Ø ÜVÝ

...ò@Ø ÜVÝ ØÚÕ è ÜVÝ Ø ÜVÝ
û2üüüüý Öþ÷øøøøù

òòôÕòôÕ ú
...òôÕ è ÜVÝ

û2üüüüý Ø�Ü�Ý
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that is, ÿ������� ��	��
 ÿ�� ���
���������
The nonsingularityof

�
implies������� ÿ������� �����
 ������� ÿ�� ����� �

which provesthe statedobservabilityinvariance.

Note that Theorems5.5 and 5.6 are applicable to both continuous-and
discrete-timelinear systems.

FrequencyDomain Controllability and Observability Test

Controllability and observability have been introducedin the state space
domainas pure time domainconcepts.It is interestingto point out that in the
frequencydomainthereexistsa very powerful andsimple theoremthat gives a
single condition for both the controllability and the observabilityof a system.
It is given below.

Let ! �#" � be the transferfunction of a single-inputsingle-outputsystem! �#" �$
&% �'")(+* �,� �-�).
Note that ! ��" � is defined by a ratio of two polynomialscontaining the cor-
respondingsystempolesand zeros. The following controllability–observability
theoremis given without a proof.

Theorem 5.7 If there are no zero-polecancellationsin the transferfunction
of a single-inputsingle-outputsystem,then the systemis both controllable and
observable.If thezero-polecancellationoccursin ! ��" � , thenthesystemis either
uncontrollable or unobservableor bothuncontrollable andunobservable.

A similar theorem can be formulated for discrete linear time invariant
systems.

Example5.4: Considera linearcontinuous-timedynamicsystemrepresented
by its transfer function! �#" �$
 �'"0/21 ��'"+/&3 � �#"0/24 � �#"+/51 � 
 "6/51"87+/29:");</=3:38"+/>9
Theorem 5.7 indicates that any state spacemodel for this system is either
uncontrollableor/andunobservable.To get the completeanswerwe haveto go
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to a statespaceform andexaminethe controllability andobservabilitymatrices.
One of the possiblemanystatespaceforms of ?A@CBED is as followsFG-HIKJHIKLHINM OPRQSFG�T�U T	VEV T�UV W WW V W OPXFG I-JIKLINM OP�YZFG�VWW OP\[

] Q_^ W V `�a FG I JI LI�M OP
It is easyto showthat the controllability andobservabilitymatricesaregivenbyb QcFG�V T�U d:eW V T�UW W V OPgf hiQSFGjW V `V ` WT�` T V:V T�U OP
Since kml
n b Q V�oQ Wqp r�s�t�u b Q ` Q&v
and kml
n hiQ Wqp r�swt�u hyx ` Q&v
this systemis controllable,but unobservable.

Note that, due to a zero-polecancellationat B Q T�`
, the systemtransfer

function ?A@#BwD is reducibleto?A@�B�D Q ?�z)@'B�D Q V@#B Y V D{@'B Y d D Q VB L Y ` B Y d
so that the equivalentsystemof order

v|Q d
hasthe correspondingstatespace

form } HI J zHI L zN~ Q } T�d T�`V W ~ } I J zI L zK~ Y } VW ~ [] Qq^ W V a } I J zI L z-~
For this reduced-ordersystemwe haveb Q } V T�dW V ~ f�h�Q } W VV W ~
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and thereforethe systemis both controllableand observable.

Interestinglyenough,the last two mathematicalmodelsof dynamicsystems
of order �,�&� and ���=� representexactlythesamephysicalsystem.Apparently,
the secondone ( ����� ) is preferredsince it can be realized with only two
integrators. �

It can be concludedfrom Example5.4 that Theorem5.7 gives an answer
to the problem of dynamic systemreducibility. It follows that a single-input
single-outputdynamicsystemis irreducibleif andonly if it is both controllable
and observable.Sucha systemrealizationis called the minimal realization. If
the systemis either uncontrollableand/or unobservableit can be represented
by a systemwhoseorder has beenreducedby removinguncontrollableand/or
unobservablemodes. It can be seenfrom Example5.4 that the reducedsystem
with �|��� is both controllableand observable,and henceit cannotbe further
reduced.This is alsoobviousfrom the transferfunction ���8�#�E� .

Theorem5.7 canbe generalizedto multi-input multi-outputsystems,where
it plays very important role in the procedureof testingwhetheror not a given
systemis in the minimal realizationform. The procedurerequiresthe notion of
the characteristicpolynomial for proper rational matriceswhich is beyondthe
scopeof this book. Interestedreadersmay find all details and definitions in
Chen (1984).

It is importantto point out that thesimilarity transformationdoesnot change
the transferfunction as was shownin Section3.4.

Controllability and Observability of Special Forms

In somecases,it is easyto draw conclusionsabout systemcontrollability
and/or observabilityby examiningdirectly the statespaceequations. In those
casesthereis no needto find the correspondingcontrollability andobservability
matricesand check their ranks.

Considerthe phasevariablecanonicalform with�� �&� ���>���� ��� �
where
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����������
� � �  8 )  �� � �  8 )  �
...

...
...

.. .
...� � �  8 )  �¡�¢:£ ¡�¢¥¤ ¡�¢¥¦  8 )  ¡�¢:§:¨-¤

©«ªªªª¬�­ ® ��������
��
...� �
©«ªªªª¬

¯°�_± � � � ²)²8²³�µ´
This form is bothcontrollableandobservabledueto anelegantchainconnection
of the statevariables. The variable ¶ ¤8·¹¸�º is directly measured,so that ¶ ¦8·�¸»º
is known from ¶ ¦ ·¼¸{º � ½¶ ¤ ·¼¸{º . Also, ¶N¾ ·�¸»º � ½¶ ¦ ·�¸»º � ¿¶ ¤ ·¼¸{º , and so on,¶ §-·¹¸»º � ¶ÁÀ §:¨-¤�Â¤ ·¹¸»º . Thus, this form is observable.The controllability follows
from the fact that all statevariablesareaffectedby the control input, i.e. ¶ § is
affecteddirectly by Ã ·�¸»º and then

½¶ §:¨-¤8·�¸»º by ¶ §�· Ã ·�¸{º»º andso on. The control
input is able to indirectly move all statevariablesinto the desiredpositionsso
that the systemis controllable. This can be formally verified by forming the
correspondingcontrollability matrix and checkingits rank. This is left as an
exercisefor students(seeProblem5.13).

Anotherexampleis themodalcanonicalform. Assumingthatall eigenvalues
of the systemmatrix are distinct, we have½Ä �RÅ ÄÇÆ>ÈÊÉË ��Ì Ä
where ÅX� ����

Í ¤ �  ) 8  �� Í ¦  ) 8  �
...

...
. ..

...� �  ) 8  Í §
©«ªª¬ ­ È � ���� Î ¤Î ¦...Î §

©«ªª¬
Ì³�_±ÐÏ ¤ Ï ¦  ) 8  Ï § ´

We are apparentlyfacedwith Ñ completelydecoupledfirst-ordersystems.Ob-
viously, for controllability all ÎmÒ ­-Ó � � ­ ²)²8² ­ Ñ ­ must be different from zero,
so that each state variable can be controlled by the input É ·¼¸{º . Similarly,Ï Ò+Ô� � ­-Ó � � ­ ²)²»² ­ Ñ ­ ensuresobservabilitysince,dueto the statedecomposition,
eachsystemmust be observedindependently.
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The Role of Observability in Analog Computer Simulation

In additionto applicationsin control systemtheoryandpractice,theconcept
of observabilityis useful for analogcomputersimulation. Considerthe problem
of solving an Õ th-orderdifferential equationgiven byÖ�×«Ø:ÙÛÚ ØÜ ÝßÞáàµâ Ø:ã Ý ÖN×äØEã Ý Ùæå çÜ ÝèÞKé$ê ç ã Ýìë × ç ã

Ý Ù
with known initial conditionsfor ÖNí#îmï�ðáñÖmí#îòï{ðôóõóèóèð�Ö ×ÐØ:ã à Ù í#îòï . This systemcan be
solvedby an analogcomputerby using Õ integrators. The outputsof these Õ
integratorsrepresentthe statevariablesö à ð ö-÷ ð)óõóèóèð ö Ø ð so that this systemhasthe
statespaceform ñø å&ù ø Ú>ú ë ð ø í#îòïûåRüKý�þ¥ý�ÿ��6ýÖ�å�� ø
However, the initial condition for ø í#îòï is not given. In other words, the
initial conditionsfor the consideredsystemof Õ integratorsareunknown. They
can be determinedfrom Ö�í�îòï�ðáñÖmí'îmï�ð)óèóõóèð�Ö ×äØEã à Ù í#îòï by following the observability
derivationsperformedin Section5.2, namelyÖNí'îmïûå�� ø í#îmïñÖNí'îmïûå��+ñø í'îmïûå��:ù ø í#îòïÛÚ��:ú ë í#îòï�ÖNí'îmïûå�� �ø í'îmïûå��:ù ÷ ø í#îòïÛÚ��:ù�ú ë í�îòïáÚ	�:ú�ñë í'îmï

...Ö × Ø:ã à Ù í#îmïµå�� ø × Ø:ã à Ù í'îmï$å��:ù Ø:ã à ø í'îmïÛÚ��:ù Ø:ã ÷ ú ë í#îòïÚ��Eù ØEã�
)ú�ñë í#îòïÛÚ��
���
Ú��Eù�ú ë ×äØEã�
�Ù'í'îmïÛÚ��:ú ë × Ø:ã ÷ Ù'í'îmï
This systemcan be written in matrix form as follows���� Ö�í�îòïñÖ�í�îòï

...Ö ×«ØEã à Ù í�îmï
����� å���� ø í�îòïÛÚ�� ���� îë í#îòï

...
ë × Ø:ã ÷ Ù í#îòï

����� (5.33)

where � is the observability matrix and � is a known matrix. Since
ë í#îòï{ðÛñë í#îòï{ðôóõóèóèð ë ×ÐØ:ã à Ù í'îmï are known, it follows that a unique solution for ø í�îòï
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exists if and only if the observabilitymatrix, which is squarein this case,is
invertible, i.e. the pair ( ����� ) is observable.

Example 5.5: Considera systemrepresentedby the differentialequation�! #"�%$  '&)( �*"�+$ &�( "-, �!.�+$ & . � "0/21!34,�5 �76"0/81!39,;: � .</=$�34,�>@?BADC � $FEG1
Its statespaceform is given by6H , � H &�I .',KJ 1 :L ( L (NM H & J 1 : M ."-, � H ,�OP: :<Q H
The initial conditionfor the statespacevariablesis obtainedfrom (5.33) asJ ��%� M H /D1!3R, JTS /81�36S /81�3 M L J 1� I .</D1!3 M , J 5 : M L J 1 : M
leading to J : :L ( LVU M H /81!3R,KJ 51 M W H /21�34,XJZY\[ /21!3Y  /21�3 M ,]J L_^` M
This meansthat if analogcomputersimulationis usedto solvetheabovesecond-
order differentialequation,the initial conditionsfor integratorsshouldbe set toLa^ and

`
. b

Stabilizability and Detectability

So far we havedefinedand studiedobservabilityand controllability of the
completestatevector. We haveseenthat the systemis controllable(observable)
if all componentsof the statevector are controllable(observable).The natural
questionto be askedis: do we really need to control and observeall state
variables?In someapplications,it is sufficient to takecareonly of the unstable
componentsof the statevector. This leadsto the definition of stabilizability and
detectability.

Definition 5.1 A linear system(continuousor discrete) is stabilizableif all
unstablemodesare controllable.
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Definition 5.2 A linear system(continuousor discrete) is detectableif all
unstablemodesare observable.

The conceptsof stabilizability anddetectabilityplay very importantrolesin
optimalcontrol theory,andhencearestudiedin detail in advancedcontrol theory
courses.For the purposeof this course,it is enoughto know their meanings.

5.6 Observer (Estimator) Design1

Sometimesall statespacevariablesarenotavailablefor measurements,or it is not
practicalto measureall of them,or it is too expensiveto measureall statespace
variables. In order to be able to apply the statefeedbackcontrol to a system,
all of its statespacevariablesmust be available at all times. Also, in some
control systemapplications,oneis interestedin havinginformationaboutsystem
statespacevariablesat any time instant. Thus, one is facedwith the problem
of estimatingsystemstatespacevariables. This can be done by constructing
anotherdynamical systemcalled the observeror estimator,connectedto the
systemunderconsideration,whoserole is to producegoodestimatesof the state
spacevariablesof the original system.

The theory of observersstartedwith the work of Luenberger (1964, 1966,
1971) so that observersare very often called Luenberger observers.According
to Luenberger, any systemdriven by the output of the given systemcan serve
asan observerfor that system.Two main techniquesareavailablefor observer
design. The first one is usedfor the full-order observerdesignand produces
an observerthat has the samedimensionas the original system. The second
techniqueexploitstheknowledgeof somestatespacevariablesavailablethrough
the output algebraicequation(systemmeasurements)so that a reduced-order
dynamicsystem(observer)is constructedonly for estimatingstatespacevariables
that are not directly obtainablefrom the systemmeasurements.

5.6.1 Full-Order Observer Design
Considera linear time invariant continuoussystemcdfeZgih9j�kldfemg�hon	prqse2g�hut dfe2g2v�h9j�dxwajGy�zB{!z�|�}_z~ emg�h4j���dse2g�h (5.34)

1 This sectionmay be skippedwithout lossof continuity.
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where ������� , �����F� , ������� with constantmatrices �����l�#� having
appropriatedimensions.Sincefrom the system(5.34) only the outputvariables,�9�=�u� , are available at all times, we may constructanotherartificial dynamic
systemof order � (built, for example,of capacitorsand resistors)having the
samematrices ���u�l�#����9�=���9��� ��s�=���x�����N�=���i� ��f�2�2���9� ��N ��9�2���4��� ��s�=��� (5.35)

and comparethe outputs ���m��� and
��f�2��� . Of coursethesetwo outputswill be

differentsincein the first casethe system’sinitial condition is unknown,andin
the secondcaseit hasbeenchosenarbitrarily. Thedifferencebetweenthesetwo
outputswill generatean error signal���m���R¡ ����2���f�¢�£�s�=���R¡¤� ��9�=���4����¥B�=��� (5.36)

which can be usedas the feedbacksignal to the artificial systemsuchthat the
estimation(observation)error ¥\�2���4�G�9�=����¡ ��9�m��� is reducedasmuchaspossible.
This can be physically realizedby proposingthe system-observerstructureas
given in Figure 5.1.

u
B

F
K

+

-

y=Cx
System

Observer
¦

Ce

y=Cx

x    x§
Figure 5.1: System-observer structure
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In this structure ¨ representsthe observergain and hasto be chosensuch
that the observationerror is minimized. The observeralonefrom Figure 5.1 is
given by©ª«f¬Z­i®9¯�° ª«f¬2­�®o±�²r³s¬2­�®x± ¨ ¬2´�¬m­�®Rµ�¶´4¬=­�®�®R¯�° ª«f¬2­�®o±�²r³s¬=­�®o± ¨¸·�¹ ¬=­�® (5.37)

From (5.34) and (5.37) it is easyto derive an expressionfor dynamicsof the
estimation(observation)error as©¹ ¬2­�®f¯¢¬8°ºµ ¨¸· ® ¹ ¬2­�® (5.38)

If the observergain ¨ is chosensuchthat the feedbackmatrix °ºµ ¨¸· is
asymptoticallystable, then the estimationerror ¹ ¬=­�® will decayto zero for any
initial condition ¹ ¬=­8»�® . This can be achievedif the pair ¬8°�¼ · ® is observable.
More precisely,by taking the transposeof the estimationerror feedbackmatrix,
i.e. °¾½¤µ · ½ ¨ ½ , we seethat if the pair ¿ °l½R¼ · ½ÁÀ is controllable,then we
can do whateverwe want with the system,and thus we can locate its polesin
arbitrarily asymptoticallystablepositions. Note that controllability of the pair¿ °l½R¼ · ½ À is equal to observabilityof the pair ¬8°�¼ · ® , seeexpressionsfor the
observabilityand controllability matrices.

In practicethe observerpolesshouldbe chosento be aboutten times faster
thanthe systempoles. This canbe achievedby settingthe minimal real part of
observereigenvaluesto beten timesbiggerthanthe maximalreal partof system
eigenvalues,that isÂ ÃÅÄ�Æ+Ç*ÈFÉËÊ�Ì�Â ÍDÎmÏ2ÐÒÑDÓuÐmÑ£Ô¢Õ
Ö\Â Ã×Ä�Æ+Ç�È�Ø�Ù!Ì�Â Ï=ÚuÏ=ÛÜÐ È
Theoretically,theobservercanbemadearbitrarily fastby pushingits eigenvalues
far to the left in the complex plane,but very fast observersgeneratenoise in
the system. A proceduresuggestingan efficient choiceof the observerinitial
condition is discussedin Johnson(1988).

It is important to point out that the system-observerstructurepreservesthe
closed-loopsystempoles that would have been obtainedif the linear perfect
statefeedbackcontrol hadbeenused.The system(5.34) underthe perfectstate
feedbackcontrol, i.e. ³s¬2­�®�¯Ýµ_Þ�«9¬=­�® hasthe closed-loopform as©«9¬=­�®4¯�¬2°ºµ�²ßÞa®=«9¬2­�® (5.39)
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so that the eigenvaluesof the matrix àâá�ã-ä are the closed-loopsystempoles
under perfect statefeedback. In the caseof the system-observerstructure,as
given in Figure 5.1, we seethat the actual control applied to both the system
and the observeris given byåsæ2ç�è�é áaä�êësæ2ç�èfé áVä ësæ2ç�èíì äíî æ2ç�è (5.40)

so that from (5.34) and (5.38) we haveï%ðë ðîFñ é ï àºá�ã-ä ã-äò àºá)ó¸ô)ñ ï ë îFñ (5.41)

Sincethestatematrix of this systemis upperblock triangular,its eigenvaluesare
equalto theeigenvaluesof matricesà¤á£ãßä and à¤á�ó¸ô . A very simplerelation
among ë9õ î õ and êë canbe written from the definition of the estimationerror asï ë îöñ é ïm÷ ò÷ á ÷ ñ ï ë êë ñ é�ø ï ë êë ñ (5.42)

Note that the matrix ø is nonsingular. In order to go from ë î -coordinatestoë êë -coordinateswe have to use the similarity transformationdefinedin (5.42),
which by the main property of the similarity transformationindicatesthat the
sameeigenvalues,i.e. ù æ àúá)ãßä è and ù æ àúá¤ó¸ô è , are obtainedin the ë êë -
coordinates.

This importantobservationthatthesystem-observerconfigurationhasclosed-
loop polesseparatedinto theoriginal systemclosed-looppolesunderperfectstate
feedbackand the actualobserverclosed-looppolesis known as the separation
principle.

5.6.2Reduced-Order Observer (Estimator)
In this sectionwe show how to constructan observerof reduceddimension
by exploiting knowledgeof the output measurementequation.Assumethat the
output matrix ô hasrank û , which meansthat the output equationrepresentsû
linearly independentalgebraicequations.Thus, equationü æmç�è4é ô ësæ2ç�è (5.43)

producesû equationsfor ý unknownsof the statespacevector ëfæmç�è . Our goal
is to constructan observerof order ý'á¤û for estimationof the remaining ý'á�û
statespacevariables.
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Thereduced-orderobserverdesignwill bepresentedaccordingto theresults
of Cumming (1969) and Gopinath(1968, 1971). The procedurefor obtaining
this observeris not unique,which is obviousfrom the next step. Assumethat
a matrix þ£ÿ exists such that � ����� � þþ ÿ��
	�� (5.44)

and introducea vector 
������ as
������ 	 þ-ÿ�������� (5.45)

From equations(5.43) and (5.45) we have������� 	 � þþ ÿ � � ÿ ��! �����
������ � (5.46)

Sincethe vector 
������ is unknown,we will constructan observerto estimateit.
Introduce the notation � þþ ÿ � � ÿ 	#"%$ ÿ $'&)( (5.47)

so that from (5.46) we get������� 	*$ ÿ ! �����,+ $ & 
������ (5.48)

An observerfor 
������ can be constructedby finding first a differential equation
for 
��-��� from (5.45), that is.
 	 þ-ÿ .� 	 þ-ÿ�/0�1+ þ ÿ�243 	 þ ÿ�/ $ & 
5+	þ ÿ6/ $ ÿ ! +Gþ-ÿ6273 (5.49)

Notethat from (5.49)we arenot ableto constructanobserverfor 
������ since
! �����

doesnot containexplicit informationaboutthevector 
������ , but if we differentiate
the output variablewe get from (5.34) and (5.48).! 	 þ .� 	 þ8/4�
+Gþ9273 	 þ9/ $ & 
4+ þ8/ $ ÿ ! +	þ9273 (5.50)

i.e.
.! ����� carriesinformation about 
������ .
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An observerfor :';�<�= , accordingto the observerstructuregiven in (5.37), is
obtainedfrom the last two equationsas>?:A@�B9C�D1EGF ?:IHJB8C6DKEGCMLIHJB8C6N7O1HQPICSR >LUT >?LWV (5.51)

where P C is the observergain. If in equation(5.50) we replace :�;�<�= by its
estimate,we will have>?LA@�B8DKEGF ?:KHXB9D1EYC�L4HZB8N7O (5.52)

so that>?:U@[B8C�D1EGF ?:IHJB8C6DKEGC�LKHJB9C6N7O4HQPIC\; >L5TJB9D1EGF ?:5T]B8DKEGC�LKTJB9N7O�=
(5.53)

Sinceit is impracticaland undesirableto differentiateL';�<�= in order to get
>L�;�<�=

(this operationintroducesnoisein practice),we take the changeof variables^_ @ ?:ITQPIC�L (5.54)

This leadsto an observerfor
^_ ;�<�= of the form`^_ ;�<�=�@aD1b ^_ ;�<�=cHQN9b\Od;�<�=,HJPIb�L�;�<�= (5.55)

where D b @[B8C�D1EYF�TQPIC\B9D1EGFfe N b @�B8C�NgTQPICfB8NP b @�B9C6D1EGF�PIC�HXB9C�D1EGChTQPIC\B8DKEGC�TQPIC\B9D1EGF�PIC (5.56)

It is left asanexerciseto students(seeProblem5.18)to derive(5.55)and(5.56).
Theestimatesof the original systemstatespacevariablesarenow obtainedfrom
(5.48) and (5.53) as?i ;-<�=h@*EGC�L';�<�=cHQEGF ^:�;�<�=�@aEGF ^_ ;�<�=cHX;�EYChHQEGF6PIC\=�L (5.57)

The obtainedsystem-reduced-observerstructureis presentedin Figure5.2.

Thereareotherwaysof constructingthesystemobservers(Luenberger,1971;
Chen, 1984). The readerparticularly interestedin observersis referred to a
specializedbook on observersfor linear systems(O’Reilly, 1983).
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Figure 5.2: System-reduced-observer structure

5.7 MATLAB Case Study: F-8 Aircraft
In the caseof high-ordersystemsnpoUqXrts , obtainingthe controllability andob-
servabilitymatricesis computationallyvery involved. TheMATLAB packagefor
computer-aidedcontrol systemdesignand its CONTROL toolbox help to over-
comethis problem. Moreover,useof MATLAB enablesa deeperunderstanding
of controllability andobservabilityconcepts.Considerthefollowing fourth-order
model of an F-8 aircraft studiedin Teneketzisand Sandell(1977), Khalil and
Gajić (1984),Gajić andShen(1993). The aircraft dynamicsin continuous-time
is describedby the following matricesuwvyxzz{}|�~���~�� r��t� ~�~ | r�� � � |G����� r ~�~ ~���~�~�~�~~��%~�~�~�� � ~�~ ~��%~ ��� � �f� ~���~�~�~�~|�~���~�~�~�� � � � ~��%~ |���� � �6� ����~�~�~�~~��%~�~�~ ��� ~�~ ~��%~ |����%~���~ |�~��%�������

�%�����v#� |�~���� r�r ~���� r ��� |�~���� r ��� |�~���� ����������gv�� ~ ~ ~ �� ~ ~ ~
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By using the MATLAB function ctrb (for calculationof the controllability
matrix ¡ ) and obsv (for calculationof the observabilitymatrix ¢ ), it can be
verified that this systemis both controllableandobservable,namely£�¤�¥�¦ ¡W§�¨�§ª©*«�¬ £�¤�¥�¦ ¢®­¯¨�§�©X«
By usingthe MATLAB functiondet (to calculatea matrix determinant),we get°t±6² ¡³©#´�µt¶%·�µ�¸�¹
Since ºt»6¼½¡ is far from zero it seemsthat this systemis well controllable(the
controllability margin is big).

If we discretizethecontinuous-timematrices¾ and ¿ by usingthesampling
period ÀÂÁg©Ã¹�¶�Ä , we get a somewhatsurprisingresult. Namely°t±f² ¡ÆÅ�¾1Ç�¬�¿9Ç�ÈfÉ ÊWËÍÌSÎfÏ Ð�©[´�«�¶ Ñ�Ò�·�ÄªÓQÄ\¹�Ô ÐÕÎ
Thus, this discretesystemis almost uncontrollable. Theoretically, it is still
controllablebut we needan enormousamountof energy in order to control it.
For example,let the initial conditionbe Ö�Å�¹�ÈY©Ø×�Ä Ä Ä ÄWÙ and let the final
state Ö�Å�«�È be the coordinateorigin. Then,by (5.18), the control sequencethat
solvesthe problemof transferringthe systemfrom Ö�Å�¹tÈ to Ö�Å�«�ÈY©ÃÚ , obtained
by using MATLAB is ÛÜÜÝpÞ Å�Ä�ÈÞ ÅpßtÈÞ ÅpÒ�ÈÞ Å�«�È

à%ááâ ©[Ä�¹�ãäÓ
ÛÜÜÝ Ò�¶�Ä�µ�·�ß´�¸�¶%å�«tµ�«¸�¶%¸�¸�«�«Ò�¶�«SÄ\µ�Ò

à%ááâ
Apparently, this result is unacceptableand this discretesystemis practically
uncontrollable.

Note that the eigenvaluesof the continuous-timecontrollability Gram-
mian (5.31), obtained by using the MATLAB function gram, have valuesåt¶�«�·�ÓQÄ�¹ § ¬h¹�¶�«�ß�¬Æ¹�¶�¹�Òtåt¬Æ¹�¶%¹�¹�µ�· . The eigenvaluesof the controllability Gram-
mian are the bestindicators of the controllability measure. Since two of them
are very closeto zero, the original systemis very badly conditionedfrom the
controllability point of view even though

°�±6² ¡�Å�¾U¬�¿7È is far from zero. The
interestedreadercan find moreaboutcontrollability andobservabilitymeasures
in a very comprehensivepaperby Muller andWeber(1972).
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5.8 MATLAB Laboratory Experiment
Part 1. The controllability staircaseform of the systemæçUè*é0ç1êìë7íî è�ï�ç

clearlydistinguishescontrollableanduncontrollablepartsof a control system.It
can be obtainedby the similarity transformation,and is definedbyð æçcñæçWò ñ�ó è ð é1ñ é0ô�õö é0ò ñ�ó ð çcñç÷ò ñ�ó ê ð ë9ñö ó íî ègø�ï ñ ïùò ñÕú ð ç ñç÷ò ñ ó (5.58)

where ç ñ arecontrollablemodes,and çWò ñ areuncontrollablemodes.Apparently,
in this structurethe input í cannotinfluencethe statevariablesç ò ñ ; hencethese
areuncontrollable.Similarly, onecandefinethe observabilitystaircaseform asð æçWûæçWò û ó è ð éKû öé õ�ô é0ò û ó ð çdûç÷ò û ó ê ð ë9ûë�ò û ó íî è#øüï û ö ú ð ç ûçWò û�ó (5.59)

with ç û observableand ç÷ò û unobservable.Due to the fact that only ç û appears
in the output and that ç û and ç÷ò û are not coupledthroughthe stateequations,
the statevariables ç÷ò û cannotbe observed.

UsetheMATLAB functionsctrbf (controllablestaircaseform) andobsvf
(observablestaircaseform) to get the correspondingforms for the system
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Identify the correspondingsimilarity transformation.
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Part 2. Derive analytically that the transferfunction of (5.58) is given in
termsof the controllableparts, i.e. it is equal to��������������������� �"!#�$�&%('*)��+�,�-�&�.�/���0�1�2� �"!3�1%4'*)

(5.60)

Clarify your answerby using the MATLAB function for the transferfunction
ss2zp, i.e. show that both transferfunctionshavethe samegains,poles,and
zeros(subjectto zero-polecancellation).

Do the samefor the observablestaircaseform, i.e. show that�657���8�/����59���9�:�;!#5*� %<' )=5:���-���8�
(5.61)

and justify this identity by using the MATLAB function ss2zp.

Part 3. Examinethe controllability and observabilityof the power system
composedof two interconnectedareasconsideredin Geromeland Peres(1985)
and Shenand Gajić (1990)

!>�
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Part 4. Follow the stepsusedin Section5.7, but this time for the F-15
aircraft, whosestatespacemodelwaspresentedin Example1.4. Considerboth
the subsonicandsupersonicflight conditions.Commenton the resultsobtained.
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Part 5. The controllability Grammianis definedin (5.31) asZ\[�]_^F`a]&b7c/d egfheji6k l m ejionGp2q�r�rts k l+uGm ejionvp2q_wyx
(a) Show analytically that the control input given byz [�]$c{d}| r~s k l/uGm ejionGe�q Z n b [�] ^ `o] b cG����[_] ^ c�| k l�m eji1nGe f q �{[�] b c�� (5.62)

will drive any initial state
��[_] ^ c

into anydesiredfinal state
��[_] b c�d����

. Note that
underthecontrollability assumptionmanycontrol inputscanbefound to transfer
the systemfrom the initial to the final state. The expressiongiven in (5.62) is
alsoknown asthe minimum energy control (Klamka, 1991)sincein additionto
driving thesystemfrom

��[�] ^ c
to
�{[�] b c/d�� �

, it alsominimizesanintegralof the
squareof the input (energy), z s [�]ac z [�]ac , in the time interval

[�] ^ `a] b c
.

(b) Using the MATLAB function gram, find the controllability Grammian
for the system defined in Part 4 for

] ^ d��
and

] b d �
. One of several

known controllability testsstatesthat the systemis controllable if andonly if its
controllability Grammianis positivedefinite(Chen,1984;Klamka,1991). Verify
whetheror not thecontrollability Grammianfor this problemis positivedefinite.

(c) Find the control input ���_��� that drives the systemdefined in Part 4
from the initial condition ���&�v�����K� � � � ����� to the final state �{���8������ � � � ����� .

Part 6. By duality to the controllability Grammian, the observability
Grammianis definedas� ���1�F a��¡9�/� ¢�£¤¢j¥

¦8§4¨�©<ª ¢j¥ §G«2¬1­ � ­�¦8§G¨�ª ¢j¥ §v«2¬�®D¯ (5.63)

Notethat theobservabilityGrammianis in generala positivesemidefinitematrix.
It is known in the literatureon observabilitythat if and only if the observability
Grammianis positivedefinite,thesystemis observable(Chen,1984). Checkthe
observabilityof the systemgiven in Part3 by usingthe observabilityGrammian
test.
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Shen,X. andZ. Gajić, “Near optimumsteadystateregulatorsfor stochasticlinear
weakly coupledsystems,”Automatica, vol. 26, 919-923,1990.

5.10 Problems
5.1 Test the controllability andobservabilityof the following systems°²±´³Jµ ¶�·¶tµ ¸º¹¼»¾½ ±S³1µ¸U¹¼»À¿ ±ÂÁ ¸ ¶Ãµ�Ä°²±ÆÅÇ · ¶tµ ¸¸ µ ¸µ ¸ ¶Ãµ ÈÉ »Ê½ ±ÆÅÇ ¶tµ¸ µ ÈÉ »¾¿ ±ÂÁ µ ¸ ¸�Ä
5.2 Find the valuesfor parametersË�Ì , Ë�Í , and Ë�Î such that the given system

is controllable °²±ÆÅÇ µ ¸ ¶tµ¸ · ¸¶J· ¸ Ï ÈÉ »;½ ±ÆÅÇ Ë Ì ¸¸ Ë7ÍË Î ¸ ÈÉ
5.3 Find the valuesfor parametersÐ*Ì and Ð7Í such that the following system

is observable °¾±S³1¶tµ µµ ¶tµ ¹¼»Ñ¿ ±ÒÁ Ð Ì Ð Í Ä
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If the output vector of the correspondingdiscrete system is given byÓYÔGÕ&Öv×ØÔ<Õ�Ù8×�Ú�ÛÜÓÝÙßÞ8Ú
, find the system’sinitial condition.

5.4 Verify that all columnsof the matrixàâá ÛÆãä Ö Ù Öå Þ æ Ùå Ù Ö Ù¼çè á
canbe expressedasa linear combinationof the columnsforming matrices
I ,
à

, and
àêé

(see5.13).

5.5 Assumingthat the desiredfinal stateof a discretesystemrepresentedbyà Ûëãä Ö Ù Öå Þ æ Ùå Ù Ö Ùìçèîí;ï ÛÆãä Ö ÙÞUçè�íØð Õ&Öv×ñÛÆãä ÙÙÙìçè
is ð Õ�æv×{Û}ÓYÖ å Ù Ù�Ú�ò

find the control sequencethat transfersthe system
from ð Õ�ÖD× to ð Õ&æv× .

5.6 Find a solution to Problem5.5 in the caseof a two-input systemthat has
the input matrix ï ÛÆãä Ö Ùå Ù ÖÖ ÞUçè
The remainingelementsare the sameas in Problem5.5.

5.7 Determineconditionson ó*ô í ó é íaõ ô í and õ é suchthat the following system
is both controllableand observableà ÛSö Ù ÙÖ Ùì÷ íSï ÛSö ó*ôó é ÷ íùø Û}Ó õ ô õ é Ú
Assumethat the input to this systemis known. Find the initial conditions
of this systemin termsof the given input in the casewhen the measured
output is

Ô<Õ�ú$×0Û�û8üìý�þ7ÿ�� Õ�ú$×
.

5.8 Using the frequencydomain criterion, check the joint controllability and
observabilityof the systemà Û ãä Ù Ö Þå Ù Ö ÖÙ Þ Ö�çèJí"ï ÛÆãä ÙÖå Ù4çè�í ø ÛÂÓ�Ù Ù Ö�Ú
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5.9 Findtheinitial conditionsof all integratorsin ananalogcomputersimulation
of the following differential equation�������� �
	�� ��
����� 
�	�� ������ 	 ��� ��
����� 
�	 ������ 	 �

��������� ������������ � � 
 ���������� 
 ���
5.10 The transferfunction of a systemgiven by� �! ��" �# �� � �$���� 	 ���%�# 	&� �#�# 	�' � ��� 	&( �%�� 	�) �%�# 	�' �

indicatesthatthissystemis eitheruncontrollableor unobservable.Checkby
the rank test,after a zero-polecancellationtakesplace,that the remaining
systemis both controllableand observable.

5.11 A discretemodel of a steampower systemwas consideredin Mahmoud
(1982) and Gajić and Shen(1993).

(a) Using MATLAB, examinethe controllability and observabilityof this
system,representedby*�+ � ,----.

�0/210� ' �0/3� ' � �0/3� �54 �0/3�0� ' �0/3� �647 ��/8� � � �0/ 464 1 7 ��/8���0� �0/3� )�9 �0/:�6�6�7 ��/8��� 9 �0/ 9�)�4 �0/ (�)�; �0/3�0� ) �0/3� )�47 ��/ ; � ' 7 ��/8� (6( 7 ��/8� ( � �0/ (�) � 7 ��/8� (�)7 ��/<� )�4 7 ��/8��� � 7 ��/8��� ) �0/3�61�� �0/3� (69
=8>>>>?@ + �BA2��/8�0�$� �0/:� (�( �0/3� ��9 �0/ '�96( �0/<��� 'DCFEG + �IH � � � � �� � � � �KJ

(b) Find thesystemtransferfunctionandjustify theanswerobtainedin (a).

5.12 Using MATLAB, examinethe controllability of the magnetictapecontrol
systemconsideredin Chow and Kokotović (1976)* � ,--. � �0/ ) � �0/3�6��� �0/3�6�� �0/8��� �0/ ��) 1 �0/3�6�� 7 ' / (�) 7 ) / 96' ( / 96(� �0/8��� �0/3�6��� 7 �$�0/8���

= >>?ML @ � ,--. ����N�
= >>?
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5.13 Find thecontrollability matrix of thesystemin thephasevariablecanonical
form and show that its rank is alwaysequalto O .

5.14 Linearizethe given systemat the nominalpoint P�QSR�TVU�Q0WXTYU�Z�T0[]\^P`_6U%a0U%bS[
andexaminesystemcontrollability andobservabilityin termsof bcQ R \dQ WR ZeU Q R P�a�[f\�_cQSWg\hQSR�QSWfi�ZeU QSWjP�a�[k\lam \dQ R

5.15 Find the statespaceform of a systemgiven byn6o mn�p o i n W mn�p W i&b n mn�p irq m \ n Zn�p i�Z
andexaminesystemcontrollability andobservabilityin termsof b . Do they
dependon the choiceof the statespaceform?

5.16 Given a linear systemdescribedbyn W mn�p W irq n mn�p i m \ n Zn�p i&ZsU m P#a�[�\ha0U n m P�a�[n�p \hq
Transferthis differentialequationinto a statespaceform anddeterminethe
initial conditionsfor the statespacevariables.Canyou solve this problem
by usingan unobservablestatespaceform? Justify your answer.

5.17 Checkthat the matrix t given in (4.36) and the matrix uv\�w x defined
in (4.39) form an observablepair.

5.18 Derive formulas(5.55) and(5.56) for the reduced-orderobserverdesign.

5.19 Using MATLAB, examinethe controllability of a fifth-order distillation
column consideredin Petkovet al. (1986)

ty\ z{{{{|~} a��:_N�N� a��8a6�6q�� a a a_�� ��a6� } q0�:_N�6q a0�3�6�6a6� a aa _�� ���6� } �0�:_���� _��8����� aa a��8a��6��� q��8�6��q } �Y�3q6��� _6�3�6���a a0�3a6a�q6q�� a a0�:_N�6��� } a��<_N��q6�
�8�����

� \�� a a0�3a6���6q a��8a��6��� a0�<_$a6a�� a0�3a6a6���a a } a0�:_N���6� } a��8q6a��6a } a��8a�_Nq6�V���
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5.20 Examineboth the controllability andobservabilityof the roboticmanipula-
tor acrobotwhosestatespacematricesaregiven in Problem3.2.

5.21 Repeatproblem5.20 for the industrial reactordefinedin Problem3.26.

5.22 Considerthe statespacemodelof the flexible beamgiven in Example3.2.
Find the systemtransferfunction and determineits polesand zeros. Use
Theorem5.7 to check the controllability and observabilityof this linear
control system.

5.23 Thesystemmatrix for a linearizedmodelof the invertedpendulumstudied
in Section1.6 is given in Section4.2.3. Using the samedataasin Section
4.2.3, the input matrix is obtainedas�����8� � � �M���:�
Examinethe controllability of this invertedpendulum.

5.24 A systemmatrix of a discrete-timemodelof anunderwatervehicleis given
in Problem4.22. Its input matrix is given by Longhi andZulli (1995)

��� �������� ���8�6�6�6� �g�0�8���6��� ��0�:�N�6�5  �g�0�8���0�$� ��M���8���6�0� �0�3�6���6� ��M���8���6�6� �0�:�N���6  �� � �0�3�6���6�� � �0�3�6���0�
¡8¢¢¢¢¢¢£

Check the controllability of this system.


